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PUBLISHERS’ NOTE 


In recent years a great many researches have been made 
Lto the mechanical properties of fluids by physicists and 
igineers. These researches are of the utmost practical 
iportance to engineers and others, but it is not unusual 
find that the people who are called upon to apply the 
suits in industry have considerable difficulty in finding 
innected accounts of the work It is hoped that this 
flection of essays, many of which are written by men 
10 are the actual pioneers, will prove of use in making 
e recent discoveries m the mechanical properties of fluids 
ore generally known The mathematical notation has 
en made uniform, and the different chapters have been 
Hated as far as possible. 
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INTRODUCTION 


By Engineer Vice-Admiral 

Sir GEORGE GOODWIN, K.C.B., LL.D. 

(Late Engmeer-in-Chief of the Fleet) 


To those engaged in the practice of engineering, and 
ble and willing to utilize the information that mathematical 
ad physical science can offer them, it is of great assistance 
) have such information readily available in direct and 
ilevant connection with the problems with which they 
■e confronted. 

The collective work of this book, issuing as it does 
om authors highly qualified and esteemed in their respec- 
ve fields, whose views and statements will be accepted as 
ithontative, supplies concisely and consistently valuable 
formation respecting the mechanical properties of fluids, 
id elucidates the evolution of many successful practical 
iplications from first considerations. 

Much has been done in this direction in regard to solids, 
id this has been assimilated and usefully applied by 
any; but much less has been produced on the subject of 
lids, especially in compact form, and this collective work 
ill doubtless on this account be very welcome. 

The necessities of the war brought us face to face with 
any new problems, a large number of which required 
»t only prompt application of the knowledge available, 
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but intensive research and rapid development in order to 
comply with the constantly increasing standards of quality 
that were demanded. Most of the results are well known: 
the principles by which they were reached, especially m 
regard to fluids, are perhaps only vaguely understood, 
except by a few. The results are certainly appreciated, 
but further application is probably hindered in many direc- 
tions for want of this knowledge. 

The several contributions to this work enunciate clearly 
the principles involved, and indicate that a wide field is open 
for the application of these principles to those who are 
engaged in industrial avocations and pursuits, as well as to 
others whose duties continue to be confined exclusively to 
preparation for war. 

Chapters dealing mainly with theoretical considerations 
form a prelude, clarifying ideas of the physical properties of 
fluids and providing a sketch of the mathematical theoiy 
of fluid motion, with indicators to practical utility. 

The sections devoted to practical applications are de- 
veloped from the underlying theoretical and mathematical 
considerations. The retention of this method of treatment 
of the several subjects throughout the work is a valuable 
feature. These sections will interest a variety of readers, 
some parts being of particular value to specialists such as 
the gunnery expert, the naval architect, and the aeronautical 
engineer, but by far the greater portion of the book will 
be of general interest to the large body of engineers who 
have to deal with or use fluids for many purposes in theii 
everyday work. . 

The chapter on viscosity and lubrication should point 
the way to the better appreciation and further application 
of the correct principles of lubrication. The best known 
present application, that of enabling propeller thrust loads 
of high intensity to be taken on a single collar, has been highly 
successful, and it is gratifying to observe that other develop- 
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aents are already in contemplation, and that some are well 
dvanced. 

The description of the determination of stress by means 
f soap films is fascinating and deeply interesting; and it is 
heering to Imow that certain forms of stress in members 
f irregular form under load, not amenable to calculation, 
nd hitherto not determinable and therefore provided for by 
factor of safety, can now be closely approximated to by 
scperimental means, and it may be hoped that this or some 
ther experimental process can be extended practically m the 
ear future to determine other forms of stress. Success in 
lis direction would be directly attended with economy of 
laterial and would facilitate design. 

The chapter on submarine signalling indicates the 
arch of progress in a new branch of engineering, and 
e author makes the important and significant remark that 
e science of acoustics shows signs of developing into the 
igmeering stage, a statement worthy of the careful con- 
leration of all thoughtful engineers. 

The section dealing with the wave tiansmission of energy 
mes opportunely in view of the laige number of practical 
plications of this form of power transmission that are 
ing developed, and of those that have matured The same 
ction gives information respecting the principles govern- 
g the various foims of flow-meters, and should prove 
eful to engineers associated with high-powei installations 
10 arc, by reason of the magnitude of the individual in- 
illations, being forced to use flow measurements m lieu 
the definite bulk measurements hitherto favoured by 
my, and should give a greater confidence in the use and 
:uracy of flow-meters designed on a sound basis. 

The preceding cases are merely mentioned as examples; 
iry chapter contains a great deal of matter of practical 
lical engineering interest connected with the mechanical 
jperties of fluids. I have selected these examples as some 
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of those familiar to me in which I have personally felt the 
want of some preparatory and explanatory information, such 
as that given in this book; and it is my recollection that 
such information was more difficult or inconvenient to obtain 
in regard to fluids than for solids. My own experiences 
must, I feel, be those of many others. 

The whole series of articles has been to me most interest- 
ing, and they show clearly that engineering in the present 
day requires a great deal of help from pure and experimental 
science, and is adapting itself to the utilization of branches of 
science with which it has hitherto not been closely associated. 
Engineering practice to be worthy of the name must keep 
itself abreast of and well in touch with those sciences and 
the developments and discoveries connected with them. 
This is an onerous task and can only be effected collectively; 
it is too big for one individual; but works such as this will 
tend to ease the burden, and convert the task into a pleasing 
duty. 




LIST OF SYMBOLS USED 


p or P, pressure. 

V or V, volume; velocity. 

N, modulus of iigidity. 

E, Young^s modulus. 
tj temperature ^C. (or ^F.), time, 
p, density. 

Sf specific giavity. 

/c, bulk modulus; eddy conductivity 
T, absolute temperature in 
T, absolute temperature m °F. 

Q, specific heat at constant volume. 

C^, specific heat at constant pressure 
y, surface tension. 

jSj compressibility. 

M, molecular weight. 

My mass. 

/X, viscosity. 

V, kinematic viscosity s 

P 

Uy Vy Wy componcnt velocities; displacements 

N, Avogadro’s constant 

a)y specific volume of water; cross section; angular velocity. 
S, shearing stress. 

%, twist. 

Tg, torque 

Aj wave-length; film energy. 

R, acoustic resistance. 

-- , frequency (cycles per second). 



THE MECHANICAL 
PROPERTIES OE FLUIDS 


CHAPTER I 
liquids and Gases 

Definitions 

We propose to discuss in this chapter some of the moie important 
leial pi Opel ties of fluids Common knowledge enables us to 
ociatc With the itims fluid ^ liquid, vapour, gas, certain properties 
ich we regal d as fundamental, and which serve to difleientiate 
‘se forms of existence from the form which we know as solid A 
id is, etymologically and physically, that which flows, and the 
uid or the gaseous state is a special case ot the fluid foim of exist- 
:e A liquid, in gcncial, is only slightly compiessible and pos- 
ses one free bounding surface when contained in an open vessel, 
gas, on the other hand, is easily compressible under ordinal y 
2umstances, and always fills the vessel which contains it The 
st elementary observation forces upon our notice distinctions 
h as these just mentioned, but it still remains to be seen whether 
se can be made the basis of a satisfactory classification 
Indeed, it is doubtful whether we can make a classification which 
I conveniently pigeon-hole the different states of matter, for, as 
shall see in the sequel, these different states shade over, under 
cial circumstances, one into the other, without the slightest 
ach of continuity. 

Ordinarily the change from solid to liquid — as when ice becomes 
* But compare the quotation on p. 2. 

(D812) 1 
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water — or fiom liquid to vapour — as when watei boils — ^is quite shai p, 
and the propel ties of any one substance m the three states aie cleaily 
marked off. But substances such as pitch or sealing-wax — behaving 
under some circumstances as solids, under others as liquids — aie 
distinctly troublesome to the enthusiast for classification. Thus 
a bell or tuning fork, cast from pitch, will emit a note perfectly clear 
and distinct as that given by a bell of metal. Nevertheless a block 
of pitch, left to Itself, will in time flow like any ordinary liquid 
Steel balls placed on the top of pitch contained in a vessel slowly 
sink to the bottom, and corks placed at the bottom of the vessel will 
in time appear at the upper surface of the pitch. Such anomalies 
serve to emphasize the difficulties attendant on any attempt at a 
rigorous classification. Indeed it is sometimes held that the diffeience 
between the solid and liquid states is one of degree, and that all solids 
in some measuie show the properties of liquids Howevei this may 
be, it IS enough to note now that the diffeiences between the solid, 
liquid, and gaseous states are sufficiently pronounced to make it 
convenient to attempt a classification which shall emphasize these 
differences We shall therefore discuss certain properties of matter 
which serve to define ideal solids, liquids, and gases. We shall find 
that no substances in nature confoim to our ideal, which will therefoie 
be but a first approximation to the truth, and later we shall find that 
small corrections, applied to the equations of state which are the 
expression of our fundamental definitions, will serve to make the 
equations represent with considerable accuracy the behavioui of 
actual substances. This process, involved though it may appear, is 
both historically correct and physically convenient 

Thus the reader may remember that in 1662 the Honourable 
Robert Boyle took a long glass tube ‘‘ which by a dexterous hand and 
the help of a lamp was in such a manner crooked at the bottom that 
the part turned up was almost parallel to the rest of the tube, and the 
orifice of this shorter leg . . . being hermetically sealed, the length 
of it was divided into inches . . . Then putting in as much quick- 
silver as served to fill the arch, . . we took care, by fiequcntly 

inclining the tube, so that the air might freely pass from one leg into 
the other, , . . (we took, I say, care) that the air at last included m 
the shorter cylinder should be of the same laxity with the rest of the 
air about it. This done, we began to pour quicksilver into the 
longer leg, . . till the air in the shorter leg was by condensation 
reduced to take up but half the space it possessed (I say possessed not 
filled) before; we cast our eyes upon the longer leg of the glass, . . 
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and we observed, not without delight and satisfaction, that the quick- 
silver in that longer part of the tube was 29 in. higher than the other. 

The pressure and volume of a gas at constant temperature are 
therefore in reciprocal propoition; that is, at constant temperature 
'he equation of state of a gas is given by 

pv = k. 

Succeeding experiments emphasized the truth of this result, and it 
vas not until instrumental methods had advanced considerably that 
imall deviations from this law were shown to exist under ordinary 
'onditions It was then proved that an equation of the type 

nore closely represented the behaviour of even the more permanent 
;ases, later work has shown this equation does not represent with 
ufEcient accuracy the lesults of expeiiment, and vaiious other 
quations of state have, from time to time, been proposed To these 
quations we shall latei have occasion to leler 

Again, the physical convenience of such a method of appioach 
lay be illustrated by lesults deduced from the principles of rigid 
ynamics No body m natuic is peifcctly ngid — that is, is such that 
line joining any two pai tides of the body remains invariable in 
mgth duiing the motion of the body — but considerable simplification 
f the equations of motion results if we make this assumption, and 
le results obtained are in many cases of as high an 01 der of accuracy 
3 is required. We can, if necessary, obtain a closer approximation 
3 the truth by consideimg the actual defoimation suffered by the 
ody — the problem then becoming one in the theory of elasticity, 
uppose, for example, that it is oui object to deduce the acceleiation 
ue to giavity fiom observation of the period of a compound pendu- 
im It would be possible to attack the problem, taking into account 
h initio such effects as are due to, say, deformation of the pendulum 
i its swing, yielding of the supports and the like, afterwards ne 
[ecting such effects as expeiience has shown to be very small. But 
ich a method would lender the problem almost unbearably complex, 
esides tending to distract attention from the essentials, "and it is 
Dth moie convenient and moie philosophic to focus one’s mind on 
le more impoitant issues, to solve the problem first for an ideal 

Boyle’s works (Birch’s edition, Vol. I, p. 156, 1743). 
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rigid body, and afterwards to introduce as small corrections effects 
due to elasticity, viscosity, and so forth. 

This, then, is the course which we shall follow in discussing the 
properties of fluids, and we shall seek, using elastic properties as a 
guide, definitions which will emphasize those differences which 
undoubtedly exist between the solid, liquid, and gaseous states of 
existence. 

If we wish to describe completely the elastic behaviour of a 
crystalline substance, we find that in the most general case twenty-one 
coefficients are required. For isotropic substances, fortunately, the 
problem is much simpler, and the coefficients reduce to two, the bulk 
modulus (k) and the rigidity modulus (N) These coefficients are 


P 



(a) (bj (C) 


Fig I 

easily specified. Thus, if a cube of unit edge be subjected to a 
uniform hydrostatic pressure P, so that its volume deci eases by an 
amount Sv, the sides of the cube deci easing by an amount then, 
Sv being the change in volume per initial unit volume, the ratio of 
stress to strain, which is the measure of the bulk modulus, is given 
p 

by ^ = AT, and, to the first order of small quantities, = 3^. 
ov 

Suppose now that our unit cube is strained in such a way that 
in one direction the sides are elongated by an amount e, m a per- 
pendicular diiection are contracted by an amount e (fig i a), the sides 
perpendicular to the plane of the drawing being unaltered in length 
Such a strain is called a shearing strain, and may be supposed to be 
produced by stresses (P) acting as shown. Considering the rect- 
angular prism BCD, which is in equilibrium under the stresses 
acting normally over the faces BC and CD, and the forces due to 
the action on BCD of the portion ABD of the cube, we see that the 
resultant of the two forces P is a force P\/ 2 acting along BD. The 
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)rce due to the action of ABD on BCD must be equal and opposite 
> this. But the area of the face BD is \/ 2 units, and there is there- 
ire a tangential stress of P units, in the sense DB, acting over the 
agonal area of the cube, due to the action on the prism BCD of 
le matter in the prism ABD, and called into being by the elastic 
splacements Thus t^e shearing stress ^ which produces the shearing 
mtn, may be measured by the stress on the areas of purely normal or 
purely tangential stress. 

If we suppose the directions of the pimcipal axes of shear to be 
mg the diagonals AC and BD, so that these diagonals are conti acted 
d elongated respectively by an amount e (per unit length), then it 
n easily be shown that, assuming the strains to be small, the side of 
e square, the area of the square, and the perpendicular distance 
tween its sides are, to the fiist order of small quantities, unaltered 
the strain. Hence (fig. i b) the square ABCD strains into the 
Dmbus abed, and by rotating the rhombus through the angle cEC — 
lich rotation does not involve the introduction of any elastic forces — 
arrive at the state shown in fig. i c. Hence, rotation neglected, 
shearing stiain may be legarded as being due to the sliding of 
'allel planes of the solid through horizontal distances which are 
)portionaI to their vertical distances from a fixed plane DC, the 
ling being brought about by a tangential stress P applied to the 
ne AB. The angle d is taken as a measure of the strain, and the 
idity modulus (N) is given by the equation 



It is to be remembered that an elastic modulus such as Young^s 
dulus (E) is not independent of /c and N, but is connected with 
m, as can readily be proved, by the relation 

_ 9/cN ^ 

3/c + N* 

We are now in a position to define formally the terms ** solid 
“ fluid ’k 

A solid possesses both rigidity and bulk moduli. If subjected to 
iring stress or to hydrostatic pressure it takes up a new position 
quilibrium such that the forces called into existence by the elastic 
ilacements form, with the external applied forces, a system in 
[librium. 

wt, Properties of Matter, p 1 55, or Morley, Strength of Materials (i 93 1), p . u . 
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A iluid possesses bulk elasticity, but no rigidity. It tollows, 
lliercloic, that a fluid camwt pennanently resist a tangential shess^ and 
that, however small the stress may be, the fluid will, in time, sensibly 
yield to it. In a solid, the stress on an element-plane may have any 
diiection with reference to that plane. It may be purely normal, 
as on the plane BC (fig. i a)^ or purely tangential, as on the plane BD. 
In a fluid at lest the stress on an element-plane must be normal to 
that plane And it follows at once from this normality, as is proved 
in all elementary treatises on hydrostatics, that the pressure (p) at 
a point in a fluid at rest under the action of any forces is independent 
of the orientation of the element-plane at that point. Thus if z 
aie the co-ordinates of the point in question, 

P = <l>i^,y,z). 

In a pel fee t fluid ^ no tangential stresses exist, whether the fluid be 
at icsl, or whether its different parts be in motion relative to each 
otlici. In all fluids known in nature, tangential stresses tending to 
damp out this relative motion do exist, persisting as long as the 
relative motion persists The fluid may be looked on as yielding to 
these stresses, dificrent fluids yielding at very diffeient time-rates, 
the 7 ate ol yield depends on the propeity known as viscosity 

A perfect liquid may be defined as an incompiessiblc peifect fluid. 
No fluid in nature is completely incompiessiblc, and the quantitative 
study ol the bulk moduli of liquids and their i elation to othci constants 
ol tlic liquid substance is a matter ol gieat thcoietical and piactical 
impoUance 

Jl must be icmcmbeicd that the magnitude of the bulk modulus 
depends on the conditions under which the compicssion is tamed 
out IVo moduli aic of primary importance — that in which the 
tempeiatuie of the substance icmains constant, and that in which 
the compicssion is adiabatic, so that heat ncilhci cnlcts not 
leaves the substance under compicssion Remembciing this, 
wc may dcQiic a perfect gas as a substance whose bulk modulus 
ot isothermal elasticity is numeiically equal to its pressure, 
Fioiu this wc have at once by definition 



V 


or pdv vdp = o. 
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fVIience, integrating, 

pv ^ ky 

nd our perfect gas follows Boyle’s Law. 

Density 

Having obtained woikmg definitions of the substances with which 
have to deal, we pioceed to discuss in order certain of their more 
indamental properties and constants One of the most important 
f these constants is the density of the fluid, defined as the mass of 
nit volume of the fluid. The density of a liquid is accepted, in a 
lemical laboratory, as one of the tests for its identification, and the 
Qportance m industry of the ‘‘ gravity ” test needs no emphasis. 
h shall therefore detail one or two methods for the measurement 
the density of a liquid — methods for the measurement of gaseous 
vapoui densities aie peihaps moie appropriately discussed in a 
eatise on heat. 

To determine the density of a substance we have to measure 
ther {a) the mass of a known volume or [b) the volume of a known 
ass Fluids must be weighed in some soit of containing vessel, 
d if we know the volume of the containing vessel, the measuiement 
the mass of fluid which fills it at a given temperature at once 
/es us the density of the fluid. The most convenient way of 
'ibrating a containing vessel is by finding the weight of some 
uid of known density which fills the vessel at a known temperature 
us assumes, of course, that the density of the standard liquid — 
rally water or metcury — has been determined by some mde- 
ident method, and much laboiious research has been done on the 
asuiement of the vaiiation of density with tempeiature of these 
-> fluids. 

Thus, Halstrom * measured carefully the linear expansion of 
lass rod, the relation between length and temperature being ex- 
ssed by the formula 

L = Lo(i + at + hf). 

A piece of this rod of volume V was taken and weighed in water 
iifl^’erent temperatures, the loss in weight an water at f being 
in by 

W = Wo(i + ft + mt^ + 

*Ann. Chttn, Phys , 28, p. 56 , 
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The quantities /, n are determined by experiment, and it is 
clear that the volume at f of the portion used is 

V = Vq (i + -1- 

No'w since the loss of weight in water is, by Archimedes’ principle, 
equal to the weight of water displaced, and since the volume of this 
displaced water is equal to the volume of the glass sinker, we have for 
the density of water at f 

__ W __ Wq (i + It + mt^ + 

^ ” V " Vo ' {i + at + bf'Y ’ 
or 

P = Po(i + + y^), 


where a, j8, y are known in terms of /, a, b. The figures obtained 
in an actual experiment are quoted below: 


a = 0*000001690 
b == 0-000000105 
/ == 0-000058815 
m == — 0-0000062168 
n == 0-00000001443 


Whence 


la = 0-000052939 
= — 00000065322 

\y = o 00000001445 


It may be noted in passing that the temperature of maximum density 
of water may be determined from these results with consideiable 

accuracy. For when p is stationary we have ^ hence 

3yjf2 _j_ 2^1 -|- a — O 

This equation is a quadiatic in one of the roots is outside the 
lange ot the expeiimental figures, the other is 4-108° C 

From expeiimcnts of which this may be quoted as a type, 
Table I (p. 9) has been drawn up 

It will be seen that, if water be used as the calibrating liquid, 
the determination of the density of a liquid becomes identical with 
the opeiation of determining its specific gravity — that is, we find by 
experiment the ratio of the weight of a certain volume of liquid to 
that of an equal volume of water at the same temperature. The 
magnitude of this ratio is conveniently denoted by the symbol s]) 
and may be reduced to density — mass per cubic centimetre — 
by means of Table I on p. 9. It is more usual to compare the 
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TABLE I 

Density of Water in gm /c,c at various Centigrade Temperatures 


Temperature. 

Density. 

Temperature. 

Density, 

Degrees 


Degrees. 


0 

0-99987 

42 

0*99147 

2 

0 99997 

44 

0 99066 

4 

1 00000 

46 

0 98982 

6 

0 99997 

48 

0*98896 

8 

0 99988 

SO 

0 98807 

10 

0 99973 

52 

0-98715 

12 

0 999S3 

S4 

0 98621 


0 99927 

56 

0 98525 

i6 

0 99897 

58 

0-98425 

i8 

0*99862 

60 

0-98324 

20 

0 99823 

62 

0 98220 

22 

0 99780 

64 

098113 

24 

0 99732 

66 

0 98005 

26 

0 99681 

68 

0 97894 

28 

0 99626 

70 

0 97781 

30 

0 99567 

75 

0 97489 

32 

0 99505 

80 

0 97183 

34 

0-99440 

85 

0 96865 

36 

0 99371 

90 

0 96534 

38 

0-99299 

95 

0 96192 

40 

0 99224 

100 

0 95838 

eight of the liquid with that of 

an equal volume of water at 4^ C., 

id this value, may also be deduced from the experimental figures 
y means of the table. It should be noted that the specific gravities 

and s\ are often doubtful in meaning, for they refer sometimes 

► the ratio of true 

weights, sometimes to the 

ratio of apparent 

eights, no correction being made for displaced air. 

. In experimental 

01k of high accuracy, it is well both to make this correction, and 

indicate that it has been made. 




For ordinary work, the common specific-gravity bottle may be 
jed, but for precision measurements some form of pyknometer is 
jcessary The pyknometer is usually a U- tube of small cubic content , 
5 ends terminating in capillary tubes. Three forms are outlined m 
. (i) is the original Sprengel type, (ii), a modification introduced 
j Perkin, possesses several advantages. The instrument, filled by 
Lction, is placed in an inclined position m a thermostat, and excess 

(d312) 
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liquid IS withdrawn from a by means of filter paper, until the level 
in the othei limb falls to b. The tube is now removed and restored 
to the veitical position, when the liquid recedes from a. If now 
expansion takes place before weighing, the bulb above b acts as a 
safety space, and all danger of loss by overflow is obviated. The 
form shown in (iii) was introduced by Stanford, and reduces to a 
minimum those paits of the vessel not contained m the thermostat, 
whilst Its shape does away with the necessity for suspending wires, 
as the bottle can be weighed standing upon the balance pan. 

In technological practice much specific-gravity work is carried 
out by means ol vaiiable-immersion hydrometers Plydrometer piac- 
tice and methods can hardly be said to be m a satisfactory state. 



Fik • 


Not only has one to plough through a jungle ot aibituuy scales, but 
the reduction of these scale leadings to specific giavitics, defined 
accurately as we have defined them alieady, is no easy mattei All 
hydrometers should cany, maiked pcimanently on their surfaces, 
some indication of the piinciplc ol their graduation, so that their 
readings may be reduced to or some othci definitely known 

standaid For rough woik, of course, the aibittaiy giaduations 
suffice, and a workman soon learns to associate a reading of, say, 
X degrees Twaddell with some definite pioperty ot the liquid with 
which he is working. But with moic delicate hydrometeis an 
absence of exact reference to some definite standard is distinctly 
unsatisfactory. 

Thus the common hydrometer is graduated so that a reading of 
1035 corresponds to a specific gravity of i'035 — ^the standard of 
reference being very often doubtlul — and the Twaddell hydrometer 
is so constructed that the specific gravity s is given by 

s == i-ooo -b 0-005 T, 

where t is the reading in Twaddell degrees. Clearly on the common 
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lydrometer the “ water-point ” is looo, on the Twaddell hydrometer 
,ero, and, unless the hydrometer carries some reference to the tem- 
)erature at which its water-point is determined, it becomes impossible 
atisfactorily to compare the performances of two different hydro- 
neters. 

Confusion is woise confounded when we introduce Baum^ 
eadmgs. In the original Baum6 hydrometer water gave the zero 
Doint, and a 15 per cent solution of sodium chloride gave the 15° 
nark. This for liquids heavier than water. For liquids lighter 
han water a 15 per cent solution of salt marked the 
zero point, the water-point being at lo"^. Now it is usual 
to mark the point to which the hydrometei sinks in sul- 
phuiic acid of density 1*842 as 66° B We can easily 
work out a foimula of leduction giving the specific 
gravity in terms of these fixed points. Thus, let 

V be the total volume of hydiometer up to 0°, 

Pi, the density of water, 

the volume of hydrometer between 0° and 
p, the density of liquid in which hydiometci floats 
at mark and 

<2, the cioss-sectional aiea of neck 

By Aichimedes’ pimciple the mass of the hydiometer 
is given by the two expiessions 

Vpi and (V — v)p 

T-Tpnpp 

Vft = (V - V)p = (V - an)p-, 
and if s IS the specific gravity of the liquid. 



Hence we have 



^ ~ I a 


If we put 5 = 1*842 when n = 66 , we find that k = 144-3, and 
theiefore for any other liquid giving a reading Xy 

s ^ 

144*3 — X 

It is obvious that we do not know where we are unless the densities 




Fig 3 
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iLsetl in (\ilihititiou aie sharply defined, and the clouds are not 
applet wbly lia;luened by the piactices of Dutch and Ameiican 
hydionietei inakcis, who take the constant fz as 144 and 145 respec- 
t piestmvably 1 01 tiie convenience of dealing in integi al numbers. 

Mohr’s liulancc ivS exceedingly convenient for use in those techno- 
logical laboratouCvS m which a huge number of determinations of 
density are made. As fig. 4 shows, it is a balance of special form, 
one arm being divided into ten equal parts and cariying, suspended 
tiom a hook by a silk fibre, a glass thermometer which also serves as 
a sinker 1 he weights piovided arc in the form of riders, the two 


I I 


IcUgest being equal, the other two being o i and o-oi 
respectively ol the largest weights The hook is so 
uljustcd that a body suspended from it is in position 
It the tcntli maik ~T 1 

The odici arm of the balance carnes a counter- 

loisc wlih a pointed end, which point, when the 
lalanee is in ec|uihbinim, is exactly opposite to a 
klucial maik on the fixed suppoii Suppose now 
hat the balance is levelled and is in equilibrium, the sinker 
)cing m an Place the smkei in water at 15^. It wdl he found that 
)ne oj the hvcrair^t zociethts^ snspoided from the hook, will restore cqinh- 
mum A little thought, based on a knowledge ol the law ol moments, 
hould convince the student that the specific gravity ol a liquid, 
;ouect to oooi, tan ho leacl oil at once liom the positions of the 
nuious lideis when (lie balance is in cqiiilibiiiim, the sinker being 
mmeised in the liquid. Thus the specific gravity of the liquid, 
he iideis being disposed as m fig 4, is 1*374 i‘ol erred to water at 
and may be expiessed as a density by means ol Tabic I, p 9. 

It liappcns on occavsiou that a detci minalion ol specific gravity 
s called lot, and that no suitable instruments are at hand. It is 
vorth while knowing that an accurate \ csult may be obtained with 
U) moic elaborate apparaUus than a wooden rod, which need not be 
mifotm, but should ho uniformly graduated, and a few coiinter- 
)()ises of nnknown weight, made 01 material unacted on by the liquid 
inder lest. Suppose a knitting needle, or a piece of a small triangulai 



13 


LIQUIDS AND GASES 


lie, to be fixed in the rod to form a fulcrum (fig. 5) Suspend the 
veights W and Wi from the rod by loops of thread, and move Wi 



Fig. s 


intil the lod is level. If w be the weight of the rod acting at a 
listance y from the fulcrum, we have 

WY wy 


f now, without disturbing W, we allow to hang in a beaker of 
v^ater at a temperature f, we have, if the point of balance be now 
hifted to Xg, and W2 be the apparent weight of W^, 


These equations give 

WiXi - W2X2, or 


WY zvy == W2X2 


Wi ^ X2 


f a beaker of the liquid under test at a temperature be substituted 
or the water and the balance point be now at X3, we have by similar 
easoning 


W3X3 or 


Wj X3 

Wi — W3 X3 — Xi 


lence 


- W3 _ 

Wi - Wg 


Xq ^2 

_ ^ 
Xg Xg Xj|_ 


ud the specific gravity, which may as before be reduced to density 
y means of Table I, p. 9, is given accurately in terms of lengths 
leasured along the rod 

The variation of density with temperature has been the subject 
f many investigations; most of the equations proposed to represent 
lis variation (under certain specified conditions) are applicable, 
uth great exactness, over limited ranges only. A formula has, how- 
/er, been put forward recently, which gives the relation between 
nhoharic density and temperature with very considerable accuracy, 
v^er the whole range of existence of the liquid phase. It is developed 
ms: 
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We shall see later that, for unassociated liquids, the relation 
between surface tension and reduced temperature (-m) is given by 

r = ro(i - 

where n vanes slightly from liquid to liquid, but does not deviate 
greatly from the value i*2. Further, for any one such liquid the 
relation between surface tension and the densities of the liquid and 
vapour phases is ^ = c(p, - p.)-, 

where p does not deviate greatly from the value 4. Eliminating y 
between these two equations, we find 

Pe — P'>, = B(i — m)”’^ 

where B stands for the root of yojC. If we assume that, at the 
absolute zero, the density of the super-cooled liquid is about four 
times the critical density, and that of the vapour is negligible, we 

have , . . o 

Pe — Pv = 4Pc(l — 

assuming constant values for n and for p. But it is well known 
that, if we take the mean of the orthobaric densities of liquid and 
vapour at any temperatuie, and plot these mean values against tem- 
perature, the result is, to a high degree of approximation, a straight 
line inclined at an obtuse angle to the temperature axis. That is, 

P. + = P — 

The condition that, at the critical point {w = i) we have p<, = pt, = 
Pc) combined with the condition previously mentioned that for 
in = owe have — 4/?^ and p^ = o, gives us 

P6 + Pi. = 4 Po — 2pc^. 

Taking these equations for + p„) and (p^ — p^), eliminating 
p^ and dropping the subscript /, we find 

P = 2pc[(i - + (i — 0‘S^)]» 

which is a reduced equation between density and temperature 
applicable to all unassociated substances. The equation may be 
tested by writing it in the form 

^ ^ o ^m) = (i — • m)®, 

Y==X% 


or 



LIQUIDS AND GASES 


*5 

vhere s may or may not be equal to 0-3 A logarithmic plot of Y 
gainst X shows, in general, very good straight lines, whose slope 
leviates very little from the value 0-3. But the lines do not pass 
hrough the origin. 

It follows then that 

Y= GX« 

p = 2pc[G{i — (i — 0 5^)], 

dicrc G is a constant, whose value varies from liquid to liquid, 
["he variation is not great, and a mean value of G is about 0*91 
This general form gives very satisfactory results, but, if very close 
grcement with the experimental figures is necessaiy, the values of 
y and of s special to the particular liquid must be chosen 

If we put m = o in this equation, and take the value of G as 
91, we see that the (absolute) zero density of the supercooled 
quid is about 3 8zpcj probably a better approximation than the 
sual value 4pc 

Again, the equation enables us to compute a reasonably good 
alue for the critical density if the density at any one reduced 
smperature is known This, of course, involves a knowledge of 
tie critical temperature If the critical temperature is not known 
m may make use of Guldberg’s rule, that for unassociated liquids 
lie boiling-point under noimal pressure is very approximately 
tvo-thirds of the ciitical temperature Putting, therefore, m = 
ic have 

Pl > = 2iO<,[0 91(1 - + (1 - O 5 X I)], 

r Ps = 2-642pc, 

gencial relation between the density at the normal boiling-pomt 
nd the critical density 

By eliminating instead of p* a similar formula may be derived 
3 show tlae march with temperature of the density of the saturated 
apour. 


Compressibility 

We have seen that a perfect liquid is, as a matter of definition, 
icompressible — ^that is, its bulk modulus is infinite. Liquids in 
ature are under ordinary circumstances very slightly compressible,* 
nd the determination of their compressibilities is, in effect, a de- 

* Constantmesco, p. 22:5, 
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teaniiicUioH ot theii bulk moduli which, at any given pressure and 
tempeiature, is deiined by the equation 



where Sp is the additional stiess (i e pressure per unit aiea) causing 
a Jc(?ra>,c in volume Sw of a substance whose initial volume is v, 

and 1 stands i'oi the latc of decrease oi piessure with volume 
\3v/t 

under isotheimal conditions ('!' constant). The compressibility, at 
any given pressure and tempeiatuie, may be defined as the recipiocal 
of the bulk modulus, i e. the latio 



Another definition of compicssibility is sometimes used, namely^ 

/ I ; in this case v is the volume of unit mass of the liquid. 
\dp/ T 

We shall heic confine oiiiselves to a discussion of the com- 
pressiliilities ol liquids— those of gases and vapouis will be tieatcd 
later. It is clear that a complete study of the compressibility ot a 
liquid lesolvcs itscll into the drawing of a p, v, T suiface for the 
.substance in question, so that the volume of i gm of the substance 
is known at any piessuic and tcmpciatiuc The impoitancc oi this 
knowledge can baldly be ovci estimated When we have diawn the 
/), V, 'P surlacc lor any liquid wc aie in a position completely to de- 
tetnime its most impoitant theimodynamic piopertics In this 
connection the iccent woik of Bridgman f is pic-emincnt in value, 
and we sliall heic give a discussion, as brief as may be, of his woik, 
leaving the : cadet to study details ol the oldci cxpciiments, il he be 
so mindetl, in other books The pimciplcs involved arc simple, 
but il must be icmembeicd that the experimental difficulties, when 
the picssurcs aic pushed up to the older ol 20,000 Kgm per 
square centimetre, aie very gicat. 

I’lic substance under test is placed in a sliong chiome-vanadium 
steel cylinder, and the pressure is produced by the advance of a 
piston of known cross-section, the amount of advance of the piston 

*Thi8 notation means that /> is leijaicled as fl function of v and T, and T is kent 
constant in finding the deimitivc 

f Proc. Amcr, Acad, Set., 48 , 309 (191*). 
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giving the change in volume. It would make the story too long were 
we to discuss in detail the method of packing of the piston to ensure 
freedom from leakage, and the manner of correction for the change 
in volume of the cylinder, but it may be of interest to mote that the 
pressure was measured by the change of electrical resistance of a 
coil of manganin. The resistance of the coil was about 100 ohms, 
and it was constructed of wire, seasoned under pressure, of resistance 
30 ohms per metre. For high-pressure measurements this forms a 
very simple and convenient form of gauge. It must, of couise, be 
calibrated, and Bridgman performed this by making, once for all, 
a series of measuiements of the change of electrical resistance ot the 
wiie with piessure, measuring the piessure by means of a specially 
constructed absolute gauge It was found that the change of resistance 
with pressure was so accurately linear up to pressures of 12,000 
Kgm. per square centimetie that the readings could be extra- 
polated with confidence up to 20,000 Kgm. The changes of 
lesistance were measured on a specially constructed Caiey Foster 
bridge 

The whole apparatus was immersed in a theimostat, and series 
of pressure-volume readings were taken at dilfeient temperatures 
From these readings Table II was drawn up, exhibiting the be- 
haviour of water up to 12,500 Kgm per square centimetre pressure, 
and 80*^ C. 

A caieful study of this table will show that we can extiact from 
it data which give veiy complete details of the thermodynamic pro- 
pel tics of water within the range considered. The reader is stiongly 
recommended to work out a few of these results, by so doing he will 
learn in an hour or two moie of the principles of thermodynamics 
and of the properties of water than he would gain from a week’s 
reading of books where everything is painstakingly explained for 
him The hints given below should suffice to set him going, and 
should he have access to Biidgman’s papers, it would be well to com- 
pare his results with the curves given by Biidgman * 

(i) Calculate the compressibility 01 - , and plot a curve 

between this quantity and p at any one temperature Repeat for 
vaiious tcmpeiatures f 

* Loc cit 

I The vauous thcimoclynamical lelations given in (i) to (10) will be found in 
treatises on iheimodynamics, e g Dictionary of Applied Physics, article ** Thermo- 
dynamics ”, Remember that T here stands foi absolute temperatuie. 
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(2) Calculate the thermal dilatation/— ) 01 - , and plot it as 

xoTl/p V \dT/p 

a function of the pressuie at various temperatures 

(3) The mechanical work done by the external pressure in com- 
pressing the liquid at constant temperature is given by 

between given limits, and is obtained by mechanical integialion 
(planimeter, square counting, or the like) of the cuives showing the 
relation between p and v at constant temperature 

(4) The total heat given out, Q, during an isothermal com 
pression is similarly derived by mechanical integration fiom 



using the results of (2) to plot the desired curve. 

(5) Knowing the mechanical work and the heat liberated m com- 
pression, we can find the diffeience between these, thus giving the 
change of internal eneigy along an isothermal, and can plot this 
against the pressure. 

(6) The pressure coefficient is given by 

/^\ _ 

\ 0 T/ V /^^\ 

wA 

It can thus be determined with the aid of the results of (i) and (2), 
and can be plotted against the piessure 

(7) The specific heat at constant piessure may be obtained by 
mechanical integration from the equation 



This, of course, involves working out the second deiivativc from the 

known values of (^) in the same manner as the fiist deiivative is 
\oi/p 

worked out fiom the original tables. Values of the specific heat as 
a function of the tempeiature at atmospheric pressure may be taken, 
as Bridgman took them, from the steam tables of Marks and Davis, 



Pressure, 


Kgm 

60° 

65° 

70° 

75 ^ 

8 o^ 

per cm ® 






0 

I 0168 

I •0195 

I 0224 

10255 

1*0287 

500 

9965 

9992 

I -0020 

I 0049 

1*0075 

1,000 

9791 

•9816 

*9842 

9869 

•9896 

1,500 

■9632 

9657 

9682 

•9707 

973 ^ 

2,000 

9489 

9513 

‘9537 

•9561 

•9585 

2,500 

9363 

•9386 

9409 

9433 

9457 

3,000 

9247 

9269 

9292 

•93 H 

9337 

3 » 5 oo 

9138 

9160 

9182 

•9204 

9226 

4,000 ^ 

9037 

9058 

9080 

•9101 

9123 

4 > 5 oo 

8945 

8965 

8986 

•9008 

•9028 

5,000 

8858 

8879 

8899 

•8920 

8940 

5,500 

8777 

8798 

8818 

8838 

8858 

6,000 

8702 

8722 

8742 

•8762 

8781 

6,500 

•8631 

•8650 

8670 

8689 

•8709 

7,000 

8564 

8583 

8602 

8621 

•8640 

7,500 

•8499 

8519 

8538 

•8557 

•8575 

8,000 

8438 

8457 

•8477 

849s 

•8513 

8,500 

•8381 

8400 

•8419 

S437 

•8455 

9,000 

8327 

8346 

8364 

•8383 

8401 

9)500 

•827s 

8294 

8313 

8331 

8349 

10,000 

•8226 

8245 

•8264 ( 

8282 

•8300 

10,500 

8179 

•8198 

8216 

•8235 

8252 

11,000 

•8133 

8152 

*8170 

•8188 

8206 

11,500 

8088 

•8107 

•8125 

•8143 

•8160 

12,000 

•8043 

8062 

•8080 

8098 

•8115 

12,500 

7999 

•8017 

’8036 

•8054 

*8071 


\Factus p 18 
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(8) Knowing C^, we can determine from the equation 



( 9 ) The rise in temperature accompanying an adiabatic change of 
ressure of i Kgm per square centimetre may be deduced with the 
sip of the equation 

/m ^ T /^\ 

\dp/^ c, \dT/; 

I the quantities on the iight-hand side of the equation being 
lown from the lesults of previous sections. ^ lefers to the 
itropy 

Finally (lo): The difference between the adiabatic and isothermal 
impressibilities is given by 

\dp), c,\dT/; 

d may theiefore be calculated 

Bridgman has added to the value of this work by making similar 
idles oi twelve organic liquids. For details the student should 
nsult his original papei s ^ 

Intel esting lelations exist between the compressibility of a liquid 
d ceitam other of its physical constants, these we shall discuss 
er undei other heads. Meantime we pass on to a consideiation oi. 


Surface Tension 

We may take it as an expeiimental fact easily deduced iiom the 
)st ordinary obseivations that the surface of a liquid is in a state 
tension and is the seat of energy. The spherical shape of small 
ndrops or of small globules of mercuiy shows that the liquid 
face tends to become as small as possible in the circumstances, 
a sphere is that surface which for a given content has the smallest 
^erficial area. Again, the fact that the surface is the seat of eneigy 
illustrated by a simple experiment suggested by Cleik Maxwell, 
agine a large jar containing a mixtuie of oil and water well shaken 

♦ Proc, Amer, Acad, Sct.t 49 , 3 ( 1913 )* 
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up, so that the oil is dispersed through the water in small globules. 
If the system be left for some time it will be found that the oil has 
“ settled out and it is clear that the settling-out process has involved 
the motion of considerable masses of matter — that is, a definite 
amount of work has been done. The only difference between the 
two states of the system is that before the settling out the surface-aiea 
of the oiLwatei interface was considerably greater than the area of 
the interface in the final state. We conclude that the surface pos- 
sesses energy, and it will be seen shortly that an important i elation 
exists between surface energy and surface tension 

We assume, then, that across any line of length ds drawn in the 
surface of a liquid there is exerted a tension yds, the diiection of this 
tension being normal to the element ds and in the tangent plane to 
the surface. The quantity y is called the surface tension of the 
liquid, Its dimensions aie clearly those of force ~ length, and a surface 
tension is reckoned, m C.G.S. units, in dynes per centimetre, oi 
in grammes per second per second. This tension differs fiom 
the tension in a sheet of stretched india-rubber, with which it is 
commonly compared, in that it is, within wide limits, independent 
of the area of the surface. It is constant at constant tempera- 
ture, but varies with the temperature, and the calculation of 
its temperature coefficient is a matter of great theoretical im- 
portance. Textbook writers usually give the relation between 
surface tension and temperature m the form 

r = yo(i — 

a result of little value, holding good over a very limited range The 
small value attaching to the formula can be shown at once, if we 
remember that at the critical temperature the suiface tension vanishes, 

so that we must have But values of calculated in this 

a 

way are wildly wrong, showing that the range of the foimula is 
exceedingly restricted. It can be shown that, for liquids which 
do not show molecular complexity, the relation between suifacc 
tension and tempeiature is given by 

V = yo(i — bty, 

where n varies from liquid to liquid, but in general has a value not 
differing very greatly from i-2. This equation holds good from 
freezing point to critical temperature, and its accuracy may be tested 
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)y comparing the value of obtained fiom direct experiment with 

hat obtained from the relation 5 ^^= 7* The test is shown in 
Fable III below. ^ 

TABLE III 


vSubbtance 

n. 

h 

tc Calcu- 
lated 

tc Ob- 
served 

Differ- 

ence 

Ether 

I 248 

0005155 

Cent 

Degrees. 

194 

Cent 

Degrees 

193 8 

+ 02 

Benzene 

i-2i8 

0 003472 

288 

288 5 

- 05 

Caibon tetrachloride 

I 206 

0*003553 

281 5 

283 I 

-- I 6 

Methyl formate 

1*210 

0*004695 

213 

214*0 

— 10 

Propyl formate 

I 231 

0 003774 

265 

264 9 

+ 01 

Propyl acetate 

I 294 

0 003623 

[ 276 

276 2 

— 0 2 
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have previously lef erred to the relation between sui face tension 
id surface energy The assumption that the suiface tension 
f a surface is equal to its suiface 
lergy (per unit aiea) is anothei 
)mmon error. The ‘‘pi oof given 
5ually follows these lines Imagine 
soap film stretched over the veitical 
lie Irame shown in fig 6, the bar CD 
nng movable If the bar be pulled 
3wnwards through a distance Sx, the ^ 
oik done against the suiface forces 
2yl.Sx (remember that the film has 
^o sui laces) But if A be the eneigy 
)i unit area, since the increase of 
rface is 2/8^?, the inciease of super- 

lal eneigy is X.zlSx. Hence, equating these quantities, we have 

y = A. 


- ^ 

//'// 


/ z/// 

yz/ 

// Z' " 

^ // 

Z/ZZ/ 



■///, 

. - 

Fig 6 



It this argument overlooks the important fact that surface tension 
aimishes with increasing temperature. Hence it follows from 
ermodynamic principles that, in older to stretch the film isother- 
illy, heat must flow into the film to keep its temperature constant, 
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and this heat goes to increase the surface energy. A simple thermo- 
dynamic argument shows that the relation between y and A is given by 

y = A + T^, 

r grp. 

where T stands for absolute temperature, and only if the tempeiature 
coefficient of surface tension were zero would the simpler equation 
hold. 

Since we know the relation between surface tension and tem- 
peiature lor unassociated substances we can easily work out, by 

substituting for y and 

^ in the equation just 
9T 

given, the relation be- 
tween surface energy 
and temperatuie. This 
relation is shown in 
fig 7 , the dotted curve 
showing the variation 
of surface tension, the 
full curve the vaiiation 
of surface eneigy with 
temperature. The two 
curves intersect each 

other and the axis of 
temperature at the 

critical temperature , 

showing that at that point both surface tension and surface energy 
vanish. But for lower temperatures the two quantities are in 
general very different in numerical magnitude, surface energy 
increasing much faster than surface tension with falling tem- 
perature. This important fact should carefully be borne in mind 

Many relations, empirical and otherwise, have been suggested 
connecting surface tension with other physical constants Thus, 
Macleod * has recently found that for any one liquid at different 
.emperamres , = C(p, - p.)*, 

Trans Faraday Soc ^ 1923* The present writer has also shown {Trans 
Faraday Soc,^ July, 1923) that the constant C may be expressed in the form 
C = ATc lyi^Pc^t where M is the molecular weight, pc the critical density, and 
A a constant independent of the nature of the liquid 
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wlieie C is a constant independent of the temperature, pi the densit) 
of the liquid, and that of the saturated vapour of the liquid. 

We should naturally expect surface tension and compressibility 
(P) to stand in intimate relation, and expeiiment shows that liquids 
of high compiessibihty have low surface tensions and conversely. 
Richards and Matthews ^ have examined the quantitative relation 
between these two constants, and find that, for a large number of 

unassociated substances, the product is a constant quantity. 

A most important equation connecting surface tension, density, 
md temperature, is that proposed by E6tvos,f 

= K(T, - T - S), 


where M is the molecular weight of the liquid, p its density, and 
5 and K are constants for unassociated liquids, 8 being about 6 
md K 2 12 The equation shows that a knowledge of the tempera- 
me variation ot y enables us to calculate the molecular weight of 
he liquid under examination, and hence to determine whether its 
nolecules aie or are not associated 

In lecent yeais this test of association has been slightly altered. 

[nstead of examining the vanation of y(^j with temperature, the 

/arialion ot has been studied, wheie, as we have seen, 


A 


dT 


lennett and Mitchell J have shown that for unassociated liquids 
has quantity, which we may call the total molecular surface energy, 
s constant over a faiily wide lange of temperatuie, and have used 
his constancy as a test ol non-association 

We now turn to the discussion of a problem of fundamental 
mportance — that of the i elation between the pressure-excess (posi- 
ive or negative) on one side of a curved suiface and the tension in 
he suilace It is faiily cleai that the piessure just inside a curved 
lurface such as that of a spherical bubble is greater than the pressure 
ust outside the suiface, and the manner in which pressure- excess 
s connected with surface tension may be calculated as follows. 

* Zcit Phys Chem , 61 , 49 (1908) 

I See Nerast, Theoretical ChemiUry^ p. 270 (1904). 

[ Zeit Phys Chem , 84 , 475 (1913). 
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Imagine a cylin ducal suiface whose axis is peipendicular to the 
plane of the paper, pait of the trace of the surface by the plane of 
the paper being the curve AB (fig. 8). Consider the equilibiium 
of a poition of this cylindrical surface of unit length perpendicular 



to the plane of the paper, and of length ds in the plane ot the paper. 
If n and n ^ be the pressures at CD on the tw'O sides of the 
cylinder, we have, resolving normally, 


2y sin- + (11 p)ds^ 

z 


when d IS the radian measure of the angle indicated in fig. 8, 
or, since d is small, yQ ^ 

ds 

But 0 = -g where R is the radius of curvature at C, and theiefoie 

^ R 


If the surface is one of double curvature, the effects aie additive and 
we have 

/> = y 

where R^ and Rg are the principal radii of curvature at the point in 
question. Thus for a spherical drop, or a spherical air-bubble in a 
liquid, we have 2 y 
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where R is the radius of the drop or bubble. For a spherical soap- 
bubble^ which has two surfaces, we should have 


P = 


R’ 


The use of the pressure-excess equation, combined with a know- 
ledge of the fact that a liquid meets a solid at a definite angle called 
the contact-angle, will suffice to solve many important surface-tension 
problems. Thus the rise or fall of liquids in capillary tubes is 
leadily explained. Water, for example, meets glass at a zero contact 



angle, hence the suiface of water in a capillary tube must be sharply 
curved, and the nariower the tube the sharper must be the curvature 
in order that the liquid may meet the glass at the proper angle The 
state of affairs shown m fig 9 (1) is impossible, for the pressuie at 
A being atmospheiic, the pressuie at B must be less than atmospheiic 

by where R is the radius of curvature of the meniscus at B But 


the pressure at C in a liquid at rest must be equal to that at B, and 
the pressure at C is clearly atmospheiic. Hence the liquid must rise 
in the tube until the additional pressure due to the head h just brings 
the pressure at B up to atmospheric value. We must have therefore 


zy 
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If the tube be very narrow— and the criterion of narrowness that is 
^ shall be small compared with unity — the meniscus will be a segment 

tl 

of a sphere, and the contact angle being zero we may put R = r, 
the radius of the tube, giving the well-known equation 

y = Igprh 

If though small, be not negligible compared with unity the meniscus 
h 

will be flattened; a very close approximation to the truth may be 
obtained by treating the meridional curve as the outline of a semi- 
ellipse. Suppose the semi-axes of the ellipse to be r and b (fig 9 11). 
If we take the contact angle as zero, theie will be an upwaid pull of 
27rry on the liquid m the tube all round the line of contact of the 
liquid with the glass. Equating this to the weight of liquid raised 
(including the weight of that in the meniscus) we have 

ZTTry = nr^hpg + \7rr%pg 
or 2a^ ^ rh 

if for brevity we wiite for — . But if R be the radius of curvatuie 

gP 

at O, we have accurately 

Pi essui e-excess = gph == 
or za^ = Kh. 

Now R, the radius of curvature at the end of the semi-axis minor of 


an ellipse, is equal to • 


Hence 
b = 


r^h 




2’ 


2^2 rh + 


and therefore 

or iza^ — 6rhaP — r^h = o. 

Solving this as a quadratic in and expanding the surd, we obtain 


za^ = rh(i + J 


k 


o-mip + 0-0741 


^3 K 


r m 

In all practical cases - is small compared with unity, and the above 
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juation gives values for (and therefore for y) in close numerical 
jreement with those obtained from the equation 

= rh\i + + o-i3i2-j, 

Dtained by the late Lord Rayleigh * as the result of a lather complex 
ad difficult analysis. 

The problem of the measurement of interfacial tensions has 
jcently assumed great technological importance, mainly on account 
" the rapid development of colloid chemistry and physics. Tanning, 
yeing, dairy chemistry, the chemistry of paints, oils, and varnishes, 
' gums and of gelatine are all concerned deeply with the properties 
' colloidal systems in which one phase is dispersed in very small 
articles through the substance of another phase. There is conse- 
rently a relatively great extent of surface developed between the 
m phases, and the interfacial tension at the surface of separation of 
le phases may play an important, not to say decisive, part in deter- 
iining the behaviour of the system 

This tension may be measured by a modification of the capillary 
ibe experiment desciibed above For example, the tension at a 
snzene-water interface has been measured by surrounding the 
ipillary with a wider tube, and filling with benzene the space 
reviously occupied by air 

Exact determinations can conveniently be made by the diop- 
eight method, wherein a drop of liquid is formed at the end of 
id detached slowly fiom a veitical thick- walled capillary tube 
ameised in the second (and lighter) liquid The method can, of 
mrse, be used to deteimine liquid-aii tensions So many erroneous 
atemcnts have been made conceinmg the practice and theory of 
us method that it is woith while consideiing it in some detail 
or example, a common practice in physico-chemical works is to 
juate the weight of the detached diop to ZTrry, a procedure which, 
at for the fact that the di op -weight method is often used as a com- 
iiative one, would give results about 100 per cent in error. Those, 
jam, who are alive to the error of writing 

mg = ZTTYy 

at infrequently tell us that the constant zir must be replaced by 
aother constant of value 3 8, for no very apparent or adequate 
Jason. Let us then investigate the problem as exactly as may be 

• Proc, Roy, Soc, 92 (A), 184 (1915). 
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m an elementary manner, and see if some justification exists for this 
procedure. Suppose for the moment that the drop is formed in air. 
If we assume that the diop is cylindrical at the level AB (fig. lo), then, 
n being the atmospheric pressure, the pressure at any point in the 

plane AB is 11 + Consequently, resolving vertically for the 

forces acting on the portion of the drop below AB, we have 

“f- ('ll = Z'nry + II.Trr^, 



leading to 

mg = Ttry, 



Fig 10 


exactly half the value of the 
weight of a drop as given by 
most of the textbooks. 

But the detachment of a drop 
is essentially a dynamical pheno- 
menon, and no statical treatment 
B can be complete. We can, how- 
ever, obtain some assistance from 
the theory of dimensions. As- 
sume that the mass of a detached 
drop depends on the surface 
tension and the density of the 
liquid, the radius of the tube, 
and the acceleration due to 
gravity. We may thus write 


m = Ky^gyp^r^. 

Dimensionally 

[M] = 

leading to 

X z = I, ^+j^==o, y — 3^ + a; = o, 


Solving for y, and z in terms of x we find 
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Inhere F is some arbitrary function of the variable 


gpr^ 


The late 


jord Rayleigh determined the weight of drops of water let fall slowly 
rom tulDes of various external diameters. Knowing the surface 
2nsion of water, he was enabled to tabulate the variation of the 

unction F with that of the independent variable for, as we see, 
lie function F is given by 

F = ^ 

yr‘ 

a this way the following table was drawn up. 


TABLE IV 


7 

II 

III 

gpr ^ 

\ yr , 

2-58 

4-13 

i‘i6 

3 97 

0 708 

3 80 

0-441 

3 73 

0-277 

3-78 

0 220 

3 90 

0 169 

4 06 


will be seen that foi a considerable variation of the variable 

gpr^ 

-and this means a considerable variation of r — the function F does not 

actuate seriously, and foi most purposes it is permissible to assume 

lat F IS constant and equal to 3*8. Hence the reason for the 

luation o 

= 3 ory. 


The argument for mterfacial tensions follows identical lines, and 
le reader should have no difficulty in working it out for himself, 
membermg that the drop of density p, say, is now supposed to be 
mdent in a lighter liquid of density p^. 

If we assume that the liquids with which we are dealing obey the 
Dwer law for the variation of surface tension with temperature, we 


y = rii(> - 





ive 
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where, for convenience, we express temperatures in the reduced 
form. The total surface energy A is given by 



and, with this form for y, is 

A = ^0(1 + (w — i)m}, 

and we see that, contrary to some statements, there is no indication 
of a maximum value for A, the march of A with temperature following 
the curve shown m fig 7. 

We have seen that a reduced equation may be developed between 
orthobaric density and temperature which, in its simplest form, 
may be written 

P = 2pc[{i + I — 0'5^], 


It follows then that free molecular surface energy (e) defined as 
y(M/p)t and total molecular surface energy (E) defined as A(M/p)t, 
have their variation with temperature at once determined on sub- 
stituting in these expressions the appropriate expressions for y, A 
and p 

The deduction of the equations showing how e and E vary with 
the temperature is left to the reader, but it may be noted that e is 
not a linear function of the temperature, nor is E independent of 
the temperature, although the variation at fairly low temperatures 
is very small, and the assumption of constancy over ordinal y ranges 
of temperature need lead to no serious error. Neveitheless it is 
worthy of note that, considering the whole range 'm ~ 0 to fn = i, 
the quantity E rises very slowly to a not very pronounced maximum 
at a temperature about of the critical value, thereafter falling 
rapidly to zero at the critical point It is interesting to see that this 
slight maximum is shown in the experimental figures, but was 
overlooked, as workers in the subject were looking rather for 
constancy than variation with temperature. 

Some time ago Katayama remarked that very considerable 
simplification resulted if the difference of the liquid and vapour 
densities were substituted for the liquid density in the definitions 
of E and e. We thus have 
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and Katayama points out that, in these circumstances, e and E are 
linear functions of the temperature given by 

e == 6^(1 — m), E == Eo(i + o-2m). 

As the reader may easily convince himself, these results depend 
on the power law being followed with n equal to 1-2, and Macleod’s 
law being obeyed with the index equal to 4 

If we write this latter law in the more general form 

y = CiPe — PvY, 

and do not assume any special value for n in the expression for the 
power law, we readily find that E = Eo(i — w)®{i {n — i)m}, 
where for brevity x is written for {n — 1 — ^nj^p) If n= 1^2 
and ^ = 4, we have ^ = o, and Katayama’s value for E results In 
no instances that we have examined is this exactly true The index 
X IS small but positive, and the result is that E climbs by an almost 
linear ascent to a definite maximum, thereafter falling very rapidly 
to zero at the ciitical point — behaviour much more consonant with 
our usual conception of surface energy than that given by Kata- 
yama’s equation, which gives E its highest value at the critical point 
To establish these results is not difficult If we have, for a sub- 
stance whose critical temperature is known, a senes of values of 
surface tensions determined over a wide temperature range, a 
logarithmic plot of (i — m) and y serves to test the power law, 
and to determine the value of n where the power law is followed 
The values of A, e and E at different temperatures may then readily 
be computed Eq, the zero value of the total molecular surface 
energy, is readily deduced, and it may be remarked that this 
quantity varies in very inteiestmg and legular fashion with varia- 
tion in chemical constitution 

The quantity My^Kp^ — p^) (where M stands for molecular 
weight) has been named the parachor. It provides us with a 
number which measures the molecular volume of a liquid at a 
temperature at which the surface tension is unity ^ and therefore gives 
a most valuable means of comparing molecular volumes under 
corresponding conditions. 


Viscosity 

We have seen that a perfect fluid is one in which tangential stresses 
do not exist, whether the fluid be at rest, or whether its different 
portions be in motion relative to each other. Such stresses do, 
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howevei, appear in all known fluids when lelative motion exists, 
and the fluid may be looked upon as yielding under the stress, different 
fluids yielding at very different rates. 

The most obvious effect of the existence of such tangential 
stresses between different parts of the fluid is the tendency to damp 
out relative mption. Thus, if we have a layer of liquid flowing over 
a plane solid surface, the flow taking place in parallel horizontal layers, 
the layer of liquid m contact with the surface will be at rest, and 
there will be a steady increase, with increase of height above the 
solid suiface, in the horizontal velocity of the successive layers. 
Considering the surface of separation between any two layers, the 
tangential stress existing there will tend to retard the faster moving 
upper layer, and to accelerate the slower moving lower layer. The 
magnitude of the tangential stiess may be written down if we assume, 
following Newton, that the tangential stress is propoitional to the 
velocity gradient^ so that, if the horizontal velocity is at a vertical 
distance from the fixed surface, we have 

dv . dv 

S oc 1 e. equals u— , 
dy dy 

where /a is a constant called the coefficient of viscosity of the fluid. 

If ^ IS unity, then S = ft. Hence we are led to MaxwelFs well- 
dy 

known definition of ft “ The viscosity of a substance is measured 
by the tangential force on unit area of either of two horizontal planes 
of indefinite extent at unit distance apart, one of which is fixed, 
while the other moves with unit velocity, the space between being 
filled with the viscous substance ” 

The dimensions of ft are those of stress divided by velocity 
gradient; this works out to 

[ft] [ML-T-^], 

so that a coefficient of viscosity in C.G.S. units is correctly given as 
X gm. per centimetre per second. 

If in fig. I (^), p 4, we put Aa = dx^ AD = dy, wc see that the 
rigidity modulus (N) is given by 

S = 

dy 


Comparing this with S 


ft---, it is clear that the dimensions of 

iy 
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.cosity differ from those of rigidity by the time unit, in the same 
y as the dimensions of length differ from those of velocity. In 
t, the rigidity modulus of a solid determines the amount of the 
ain set up by a given tangential stress, and the viscosity modulus 
a fluid determines the rate at which the fluid yields to the stress. 
The fall of a sphere through a viscous fluid aptly illustrates 
^eral interesting physical phenomena; we shall therefore study 
; problem m some little detail. Considerable assistance is given 
an application of the theory of dimensions. Suppose that the 
istance (R) experienced by the sphere depends on its radius (^), 
velocity (v)^ and the density [p) and viscosity {p) of the surrounding 
id, we then have 

R := ka^p^p^v^, 

1 as the right-hand side must have the dimensions of a force, we 
ain, by equating the exponents of M, L, and T, 

X ^ y w -- z — z — 
so that R = 



low velocities we may assume that the resistance is proportional 
he velocity. Putting therefore = i, we And 

R = hpav. 

lore complex analysis, originally given by Stokes,*^ shows that 
R = Gnpav 

tiowever, we assume that for high velocities the resistance varies 
be square of the velocity, we have, putting zo = Zy 

R = kv^a^py 


viscosity does not enter into the question — energy is expended, 
in overcoming viscous resistance, but in producing turbulent 
ion in the liquid. 

Returning to the problem of low velocities, let us write down the 
ition of motion of a sphere falling vertically through an infinite 
n of fluid. The forces acting are — the weight (W) of the spheie 

^ Lamb, Hydrodynamics y p. 532 (1895). 


(d312) 


3 
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(clown wauls), the icsistancc (R), and the buoyancy (B) of the displaced 
lluul (upwaids). This gives 

W — (B + R) = mf^ 

vvheie m is the mass and / the downward acceleration of the sphere 
But us the velocity of the spheie inci eases, R increases part passu 

so that the acceleration steadily 
diminishes, until when R has 
increased to such an extent 
that 

W - B = R, 

/ becomes zero, and the sphere 
henceforward falls with a con- 
stant velocity known as the 
“ teiminal velocity”. Calling 
this velocity V, the density and 
radius of the sphere p and a 
respectively, and the density of 
the fluid po> we have 

irfa^g{p ” po) ^ (yTTpaY, 

leading to 

_ 2 ip-pa)ga^ 

'‘-9 V ■ 

Cleaily, measuiement of the 
terminal velocity V enables us 
to deteimme the viscosity of 
a liquid The method is 
peculiarly suited for the mea- 
suiement of the viscosities of 
very viscous liquids such as 
heavy oils or syrups, and has 
been much used ol late ycais. The simple appaiatus lequired is 
shown m %. ii The outci cylinder lepiesents a theimostat; the 
inner cylinder contains the liquid under expeiiment. 

The sphere— steel ball bearings 0-15 cm in diameter are suitable 
joi liquids having viscosities comparable with that of castor oil — is 
(hopped centrally through the tube AB, and its velocity is measured 
over the suifacc CD, which lepiesents one-third of the total depth 
of the liquid. 
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Two important corrections are necessary — one for “ wall-effect 
e for “ end-effect for it must be remembered that the simple 
3 ory given above applies only to slow motion through an infinite 
^an of fluid. 

These corrections have been investigated by Ladenburg,* who 
5 shown that in order to correct for wall-effect we must write 

v(i + 2-4|) == V„, 

lere V is the observed velocity, 'N ^ the corresponding velocity 

an infinite medium, and ^ the ratio of the radius of the sphere to 

It of the cylinder containing the liquid. 

Similarly for the end-effect 

v(.+3 30 = V.. 

lere h represents the total height of the liquid which is supposed 
be divided into three equal poitions, V representing the mean 
ocity over the middle third. Introducing these corrections into 
Dkes’s formula, we obtain 

fx = - (p - 

The method has been much used dining the war period for the 
nsurement of /x for liquids of high viscosity, and is fully desciibed 
a papci by Gibson and Jacobs f 

A commercial viscometer has lecently come into use, which is of 
:eedingly simple type, and gives fairly icliable lesults A steel 
1 ^ in. in diameter is placed inside a hemispheiical steel cup of 
jhtly larger dimensions. The cup cairies on its internal surface 
ee small pi ejections m length about 0*002 in. A little of the oil 
der examination is poured into the cup, and the ball placed in 
sition inside the cup. The ball is pressed down on to a table, 
j cup being uppermost, and at a given instant cup and ball are 
ed clear of the table. The time taken for the ball to detach itself 
measured, and this gives a measure of the viscosity of the oil.;|: 

Ann der Physik (IV), 23 , 9 and 447 (1907) 

Jour, Chem Soc , 117 , 473 (1930). 
j For fuller description see Chapter III, p. 119. 
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Comparative measurements only can be made, and the instru- 
ment must be standardized by means of a liquid of known 
viscosity 

Viscometeis for use with oidmaiy liquids usually depend on 
measurements of the flow of a liquid through a horizontal or vertical 
capillary tube. The solution of the pioblem for a horizontal capillary 
affords an interesting application of the general equations of hydro- 
dynamics, and we shall attack the problem from that side. The 
reader may or may not be able to follow the arguments by which 
these equations are established — ^he may study them at leisure in the 
tieatises of Lamb, of Bassett, or of Webster — ^what ts important is 
that he should see clearly their physical significance and obtain piac- 
tice in handling them. This is best done by a caieful study of one 
or two of theii applications. 

The equations of motion of an incompressible fluid aie: * 

'’K = “ I + <“> 

- 1 + ® 

■ I + 


where 


D a , a , a , a 

D/ dt dx dy dz 






is the pressure at any point, X, Y, Z the components of the external 
force per unit mass, the velocity components. 

To apply these equations to the steady flow of a liquid thiough 
a horizontal capillary tube, we take the axis of the tube as z-dxis, 
and assume the flow everywhere parallel to this axis Then u = 
= o, and from (a) and (^) we have 

dx dy 


80 that the mean pressure over any section of the tube is uniform. 
* See Chapter II, p. 83. 
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Also from the equation of continuity, 

9w Szi; 

dx dy dz 


we have 


dw 

dz 


o. 


[ence (a) and (jS) vanish, and (y) becomes, assuming no extraneous 
►rces, 

dw . dp (d^w , 


0 . 


ince w varies only with x^ and and p only with then 
= constant = c (say), and therefore 
dw 


dp 

¥z 


dt 




/d^w , d^w\ 

\0^^ dy^/ 


/e can now obtain the equation Imown as Poiseuille^s equation, for 

the motion is unaccelerated ^ = o, and 

dt 


/d'^w , d^w 
^\dx^ dy^ 


c. 


I 0^2y\ __ 

?■ W-) ~ 


C. 


Yansformmg to polar co-ordinates,* 

(d'^w 1 dw . 

^\dr^ r dr 

r, w being independent of 0, 

Id^w , I 0ey\ 

\dr^ r dr) 

^his may be written 

fi/ d^w , 0a;\ __ d / 

r\dr^ dr) r 0r \ 0r/ 

ntegrating, we have 

dw c . 

- + A; 

0r fx 2 

* See p. 5a et seq. 
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and integrating a second time 

® == i • r® + A log r + B, 

where A and B are constants of integration When r ~ o (on the 
axis of the tube), zv is finite. Consequently A must be zeio, and 

^ ~ i • I " + B 


Also, if there is no slipping of the liquid at the walls of the tube, 
when r = a, w = o, and consequently 

^ 


If V is the volume of liquid which escapes from the tube in a lime T 
the volume issuing in unit time is given by 


V 

T 



a 

w.ZTTvdr 

0 


= — ^ . cf (a^ — r^)rdr 

4iu. ./o 


77 

1 



li Pi and the pressures at the entrance to and exit liom the 

dp 

pipe, then remembeiing that ^ stands for the latc ol inucase of p 


with we have 


^ _ _Pi “* 

d^~ I ' 


wheie / is the length of the pipe. Hence 


— 

8 V I 


If the liquid is supplied to the lube under a constant head h, and 
escapes into the air at a low velocity, we have 

77 


This equation is luvown as Poiseuille’s equation. All the quantities 
on the light-hand side may be determined expeiimen tally, and 
hence /i may be evaluated. 
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Comparative measurements by this method are usually made using 
twald’s viscometer (fig. 12 ). The bulb C is filled with the liquid 
der examination, which is then drawn up by suction until it fills 
5 bulb D. The pressure is then released, and the time of transit 
'ween the marks A and B observed. The pressure head is varying 
oughout the fall, and clearly we cannot apply Poiseuille's equation 
It stands. But, noting that for liquids of equal densities and 
Ferent viscosities the times will be proportional to the viscosities, 
1 that for liquids of equal viscosities and different densities the 
les will be inversely proportional to the densities, 
have in general, 

t — or ft = cpt^ 

P 

ere is a constant for the apparatus to be deter- 
tied by using a liquid of known viscosity. 

A viscometer of dimensions suitable for the detei- 
nation of the viscosity of water is not suited for use 
h heavy oils But if we have a series A, B, C, 
viscometers of gradually increasing bore, calibrate 
by using water, and then use the most viscous 
aid suitable for A in order to calibrate B, continuing 
s process as far as necessary, we are provided with 
ham of viscometers which can be used over a veiy 
le lange. 

Since the viscosity of liquids decreases rapidly 
h increase of temperature, it is of vital necessity 
t the apparatus be enclosed in some form of thei- 
■stat and that the temperature of experiment be 
en and recorded. This rapid change of viscosity with temperature 
kes it very difficult to obtain relations between the viscosities of 
Ferent chemically related substances, as it is by no means easy to 
tie the temperature of comparison. It has been found, however, 
t consistent results may be obtained if viscosities are compaied 

temperatures of equal slope — ^that is at temperatures for which ^ 

he same. Using this standard it has been shown, for example, 
t the molecular viscosities * of a homologous series increase by a 
istant amount for each addition of CHg 



Fig 12 


^ The molecular viscoaity of a liquid is defined as where M is the 

ecular weight and v the specific volume of the fluid concerned. 



40 


THE MECHANICAL PROPERTIES OF FLUIDS 


There are raany important piactical problems which depend foj 
their solution on a knowledge of friction in fluids The viscositiei 
of mixtures of liquids, the viscosities of gases, the theoiy of lubiication 
the discussion of turbulent motion, to mention but a few, piesen. 
important and most inteiesting aspects. These matters are lull} 
discussed in Chapter III 

One interesting problem may be mentioned m passing— the 
suspension of clouds in air, where we have the appaienl paiadox oi 
a fluid of specific gravity unity suspended in a fluid of specific 
gravity 0*0013. The paradox is cleaied up by an application o] 
Stokes’ formula, 

V = ? 

9 

Taking the viscosity of air as 0*00017 m C.G S units, the leader is 
recommended to calculate the teiminal velocities of spheres of water 
say 0*1, 0*01, . . .cm in radius The terminal velocities oi minute 
drops will be found to be surprisingly small 

The kinetic theory of liquid viscosity has not icceived a great 
deal of serious attention, and formulse developed to show, for example, 
the dependence of liquid viscosity on tempeiature have usually a 
purely empirical basis Of these, one proposed by Porter may be 
specially noted. Suppose that the variation of viscosity with tem- 
perature has been experimentally investigated foi two licjuids 
Take a temperature T^ at which one liquid has a viscosity 77 j Find 
the temperature T2 at which the second liquid has the viscosity 
Repeat foi different values of T^. Then hncai iunction 

ofTi 

Recently Andrade has put forward a kinetic theory in which he 
assumes “ that the viscosity is due to a communication of momen- 
tum from layer to layer, as in Maxwell’s theory of gaseous viscosity 
but that this communication of momentum is not effected to iin;y 
appreciable extent by a movement of the equilibrium position oi 
molecules from one layer to another, but by a tempoiary union al 
the periphery of molecules in adjacent laycis, due to their large 
amplitudes of vibration.” 

This assumption leads to a formula connecting viscosity and 
temperature of the form 

r] — 


a formula which had been put forward previously on an empirical 
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isis. Porter’s relation, as the reader may verify, follows at once 
om tins equation. 

In the deduction of this equation, variation of volume with 
mperature has been neglected and, taking this factor into account, 
idrade deduces a second formula, 

c 

lere v is the specific volume. For a great many organic liquids 
is formula gives a very good fit, though, as was to be expected. 
Iter and the tertiary alcohols show abnormalities. 

Equations of State 

Much labour has been expended on the problem of devising 
uations which shall represent accurately the pressure- volume- 
nperature relations of a substance m its liquid and its gaseous 
ases It may be said at once that it is impossible to devise an 
uation which shall be accurate over such a range without being 
possibly cumbrous Nevertheless the simpler equations have, 
we shall see, considerable value m giving a fairly adequate 
)resentation of the general behaviour of a homogeneous fluid. 


Va 



A very simple type of such a fluid is a gas, considered as an 
emblage of material points which are in rapid — and random — 
ition, and which do not exert any attractive forces on each other 
nsider a given quantity of such a gas enclosed in a cube of side 
ind let the component velocities of any one particle be u, v, w 
shown (fig. 13). 

The pressures on the faces of the cube are due to the impacts of 
particles thereon. At any impact on, say, the face A the velocity 
nponent normal to that face will be reversed, and the change of 
mentum of the particle consequent on the rebound will be 

mu — { —mu) = zmu. 


(d312) 


3* 
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The time of tiavel fiom A to B and back is — sec.; the fiequency 

u 

u 

of the impacts on the face A is hence for any one particle 

tlie change of momentum at A per second will be 

u mu^ 

zmu X - = -7-, 

21 I 

and similarly for the other particles 

The force on the face A due to molecular bombardment is, 

therefore, 


If p is the pressure on the face A, 


where V is the volume of the cube. Similarly, foi the pressures on 
the faces perpendicular to A, we have the expressions 


But these pressures are equal, and therefore 

ITl 2 WZ y-j 2 m y, fy 


where 


H- w^) — 

= 2/2 - p . ^2 _|_ 




Now let us define a mean velocity U by the relation 


N being the total number of particles in the cube. Wc then have 

pY = 

and being the mass of the gas, we have, if p be its density, 

, rr <> 

P == and p = yX]\ 

Hence Boyle’s Law. 

If wc assume that is pioportional to the absolute temperature, 
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5 have Charles’s law, and can write as the characteristic equation of 
ir “ perfect ” gas 

pY = RT. 

V stands for the volume of unit mass of the gas, R will be different 
r different substances. A simple deduction from our fundamental 
nation shows, however, that the gramme-molecular volume* is the 
ne for all gases. Consider two different gases for which 

= -JotiNiUi® and p^Y^ = 
the pressures and volumes are the same, 

the temperatures are equal, then, assuming that the mean kinetic 
orgies are the same, 

that Ni = Ng 

at IS, equal volumes of two gases ^ under the same conditions of 
iperature and pressure^ contain the same number of molecules 
This IS the formal statement of Avogadro’s hypothesis. It 
ows, therefore, that the weights of these equal volumes are pro- 
tional to the molecular weights of the gases, and hence that the 
mme-molecular volumes of all gases, measured under the same 
iditions of tempeiature and pressure, are the same. 

The giamme-moleculai volume, measured at o° C and 760 mm. 
Hg, IS 22*38 litres. If then V stands for this volume, the constant 
vill be the same for all gases. Its value should be calculated by 
reader. 

But no gas behaves in this simple manner, although for moderate 
ssures and high temperatures the equation is accurate enough for 
inary computations, as far as the more permanent gases are 
cerned. 

Suppose that we study experimentally the p-v relations of 
erent fluids, drawing the isothermals for various different tern- 
itures (fig. 14). Starting at a sufficiently low temperature we find 
the volume steadily diminishes with increase of pressure up to a 
ain point at which the fluid separates into two phases — liquid and 
ious. The pressure then remains constant until the gaseous 

I e the volume occupied by M gm of a gas at nonnal temperature and 
sure, where M is the molecular weight. 
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phase has completely disappeared, when further inciease ot pressure 
causes but small diminution in volume. If we now repeat the 
experiment at a higher tempeiature, we find that the houzontal 
poition AB of the curve, representing the period ot tiansition from 
the gaseous to the liquid phase, is slioitei, and shortens steadily with 
increasing temperature until the isothermal for a certain temperature 
exhibits a point of in- 
flexion with a hori- 
zontal tangent, run- 
ning for a moment 
parallel to the volume- 
axis, and then turning 
upwards again. The 
tempeiature for which 
this isothermal is 
drawn is called the 
cnttcal temperature^ 
and the point G the 
ciitical point * Above 
this temperature no 
amount of pressure 
causes a separation 
into two distinct 
phases 

The expel imental 
determination of these 
cuiTes, over a wide 
range of pressure and 
temperature, is a 
matter of no small 
difficulty. Once a suitable piessure gauge has been devised — we 
have seen that the change of electrical lesistance of manganin may 
be utilized — obseivations are fairly straightfoiwaid, but the cali- 
bration of such a gauge demands experimental work on a heioic 
scale Amagat, for example, peiformed a Boyle’s experiment 
in which nitrogen was compressed in the closed (shorter) limb of a 
U-tube, the open limb being installed on the side of a shaft 327 m. 
deep. The p-v relation for nitrogen being known, this gas may 
then be used as a standard in studying the behaviour of othci 

* Foi a descjiption of the physical state of the fluid at the cutical point, consult 
any of the standaid treatises on hear, e g Poyntmg and Thomson, or Picston. 
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ases, or in calibxating a different type of piessiire gauge. 

Let us now examine briefly the character of the curves obtained 
om experiments of this type. It is convenient to plot pv against 
, as this procedure exhibits very clearly the departure of the gas 
)nceined from the perfect ” state. Some of the results obtained 
*e shown in fig. 15 

The reason for the difference between the isothermals for an 
eal and for an imperfect fluid is not far to seek. The equation 

pV == RT 


kes no account of the forces of attraction between the molecules, 
)r of the volume occupied by the molecules themselves. It makes 


') 


‘Perfect Gas 


pv 



NiXrogea 
Fig IS 


pv 



zeio when p becomes indefinitely great, and it is cleaily more in 
cordance with the properties of fluids to put 

p{Y - 6) = RT, 

that as p increases indefinitely, V tends to the limit b represents, 
eiefoie, the smallest volume into which the molecules can be 
eked. 

Further, the mutual atti action of the molecules will result in the 
oduction of a capillary pressure at the fluid surface, the intensity 
the molecular bombardment will be diminished, and the pressure 
the surface of the containing vessel correspondingly decreased, 
it, theiefore, 

ip + co)(V - A) = RT. 

ithout discussing the matter very closely, we can determine the 
lue of 0} from consideration of the fact that the attraction between 
o elementary portions of the fluid is jointly proportional to their 
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masses — ^that is, in a homogeneous fluid, to the square of the density, 
or inversely as the square of the volume. We see, then, reasons for 

writing CO == —, and the equation of state becomes 

(# + ^)(^-'’) “ RT, 


the form originally pioposed by van der Waals 

This equation is a cubic m v, and if the isothermals are plotted 
for different values of 0, we obtain cuives whose general shape is 
that of the curve HAEDCBK of fig. 14. It will be observed that for 
temperatures below the ciitical tempeiature a hoiizontal constant 
pressure line cuts any given isothermal either in one point or in three 
points — corresponding to the roots of the van der Waals cubic 
Taking an isothermal nearer to the critical tempeiatuie, we see that 
the three real roots are more nearly coincident, and at G, the ciitical 
point Itself, the roots coincide. Above the critical point, a hoiizontal 
line cuts any given isothermal in one point only — two of the loots of 
the cubic are imaginary. If we write down the condition that the 
three roots shall be coincident, we easily airive at values of the ciitical 
constants in terms of the constants of van dei Waals' equation 
These are 


Pc = 





But it is preferable to write down the condition that at the ciitical 
point the isothermal has a point of inflexion with a horizontal tangent 
If we therefore difterentiate van der Waals' equation with icsjiect 
dp d'^p 

to V, put ^ and ^ equal to zero, the resulting equations, combined 

with the original equation of state, serve to deteimine and T^ 
The work is left as an exercise to the reader. 

This method is pieferable, since it is perfectly general and may 
be applied to characteristic equations which are not cubics in v, and 
to which, therefore, the equal-root " method, beloved ol wiiteis 
on physical chemistiy, is not applicable 

It will be observed that the equation tells us nothing concerning 
the straight line AB, which lepresents the actual passage observed in 
nature from the vapour to the liquid phase. The position of this 
line on any given isothermal can, however, be obtained from the 
simple consideration that the areas DBCD and AEDA must be 
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qual,* and the ]ine must be drawn to fulfil this condition. 

Fig 15 shows that the pv-p curves in general exhibit a minimum 
alue for pv^ and that the locus of these points lies on a definite curve, 
'he equation to this curve may be obtained by writing pv as y and 
as X in the characteristic equation, and expressing the condition 
lat y should have a minimum value. 

Of the other characteristic equations that have from time to time 
5en proposed we may cite, naming them by their authors: 

Clausius (oi): 

+ = RTi 

Clausius (b), 

Dieterici (a): 

(# + |,)(V-i) = RT, 

Dieterici (6). ^ 

piy - b) 

he deduction of the cntical constants from these equations is left 
the reader. 

The value of a chaiactenstic equation which shall closely repiesent 
e pressure-volume relations of a fluid over a wide range of pressuies 
id temperatuies, is obvious We have seen, in the section on 
►mpiessibility, that many important physical constants may be 
pressed m terms of theimodynamic equations involving certain 
ffeiential coefficients and integrals The values of these physical 
instants may be worked out by substituting, in the appropriate 
ermodynamic equations, the values of the differential coefficients 

* Foi in any reversible cycle (J) ^ — o If the cycle be isothermal, 

~ ([^ therefore ( j )dQ = o. 

It for any cycle 

(p(dQ + dW) = o, 

d hence for an isotheimal reversible cycle ( J )dW = 0 So that, if we take 

it mass of the substance leversibly round the cycle AEDCBDA (fig. 14), the 
irk done, lepresented by the sum of the positive and negative areas AEDA and 
CIBD, must be sjero. Hence the two areas are equal (For critical remarks on 
IS pi oof see Preston, Theory of Heat, 479 (1904), or Jeans, Dynamical Theory of 
ises, p. 159.) 



48 THE MECHANICAL PROPERTIES OF FLUIDS 


obtained from the diffeientiation of the equation of state Un- 
foitunately, no equation yet pioposed covei's the whole giound 
satisfactorily. An equation which fits the experimental figuies at one 
end of the scale is usually unsatisfactory at the other end, and con- 
versely, 

A lew simple tests may be suggested by which the fitness ol any 
given equation may be roughly examined. The expeiiments ol 

RT 

Piofessor Young show that, while the value of the latio - — ? vanes 

PPc 

slightly from substance to substance, its mean value may be taken 
as about 3*75 Now the equation of state of an ideal gas gives unity 
for this ratio, and is cleaily veiy far out of it. Van der Waals' 
equation gives 



and is not a veiy good approximation to the truth 

Similarly the {a) and (6) equations of Clausius give for this ratio 
the values 2*67 and 3 00 respectively, and the conesponding equations 
of Dieterici give 375 and 3*69, if in the {d) equation wc take the 
value of k as ^ 

Another test may be derived fiom the experimental fact that the 
ciitical specific volume ts about four times the liquid volume 
Now the constant which represents the least volume into which 
the molecules can be packed, cannot be seuously difleient from the 
liquid volume. Accordingly we find, on working out the values lor 
that foi the {d) and (i) equations of Clausius the values ol arc 
3& and 4/; respectively,^ while the conesponding equations ol 
Dieterici give the values \h and 2&. Foi van dei Waals’ equation 
the value is, as we have seen, 3Z?. 

But the subject may be studied from a different point of view 
Instead of attempting to devise an equation which shall represent 
the properties of a substance over a wide lange — a process which 
usually results in a cumbrous foimula — ^we may try to anive at an 
equation which shall be simple and manageable in foim, so that 
the vaiious physical constants of the fluid may be leadily worked out 
from the conesponding thermodynamic relations, while at the same 
time the equation shall represent a very close approximation to the 
tiuth over a limited range, the range chosen being one of practical 
impoitance. Whether such a formula can, 01 cannot, be extrapolated 

* If m the (&) equation we put 2C = b* 
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yond the limits of the range is a mattei of secondary interest — what 
important is that the formula should be as exact as may be within 
ese limits. 

Let us then investigate the form which such an equation as the 
equation of Clausius assumes for moderate pressures. Re- 
king the equation as 


p(V - 6) = RT - 


a(V - 1 )} 
T(V + cf 


see that at modeiate pressures, when the volume is large, we shall 
t be seriously in error if we write 


(V + c)^ ^ f (approximately). 

‘ thus have 

p(V-d) = RT-^; 

I again, putting, in the small term, 



find, on rearranging the equation. 


V - 


p T2 




^re c is put for 

If we replace by the more general form T”, wheie n varies from 
stance to substance, we have 


El ~ 

p T" 


ch is the form known as Callendar’s equation 
This equation has been applied very successfully to elucidate 
pioperties of steam over a lange of pressure from o to 34 atmos- 
res; the value of n appropriate to steam is -S® Space will not 
nit us to discuss at length this important equation Indeed, the 
ussion lies within the piovince of thermodynamics, and the 
ler desirous of further information should consult the articles 
hermodynamics and ‘‘ Vaporization ” in the Encyclopadza 
'anmca, or a textbook such as Ewing’s Thermodynamics for 
ineers^ 
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Osmotic Pressure 

If we throw a handful of currants or raisins into water and leave 
them for a while, we find that the fiuits, originally shi unken and 
wrinkled, have swelled out and become smooth.’^ Water has passed 
through the skin of the fruit, while the dissolved substances inside 
cannot pass out — or at least do not stream out so freely as the water 
streams in. This unilateral passage of a substance thiough a mem- 
brane is termed osinosts,^ 

In the limiting case, when we have a solution on one side of a 
membrane and pure solvent on the other, the membrane is called 
a semi-permeable membrane if it freely admits of the passage of the 
solvent, but is strictly impervious to the dissolved substance It 
has been asserted that no such membranes exist m nature, but, as 
far as experiment can show, a membrane of copper ferrocyamde 
forms a true semi-permeable membrane to a solution of sugar in 
water 

Suppose such a membrane, prepared with due precautions J — 
and it is not so easy as one would imagine to prepare a thoroughly 
resistant membrane — ^to be deposited on the inside of a cylindiical 
porous pot. The pot is filled with a sugar solution, closed, and 
attached to a suitable manometer which shall measuie the prcssuie 
inside the pot It is then placed in a vessel containing pine water 
We shall find that the pressure m the pot uses, finally i caching a 
maximum stable value The maximum value of this pressure, 
assuming that the membrane is truly semt-permeable^ is called the 
osmotic pressuie of the solution. 

It will thus be seen that osmotic pressure is defined in teims of 
a semi-permeable membrane. It is only in very loose phiaseology 
that one can speak of the osmotic pressure of a solution without 
reference to the existence of a semi-permeable membiane. A solu- 
tion, qua solution, has no osmotic pressure. 

If this definition be consistently followed, a great deal of vague 
and loose reasoning of the sopoiific-power-of-opium variety will be 
swept away. It is all the more needful to emphasize this point as 
there has arisen, in biological (and even in engineering) circles, a 
tendency to ascribe to osmotic pressure ” a power and potency 

Imbibition of water by the dried tissues will also play a part m the smoothing 
process 

t From a raie Greek noun meaning “ thrusting ” or pushing tlirough 

j Morse, yoMy. Amer Chem, Soc,, 45 , 91 (1911). 
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ich is almost proportional to the vagueness with which the 
chanism of that pressure is conceived. 

Consider, for example, the common remark that osmotic pressure 
cts the wrong way — that is, causes motion from a region of lower 
loUc pressure to a region of higher osmotic pressure. It only 
uires a little consideration of the definition of osmotic pressure 
y to realize that the argument involves a varepov irporepov^ 
it is clear that it is omosts which produces osmotic pressure, not 
lotic pressure which produces osmosis. 

The quantitative laws of osmotic pressure were first studied by 
ffer, whose figures show that for dilute solutions the pressure, 
constant temperature, is proportional to the concentration, and 
at constant concentration the pressure is proportional to the 
Dlute temperature. We may therefore write 

PV = KT, 


it has been shown by van’t Hoff that the constant K has the 
e value as the gas constant R Hence it follows that the osmotic 
jsure of the solution is the same as that which would be exerted 
the dissolved substance were it dispersed in the form of a gas 
>ugh a volume equal to that occupied by the solution. 

If we desire to correct this simple gas law, we find it necessary 
ook at the matter from a different angle. We define an ideal 
tion as containing two completely miscible unassociated com- 
ents, of such a nature that there occurs no change of volume on 
mg, and that the heat of dilution is negligible 
For such a solution it can be shown that the osmotic pressure P 



re ^ denotes the compressibility of the solvent, V its molecular 
me, and x the ratio of the numbei of molecules of the dissolved 
stance to the total number present. If we neglect j8, which is 
illy small, and expand the logarithmic term, we have the con- 


ent form 


k + " + - + 

\ 2 3 



3 equation holds good for any concentration. 

Respite a large amount of criticism, the Idnetic theory of osmotic 
sure still holds the field as the only one which gives values of the 



52 


THE MECHANICAL PROPERTIES OF FLUIDS 


pressure calculated from theory. The pioperties of the membiane, 
which play a large part in some theories, whilst of great inteiest and 
value, are distinctly of secondary importance in the kinetic theory. 
It is the thermal agitation of the molecules of the solute which is 
effective in producing osmotic pressure, and the magnitude of the 
pressure calculated from the agitation of the molecules is equal to 
the value obtained by experiment. “ Any other theoiy put forwaid 
to account for osmosis must fulfil, then, a double duty, not only must 
It be competent to explain osmosis, but it must also explain away the 
effects that we have the light to expect from the molecular agitation 
of the solute. ’’f 


NOTE ON TRANSFORMATION OF CO-ORDINATES 


Perhaps the simplest way of passing from one form to the other is 
to consider the concentiation of fluid, reckoned pei unit volume per 
second, at a point 

If w, w are the component velocities at a point P, the fluid leaving 
the elemental volume m time ht is readily found, by the method 

given below for a more difficult case, to exceed that which enters it, by 
an amount 


(dll , 

'’I5+ 


SA.SySs'Si, 


where p is the density, i.e the concentration, leckoned in mass pei unit 
volume per second, is 

—P 


Taking now the element of volume shown in fig. 16, 




* Porter, Trans Far Soc , 13 , 10 (1917) The reader desiring more information 
on the subject should consult this valuable discussion f Porter, loc, cit,, p. 8. 
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ind letting «' be the ladial velocity and o' the tangential velocity at 

VG fifGt 

® u'rSdSzSt for the radial flow in, and 

(u' ~|- (rS 9 + ^{rS 6 )Sr^ 8 ^sSt for the radial flow out. 

The latter exceeds the former by 

(r^ + u’^eSrSzSt. 

The tangential flow in is 
nd the tangential flow out, 

v' + ^8e)SrBeBzSt, 

od / 


^hich exceeds the former expression by 

^^jeBrSzSt, 

ou 

e the total flow out is 

+ ^^^SSrSzSt, 

c the total flow into the element is this expiession taken with the 
unus sign 

The elemental volume is rS^S^’Sr, 
cnce the concentration is 



The concentration — mass per unit volume per second — must be the 
mie whatever co-ordinates we use, hence 

du , dv u' du' . 1 / >. 

^ -j- •\^) 

dx ay r or r do 

If the fluid motion has a velocity potential, the component velocity 
1 any direction is the gradient of potential m that direction, i e 

dx' dy' 

= v' = 

dr' rde’ 


u 



54 THE MECHANICAL PROPERTIES OF FLUIDS 

for the element of length perpendicular to r, i.e. in the tangentia 
direction, is rdd\ hence 

^ ay ~ rdr^ j-2-002 ^ ^ 

by substituting the values of //, u\ v, v\ in equation (i). 

We have proved the transformation when the dependent variable is 
the velocity potential but as the transformation is a purely analytical 
one in its nature, the form must be equally true whatever be the 
physical nature of (j>; for instance, ii ^ zOy the ^ component of 
velocity, g2^ ^ . idzv . i 

dx^ dy^ dr^ r dr 

the form which actually occurs (p. 33), and, in geneial, 

dx'^ r dr r^ dd^ ^ ^ 


at every point in a plane where U is a single-valued function of the 
co-ordinates of the point and possesses finite derivatives up to those of 
the second order there. 




CHAPTER I! 


Mathematical Theory of Fluid Motion 


It is assumed throughout this chaptei that the fluid with which 
we deal may be regarded as incompressible. This only means that 
changes of pressuie aie propagated m it instantaneously, instead of 
with the (very great) velocity of sound. Since the velocity of sound 
in air is only about four times less than m water, it is clcai that 
many of our lesults will be equally applicable to gaseous fluids, 
the influence of compressibility being negligible except in the case 
of veiy rapid differential motions. 

It IS further assumed in the first instance that the fluid is friction- 
less, 1 e. that it presses perpendicularly on any surface with which 
It is in contact, whether it be the surface of an adjacent poition 
of fluid, or of a solid boundary This hypothesis of the absence 
of all tangential stress is not in accordance with fact, but it 
greatly simplifies the mathematics of the subject, and there are, 
moreover, many cases of motion in which the influence of friction 
is only secondary It follows from this assumption that the state of 
stiess at any point P of the fluid may be specified by a single quan- 
tity p, called the ‘‘ pressui e-intensity or simply the picssuie ”, 
which measures the force per unit area exeited on any suiface through 
P, whatever its aspect. This is in fact the cardinal pioposition of 
hydrostatics. 

It IS convenient here to prove, once for all, that the lesultant 
of the pressures exerted on the boundary of any small volume Q 
of fluid IS a force whose component in the direction of any line element 

IS 


9 ^ ’ 


■(I) 


where dp Ids is the gradient of ^ in the direction of ds. Take first the 
case of a columnar portion of fluid whose length is parallel to 
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he axis of x, and suppose that the dimensions of the cross-section 
w) are small compared with Bx. The pressure-intensities at the 
wo ends may then be 

lenoted by pa , 0 i] ^(p*§§.Sx)oo 

P and -f . 

0 that the component parallel to the length of the pressure on the 
olumn is 

po} ip ~ 

\ dx / ox 


he pressures on the sides being at right angles to 8 x Since coSx 
5 the volume of the column, the formula (i) is m this case verified, 
iince, moreover, any small volume Q may be conceived as built up 
f columnar portions of the above kind, and since there is nothing 
pecial to the diiection Ox, the result is seen to be general. 


Stream -line Motion 

I 'Bernoulli^ Equation 

A state of steady oi stream-line motion is one in which the stream- 
nes, 1 e the actual paths of the particles, preseive their configuiation 
nchanged The most obvious examples are where a stream flows 
ast a stationary solid, and the designation is naturally extended 
) cases where a solid moves unifoimly in a straight line, without 
Dtation, through a surrounding fluid, piovided the superposition of 
uniform velocity equal and opposite to that of the solid reduces 
le case to one ot steady motion in the formei sense This super- 
osed velocity does not of couise make any difteience to the dynamics 
f the question 

The stream-lines drawn through the contoui of any small area 
ill mark out a tube, which we may call a Uream-tube, Since the 
ime volume of fluid must ti averse each cioss-section m the same 
me, we have 

— ? 2 ^ 2 > 

heie oil, cog are the areas of any two cross-sections at Pg, and 

L, ^2 corresponding velocities in the direction (say) from Pi 

) Pg. Now consider the region included between these two sections. 
1 a short time dt a volume Q = <x>iqidt will have entered it at 
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Pi, and an equal volume Q = will have left it at Pg The 

work done by hydrostatic pressure in this time on the mass of fluid 

which originally occupied the space 
P1P2 will be PiO>iqidt or ^iQi, at Pi, 
and — ”“^2Q Pg. The 
same mass will have gained kinetic 
energy of amount where 

p is the density, i.e. the mass per 
unit volume. If V denotes the poten- 
tial energy of unit mass, the gam of 
potential energy will be pQ(V2 Vi) 
Hence, equating the woik done on 
the mass to the total increment of energy we have 

Pi-Pi=^ - qi^) + p(V2 - Vi), 
or Pi + ipqi + />Vi = Pi + Ipqi^ + pYi 
Hence along any stream-line 

P + \pq^ pY = C, (2) 

where C is a constant for that particular line, but may vaiy from 
one stream-line to another. This equation is due to D. Bernoulli 
(1738) and was proved by him substantially in the above manner 
The formula has many applications For instance, m the case 
of water issuing from a small orifice in the wall of an open vessel 
we have at the upper surface p = po (the atmospheric piessure), 
and g = o, approximately Again, the value of V at the upper 
surface exceeds that at the orifice by gz, where m is the diflcrence oi 
level and g the acceleiation due to gravity Hence if q be the velocity 
^ at the surface of the issuing jet, 

Po -I- gp!^ = />o + lpq\ 

^ • OI" q^ = 2gz, (3) 

^ a foimula due to Torricelli (1643). If S' be 

the section of the jet at the “ vena contracta ”, 
where it is sensibly paiallel, the piessure over S' 
will be Po The velocity will therefore be given 
^ by the above value of q, and the discharge per 

unit time will be pqS' The ratio of S' to the 
area S of the orifice is called the “ coefficient of contraction 
It is not easy to deternoine this coefficient theoretically, but a 
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^ery simple argument shows that in the case of an orifice in a 

hm wall it must exceed I-. Take, for instance, an orifice in a 

'^ertical wall. In every second a mass of pqS^ escapes with the 

elocity q, and carries with it a momentum pq^S\ This represents 

he horizontal force exerted by the vessel on the fluid. There must 

►e a contrary reaction of this amount on the vessel. On the opposite 

/all of the vessel, where the velocity is 

isignificant, the pressure has sensibly the 

tatical value due to the depth, and if this 

/ere also the case on the wall containing c" 

hie orifice there would be an unbalanced — >• 

:>rce gpzS urging the vessel backwards L 
LCtually, owing to the appreciable 
elocity, the pressure near the orifice will 
e somewhat less, so that the reaction ex- ^ 

seds gpzS . Hence pq^S' > gpzS , or (since 

i = 2gz) S' > l-S In a particular case, where the fluid escapes 
y a tube projecting inwards in the manner shown in the figure, the 
atical pressure obtains practically over the walls, and S' = ^-S 
'cactly. This arrangement is known as “ Borda’s mouthpiece ’’ 
Another application of (3), much used m aeronautics and engi- 
eering, is to the measurement of the velocity ot a stream, eg of 


le relative wind in an , , , 

noplane. The quantities / 
and p -p \pq^ are mea- ' 

'Ml 1 

III 

III! ' 

1 

ired independently, and 

leir diffeience detei mines 

1 m 9 


A fine tube, closed at ^ 
le end and connected with 

1 * • * 

1 

1 • . ® 


pressure-gauge at the 

Fig s 


her, points up the stieam 


) as to interfere as little as possible with the motion, and contains 
few minute holes m its side, at a little distance from the closed 
id; the gauge therefore gives the value of p On the other hand, 
1 open tube diawn out at the end almost to a point, and 
mnected to a second gauge, will give the value of /> H- ^ 

Lort distance ahead of the vertex. For if f be the pressure at the 
jrtex Itself, where the velocity is arrested, we have p + \pq^ 
p\ for points on the same stream-line. The two contrivances 
e often united (as in the figure) in a single appliance known as a 
Pitot and static pressure tube'\ 
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2. Two-dimensional Motion, Stream-function 


There are two types ot stream-line motion which aie specially 
simple and important. We take first the two-dimensional type, 
where the motion is m a system of parallel planes, and the velocity 
has the same magnitude and direction at all points of any common 
normal. It is sufficient then to confine oui attention to what takes 
place in one of these planes. Any line drawn in it may be taken to 
represent the portion of the cylindrical surface, of which it is a 
cross-section, included between this plane and a parallel plane at 
unit distance from it. By the flux ’’ across the line we understand 
the volume of fluid which in unit time crosses the surface thus defined 
Now taking an arbitrarily fixed point A and a vaiiable point P, the 
flux (say from right to left) will be the same across any two lines 


P 



Fig 0 


drawn from A to P, provided the space be- 
tween them is wholly occupied by fluid 
This is in virtue of the assumed constancy of 
volume The flux will theiefoie be a function 
only of the position of P, it is usually denoted 
by the lettei ?//. It is evident at once from 


the definition that the value of f will not altei 
as the point P describes a stream-line, and theiefore that the equation 


f = constant . . (4) 


will define a sti earn- line For this leason i/j is called the stream- 
function. If P' be any point adjacent to P, the flux across AP' will 
differ from that across AP by the flux acioss PP', whence, wiiting 
PP' = Ss, we have Sifr = q^^Ss^ where q„ is the component velocity 
normal to PP', to the left. Thus 



where di/jjds is the gradient of if/ in the direction of S.v. This leads 
to expressions for the component velocities «/, v parallel to rectangulai 
co-ordinate axes. If we take 8s parallel to Oy we have = — w, 
whilst if it be taken parallel to Ox we have q^ = v. Thus 


u 

These satisfy the relation 


difi 

dy^ 

du , dv 
dx dy 



dx 


( 6 ) 

( 7 ) 
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^hich is called the equation of continuity. It may be derived other- 
vise by expressing that the total flux across the boundary of an 
dementary area is zero. Again, if we use polar co-ordinates 
\ 6, and take 8^ (== hr) along the radius vector, we have == 
vhere v denotes the transverse velocity; whilst if hs (== rhd) be at 
‘ight angles to r, q^ ^ — «, the radial velocity. Hence 

^ ^ M 

rdd^ dr 

t follows that 


2/ == — 


.( 8 ) 


d. X , dv 

&<"•> + 35 


O, 


.( 9 ) 


s^hich IS another form ot the equation of continuity. 

It is to be remarked that the above definition of xfs is purely 
,eometrical, and is merely a consequence of the assumed incom- 
pressibility of the fluid. If we make any assumption whatever as 

0 the form of this function, the formulae (6) or (8) will give us a 
possible type of motion; but it by no means follows that it will 
pe a possible type of permanent or steady motion. To ascertain the 
ondition which must be fulfilled in order that this may be the 
ase we must have recourse to dynamics, but before doing this it is 
onvenient to introduce the notions of circulation and vorticity. 

The circulation round any closed line, or circuit, in the fluid is 
tie Ime-mtegral of the tangential velocity taken round the curve 

1 a presciibed sense In symbols it is 

jqcosxds,. . .(lo) 


/here x is the angle which the direction oi the velocity q makes with 
tiat of the Ime-element hs In lectangulai co-oidmates, resolving 
and V in the direction ot 8^, we have 

dx , dy 

,cosx= + 

0 that the circulation is 

udx vdy) (ii) 

t will appear that the circulation round the contour of an infinitely 
mall area is ultimately proportional to the area. The ratio which 
bears to the area measuies (m the present two-dimensional case) 
le vorticity; we denote it by f. Its value, in terms of rectangular 


/(“f +'*)*■ “A 
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co-ordinates, is found by calculating the circulation round an 
elementary rectangle PQRS whose sides aie 8^ and hy. The por- 
tions of the line-integral (ii) due to PQ and RS 

S R aie together equal to the difference in the cor- 

02 ^ 

lesponding values of uSx, i.e. to 

dy 

The portions due to QR and SP are m like 
manner equal to — Equating the sum to 


Fig* 7 


dx 


^ 8 xSyy we have 

dv 
dx 




or, from (6), 


du 

w 


.(12) 


dy‘^ 


.(13) 


The value of ^ at any point P is related to the aveiage lotation 
relative to P of the particles in the immediate neighbourhood To 
examine this, we calculate the circulation round a circle of small 
radius r having P as centre The velocity at any point Q on the circum- 
ference may be regarded as made up of a general velocity equal to 
that of P, and the velocity relative to P. The former of these contri- 
butes nothing to the required circulation The latter gives a tan- 
gential component cor^ where co is the angular velocity ol QP The 
circulation is therefore 

/ 2»r AZrr 

o>rrd6 = r^l o)dd^ 

0 •'0 


where 0 is the angular co-ordinate of Q. Since the same thing is 
expressed by we have 

T 

i = -j (14) 

ttJ 0 


which is twice the average value of co on the circumference. For this 
reason a type of motion in which ^ is everywhere zero, i.e in which 
the ratio of the circulation in every wfimtesimal circuit to the area 
within the circuit vanishes, is called irrotationah 
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3. Condition for Steady Motion 


We can now ascertain the dynamical conditions which must 
e satisfied in order that a given state of motion may be steady, 
or this purpose we consider the forces acting on an element, 


QQT', of fluid included be- 
veen two adjacent stream-lines 
tid two adjacent normals. The 
Ltter meet at the centre of cur- 
ature C. We write PQ = 8^, 
P' = S/z, PC = R. The mass 
F the element is therefore phshn. 
’he forces acting on it may be 
isolved in the direction of the 
ngent and normal, respectively, 

' the stream-line PQ. Tan- 
jntial resolution would merely 
ad us again, after integration, 
Bernoulli’s equation (2). 
ormal resolution gives, with 
e help of (i), 



pSsSn^ = — — ^-pSsSn, 

R dn on 


liere dpjdn and BY jdn are the gradients of p and V in the direction 

N T T 


Hence 


3-a.+.v) 


PT 

R 


(15) 


lie ciiculation lound the cncuit PQQT' will be equal to ^Ss 8 n 
calculating this ciiculation, we may neglect the sides PP', QQ' 
ice they aie at right angles to the velocity The contributions of 
e remaining sides are 

q 8 s and — + ^^8/2^85', 

lere Ss' = P'Q'. Now from the figure we have 
^ ^ CP' ^ R -- 8;z 
8^ “ CP ■ R ’ 


that the circulation is 

,Ss - (, + - !)& =. (i - 1)8,8,, 
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omitting teims oi higher oidei than those retained Hence 




+ i 

R 


(i6) 


The formula (15) may now be written 

+ Ipq^ + py) = — pql ( 17 ) 


Comparing this with (2), we have 

oC = , . . (iS) 

where C is the quantity which was proved bcloie to be constant 
along any stream-hne, but will in general vary fiom one stieam-line 
to another. If we fix our attention on two consecutive sti earn- lines, 
SC will be a constant, and q 8 n will also obviously be constant The 
dynamical condition for steady motion is therefoie that the vorticity 
should be constant along any stream-line. When it is fulfilled, the 
distribution of pressure is given by (2) and (17) We may cxpiess 
the result otherwise by saying that any fluid element letains its 
voiticity unchanged as it moves along. This is a paiticular case oi 
a theoiem m vortex-motion to be proved later 

An obvious example is that of fluid rotating with, uniform angulai 
velocity CO about a vertical axis, and subject to giavity The law ot 
distribution of pressure may be deduced from (17), or moic simply 
from first principles. If r be the ladius of the ciicular path of a 
small volume Q, the resultant force upon it must be radial, of amount 
pQcoV. Hence, and since there is no veitical acceleiation, we have 

0 dp .V 

pu>h = 0=--±-gp (19) 

the positive direction of z being that of the upward veitical. It 
follows that 

p = \pcoV — gpz -h constant (20) 

The free surface (p = Pq) is therefore the parabola 

CO^ 0 , V 

z = — .(21) 

if the origin of z is where the free surface meets the axis (r == o). 
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If we imagine the fluid contained within the cylindiical surface 

= a, rotating in the above manner, to be surrounded by fluid 

loving irrotationally, we have in the latter region dqjdr + qjr = 0, 

om (16), or . ^ 2 

^ qr :ssi constant = (32) 

ernoulli’s equation then gives 

p = constant — gpz ~ W) 

he equation to the free surface is therefore 

=: , (34) 

2gr^ g 


here the additive constant has been chosen so as to agree with 
i) when r == a It appears that these equations also give the 



ne value of dz/dr for r = a Putting r = 00 in (24), we find 
It the depth of the dimple formed on the free surface is 


4. Irrotational Motion 

We proceed now to consider more particularly the case of irro- 
ional motion. The condition for steady motion is fulfilled auto- 
Ltically if f == o everywhere, provided, of course, the necessary 
undary conditions are satisfied, as they are in the case of the 
w of a liquid past a stationary solid. The geometrical condition 
;) reduces to , 02 / 

0*2 + 3^2 ’ 


(d312) 


4 
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or, in polar co-ordinates, 


I dip I 
r Sr dO^ 


(26) 


and the pressure- distribution is such that 

P + -f pV == constant (27) 

throughout the fluid. The particular value of the constant is for 
most purposes unimportant, since the addition of a unifoim pres- 
sure throughout does not alter the resultant force on any small 
element of fluid, or on an immersed solid. 

Some simple solutions of (25) or (26) aie easily obtained. Thus 

ijj z=: ^ XJy = — Ur sind (28) 

gives a uniform flow with velocity U from left to right. Again, 
take the case of symmetiical radial flow outwards from the oiigin. 
The stream-lines are evidently ihe radii, so that ip is a function of 
6 only. Since the total flux outvards across any circle r = constant 
must be the same, we have froi a (8) 

dilj 

— -^.2-nr = constant = say, 
rod 

or ^p z= ^ — 0 , (29) 

Z7T 


If 7 n be positive we have here the fictitious conception of a line-source 
which emits fluid at a given rate If m be negative we have a siiik 
Since (29) would make the velocity infinite at the origin, these 
imaginaiy sources and sinks must be external to the legion occu- 
pied by the fluid. The formula (29), for instance, would be 
realized by the expansion of a circular cylinder whose axis passes 
through O. Again, since the differential equations (25) and (26) 
are linear, they are satisfied by the sum of any number of sepaiate 
solutions. For instance, the combination of a source at A, and an 
equal sink at a point B to the left of A, gives 

^ = -^(0,-0,), (30) 


wheie 9 ^y 02 the angles which the lines drawn from A and B to 
any point P make with the direction BA. Since 0 ^ — 6 ^ ^ APB, 
the lines ip = constant are a system of circles through A, B. This 
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ind of motion would involve infinite velocities at A and B, but if 
e combine (28) with (30) we get the flow past an oval cylinder 
hich encloses the imagmary source and sink. If the points A and 
be made to approach one another, whilst m increases so that the 
roduct otAB is constant, we have ultimately — ^2 = = 

B Bind jr. We thus get the form 



ombining this with (28), we have 



Fiff 10 


le stream-line ^ = o now consists of the radii 0 = o, 0 = tt, 
d the circle r = <5?, provided C = The formula 

^ — U^r — (33) 

irefore gives the flow past a cii'cular cylinder. The normal velocity 
the surface is of course zero, whilst the tangential velocity is 

- u(i + -!Vin0 = - 2Usin0 (34) 

dr \ rV 

nitting the external forces, if any, represented by V, which have 
•rely an effect analogous to buoyancy, the pressure at the cylinder 

p = constant — 2/sU®sin^0 (35) 
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Since this is unaltered when d is replaced by — 0, or by + - 6), 

it is evident that the stream exerts no resultant force on the cylinder. 
Some qualification of this result will be given presently. Meantime 
we note that if we superpose a general velocity U from light to left, 
we get the case of a cylinder moving with uniform velocity (and 
zero resistance) through a fluid which is at rest at infinity. The 
stream-function then has the form 



Fig n 


so that the relative stieam-lmes are portions oi the circles r — 
Csin0, which touch the axis of x at the origin. If we calculate the 
square of the velocity from ( 36 ), we find 



The total kinetic energy of the fluid is therefore 

/ yg‘^- 27 trdr = IwpUV = (37) 

a 

where M' is the mass of fluid displaced by the cylinder. The effect 
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f the presence of the fluid is therefoi*e virtually to increase the 
lertia of the latter by M'. 

Another simple type of motion is where the fluid moves in 
incentric circles about O. The velocity is then a function of r 
ily If the motion is irrotational we must have, by (22), 

qr = constant == /c/ 27 r, 


or 


M = 

dr zit 


lere k is the constant value of the circulation round 0 . Thus 

^ = —\ogr, (38) 

27r 

additive constant being without effect. This corresponds to the 
se of a concentrated hne-mrtex at the origin, and would give 
inite velocity there. For this leason (38) can only relate to cases 
Lere the origin is external to the space occupied by the fluid 
The combination of (33) and (38) makes 

^ ^ ufr — — ^ sinO + ~ logr (39) 

\ r J 27 t 



Fig: 12 

! tangential velocity at the cylinder is now 


^ — aU sm 0 H — 


Zita 
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70 
whence 

/cXJ 

p =: constant — 2pU^ sinW + p— sin0 (40) 

The last term is the only one which contributes to a resultant force. 
Since it is the same for 9 and tt — 0 , there is on the whole no force 
parallel to O^. The force parallel to Oy is 

— J p dndadd = sinW 0 = — p/cU.. .(41) 

This resultant effect is due to the fact that (if k be positive) the 
circulation diminishes the velocity above the cylinder and increases 
It below, and that a smaller velocity implies (other things being the 
same) a greater pressure. It may be shown that the lesult is the 
same for a cylinder of any form of section, as might be expected from 
the fact that it does not depend on the radius a. This theoiem is 
the basis of Prandths theory of the lift of an aeroplane. 

5 . V eloaty-poien tial 

We may imagine any area occupied by fluid to be divided by 
a double series of lines ciossing it into infinitesimal elements. The 
circulation round the boundary of the area will be equal to the 
sum of the circulations round the various elements, piovided these 



Fig 13 Fig 14 


side common to two adjacent elements contributes amounts which 
cancel. Hence if the motion be irrotational the circulation round 
the boundary of any area wholly occupied by fluid will be zero. 
We have here assumed the boundary to consist of a single closed 
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urve. If it consists of two such cuives, what is proved is that the 
um of the circulations round these in opposite senses is zero. In 
ther words, m irrotational motion the circulation in the same sense 
5 the same for any two circuits which can by continuous modifica- 
Lon be made to coincide without passing out of the region occupied 
y the fluid. For example, in the case to which (38) refers, the cir- 
ulation in any circuit which embraces the cylinder is /c, whilst that 
1 any other circuit is zero. 

This leads to the introduction of the function called the velocity- 
otentzal^ in terms of which problems of irrotational motion are often 
iscussed. This is defined by the integral 

/•p 

^ / {tidx + vdy), (42) 

•'A 


ken along a line diawn from A to P. The integral has the same 
due for any two such lines, such as ABP, ACP in the figure, pro- 
ded the space between them is fully 
xupied by fluid. For, reversing the 
rection of one of these lines, the 
iths ABP, PCA together form a 
osed ciicuit, round which the ciicu- 
tion is zero It follows that so long ^ 

A IS fixed, cf) will be a function of 
e position of P only. If P' be any Fig is 

)int adjacent to P, the mciement of 

in passing from P to P' is = — q^^Sy where is the component 
locity m the direction PP', and PP' = 8 s, Hence 




lere d^/ds is the gradient of ^ in the direction PP'. For instance, 
rectangular co-ordinates, putting first 8 s = and then = 83^, 
‘ have 


u 



dy 


• ■(44) 


Tiilarly, the radial and transverse velocities in polar co-ordinates 
i given by 
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From (7) and (44) we deduce 


dx~ 


whilst in polar co-ordinates, from (9) and (45) 


0r\ dr) r d 6 ^ 


It IS the similarity between these lelations and those met with in 
the theories of attractions and electrostatics that has suggested the 
name “ velocity-potential For the same reason the cuives foi 
which (j) IS constant are called equipotential lines If in (43) Ss be 
taken along such a line we have = 0, showing that the equipotential 
lines cut the stream-lines at light angles If on the other hand Sn 
be the perpendicular distance between two adjacent equipotential 
lines, we have S 0 ~ — qSn If, therefoie, we imagine a whole 
system of such lines to be drawn for equal small increments Sp, 
the perpendicular distance between consecutive lines will be evciy- 
where inversely propoitional to the velocity. If, further, we suppose 
the stream-lines to be drawn for intervals Si/f each equal to S^, we 
have Sp = qSs\ where Ss' is the interval between consecutive 
stream-lines of the system. Hence 8^' = S/z, showing that the 
streanft - lines and equipotential lines drawn for equal incicmcnts 
of the functions will divide the region occupied by the fluid into 
infinitesimal squares. 

The functions <[> and \jj are connected by the relations 

^ A = — A 

ex dy dy dx ’ 

in which the equations (25) and (46), expressing the incompressi- 
bility and the absence of vorticity, are implied. If we write 

zi) = cf> + iip, z = X -i- ly, ( 49 ) 


where * = VC— i), the relations (48) are satisfied by any assumption 
of the form 

(50) 


5 - - ‘S 


For this makes 
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vhence, substituting the value of w, and equating sepaiately real and 
magmary paits, we repioduce (48). 

For example, if == — U^, we have 

^ ^ ^ ~ Uj;, (S3) 

‘Xpressing a uniform flow paiallel to 0^. Again, ii w = Cjz 

6 + lib = = ^(cos^ — i sin^) (53) 

x + ty r 

This corresponds to (36), if C = — and shows that in the 

‘ase referred to ^-r ^ 

^ — — cos/9 (54) 

r 

A moie general assumption is 

w == Cs"”, 

or txjj — C(^ + tyY == Cr”(cos/20 + t sinnO). 

The stream-function is now 

^ = Cr” sinnBy 

Aich vanishes both for 0 = o and 0 ^ a, provided n = 7r/a. 
\king these lines as fixed boundaries we have the flow in an angle, 
r round a salient, according as a J tt. The radial and transverse 
elocities are, by (8), 

— comd and wCr”"'* sin??0, 

espectively If a < tt, « > i, and these expressions vanish at the 
ertex where r = o If, on the other hand a>7r, n<i, and 
tie velocity theie is infinite Even if the salient be rounded off, 
tie velocity may be very great, with the result that the pressure falls 
luch below the value at a distance It is othemise obvious that if 
[le fluid IS to be guided round a sharp curve there must be a lapid 
icrease of pressuie outwards to balance the centrifugal force If 
tiis is not sufficient a vacuum is formed and “ cavitation ensues. 
li w = C log-s:, where C is real, 

^ txjj =: c log(jtf + iy) = C log = C log r + iCd, (55) 

^his represents a Ime-souice of strength m, if to agree with (29) 
re put C = m/27r. The corresponding value of ^ is 

^ = — — log r (56) 


(d312) 


4 * 
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If on the other hand C is a pure imaginary, — 2A, say, 

4- == — A 9 + 2A log r (57) 


This repiesents the case of the line-vortex to which (38) refers, if we 
put A = KfzTT, and so make 



The function ^ has an important dynamical inteipietation. Any 
state of motion in which there is no circulation in any circuit, and 
in which, theiefore, ^ has a definite value at every point, could be 
generated instantaneously from rest by a proper application of 
impulsive pressures over the boundary. For the lequisite condition 
for this is that the resultant of the impulsive pressures (oi) on the 
surface of any small volume Q should be equivalent to the momen- 
tum acquired by this. Hence if is the component velocity in the 
direction of any linear element Ss we must have 



Hence ^ determines the impulsive pressure requisite to stait the 
actual motion in the above manner. 

As an example, we may take the case of a cylinder moving through 
a laige mass of liquid, without circulation, to which the foimula (54) 
refers. The resultant of the impulsive piessuies on the surface 
of the cylinder is paiallel to Ox, of amount 



o) cosOadd 



if M' = TTpa^ as befoie. The total impulse which must be given to 
the cylinder to start the motion is therefore (M + M')U. This 
confirms the former result that the inertia of the cylinder is viitually 
increased by the amount M'. 
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6. Motion with Axial Symmetry, Sources and Sinks 

The second type of motion to which reference was made on 
54 IS where the flow takes place in a system of planes passing 
rough an axis, which we take as axis of a?, and is the same in each 
ch plane. We denote by x^^y the co-oidinates m one of these 
ines, by r distance from the origin, and by 6 the angle which r 
ikes with O^. The conditions for steady motion are obtained by 
s previous process. Resolving along a stream-line we should be 

I to Bernoulli’s equation (2); whilst the normal resolution m an 
ial plane yields equations of the same form as (15) and (17), pro- 
ied I now denotes the vorticity in that plane The inference 
to the distribution of vorticity is however altered. The space 

tween two consecutive stream-lines now represents a section of 
thin shell, of revolution about Ox, and the flux in this is accord- 
jly q znySn Comparing with (18), we see that along any stream- 
e ^ must vary as y. We may conceive the fluid as made up of 
nular filaments having 0 ^ as a common axis. The section of such 
filament, as it moves along, will vary inversely as y, hence the 
oduct of the vorticity into the cross-section must remain constant. 
11s IS a particular case of a general theorem that the strength of a 
rtex-filament (m this case a vortex-nng) lemains unaltered as it 
3ves 

If ^ = 0, the aigument for the existence of a velocity-potential 

II hold as befoie One or two simple cases may be noticed If 
i imagine a point-source at O, the flux outwaids across any con- 
ntiic spheiical surface of radius r must be equal to the output 
') per unit time whence 

dcj) 0 .mi . 

— ^ 4 . 7 rr- = m, or d) = (61) 

dr r 


We may apply this solution to the collapse of a spherical bubble. 
R be the radius at time t, we have 




r dt' 


(62) 


ice this makes d(j)ldr == dRjdt for r == R. The corresponding 
netic energy of the fluid is 
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If pQ be the pressure at a distance, the rate at which work is being 
done on the fluid enclosed in a spherical surface of laige radius r is 

//R 

— = ~ (^4) 


the pressure inside the bubble being neglected. Equating the rate 
of increase of the energy to the work done, 


whence 



"p dt" 


(65) 


Rs/^y = _ R3)^ (66) 

\dt / p 


where is the initial radius of the cavity It is not easy to integrate 
this further in a practical form, but the time of collapse happens to 
be ascertainable, it is 

T = o-gisRoJ^- • • • • (67) 

^Po 

Thus if pQ be the atmospheric pressure, and Rq == i cm., r is less 
than the thousandth part of a second. The total eneigy lost, or lathci 
converted into other fotms is, from (63) and (66), 

^ttPoRo®.. . ..(68) 

3 

In the particular case referred to, this is 4 19 X 10® eigs, 01 o 312 
of a foot-pound 

The expansion of a spherical cavity owing to the piessuie of an 
included gas can be treated in a similar way This illustrates, at all 
events qualitatively, the early stages of a submaiine explosion 
The potential energy of a gas compressed under the adiabatic con- 
dition to volume v and pressure p is pvl{y i), wheie y is the 
ratio of the two specific heats. If p be the internal picssure when 
the radius of the cavity is R, and p^ its initial value, we have by the 
adiabatic law 


The potential energy is therefore 

3(y-i)\R/ 



...(70) 
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xpressing that the total energy is constant, we have 


aTTjoR® 


/^Y 

\dt) 


3(y -- i) 


here 


\dt) 


2Ca^ 


3(y - 1) 

^0 = ^(Pq/p)‘ 


©■-(in 


•(71) 

•(72) 


his quantity which is of the dimensions of a velocity, is a 
easure of the rapidity with which the changes take place. It is not 
Lsy to carry the solution further except in the particular case of 

= 1 . If we write 

3 R/Ro=i + s^, (73) 

2 have then , 



lienee 

= s/{ 2 Z) {l+lz+ W). ( 75 ) 


Ills gives the time taken by the radius of the cavity to attain 
y assigned value R The following table gives a few examples. 


R/Ro 


^O^/Rq 


1 

2 

3 

4 

5 


o 

2 64 
6*27 
11*76 
19 42 


5 a concrete illustiation, suppose the initial diameter of the cavity 
be I m., and the initial pressure to be 1000 atmospheres, so 
at ^0 == ^ We find that the radius is doubled 

Yw sec., and multiplied five-fold m about -^V sec. It must be 
membered that in this investigation, as in the preceding one, the 
iter has been assumed to be incompressible With an initial 
ternal piessure of the order of 10,000 atmospheres, we obtain 
lues of dR/dt compaiable with the velocity of sound in water, 
lie influence of compressibility then ceases to be negligible. 



78 


THE MECHANICAL PROPERTIES OF FLUIDS 


The combination of a souice m at a point A and a correspond- 
ing sink m 2it'B gives 




mf 

47r\r- 


i-i) 


..(76) 


If we imagine the points A and B to approach one another, whilst 
the product mEK is constant (= [jl), we have ultimately — = 

AB cos^, and n 

# = ^ '- 5 ? (77) 

477* 


We have here the conception of a double-source » If we combine 
this with a uniform flow ^ = — Ux == — XJr cosd parallel to Ox, 
we have 

-V2) 




This makes 
The foimula 


dcfy/dr = o for f == (7, provided /x = — 27 Tl]a^, 
<f> - -^(^+-^2) COS 0 (78) 


therefore gives the steady flow past a sphere of radius a. The tan- 
gential velocity at the surface is 


9 ^ 

rd 9 


fU sin 0 , 


and the pressure is accordingly 

p = constant — sin^^ (79) 

Since this is the same when 6 is replaced by tt — the lesultant 
effect on the sphere is niL If we superpose a general velocity — U, 
we get the case wheie the sphere is in motion with velocity U in 
the negative direction of a?; thus 

<i = - ^cosd (80) 

If we imagine this motion to be produced instantaneously iiom 
rest, the impulsive pressure of the fluid on the sphere, in the direc- 
tion of A?-negative, is 

* r 

I 5j cos6.27Ta ^mdad6 = / pp cosO zva sinOadO 
Jo Jo 

- (81) 
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or — |M'U, where M' is the mass of fluid displaced. The impulse 
which must be given to the sphere to counteract this is l-M'U, 
and the total impulse in the direction of the velocity is (M + |■M')U, 
where M is the mass of the sphere itself. It is a proposition in 
Dynamics that the kinetic energy due to a system of impulses is 
got by multiplying each constituent of the impulse by the velocity 
produced in its direction, and taking half the sum of such products. 
In the present case this gives |(M -f The case is analogous 

to that of the cylinder, already treated, except that the virtual 
addition to the mass is -^M' instead of M'. 

This result, viz. that the effect of a friciionless liquid on a body 
moving through it without rotation consists merely in an addition 
to its inertia, is quite general. Whatever the form of the body, the 
impulsive pressuie necessary to start the actual motion of the fluid 
instantaneously from rest will evidently be proportional to the 
velocity (U), and the reaction on the body in the direction of motion 
will therefore be ~ ftM'U, where k is some numerical coefficient. 
The impulse necessary to be given to the solid is therefore 
(M + AM')U. A similar conclusion would follow from the 
consideration of the energy produced The value of k will, of 
course, depend on the form of the solid and the direction of its 
motion. The following table gives values for the case of a prolate 
ellipsoid, the ratio cja being that of the longer to the shorter semi- 
diameter The column under /q ” relates to motion “ end-on ”, 


and that under ‘Wq ’’ 

to motion “ bioadside- 

■on ” 

cja 

h 

h 

I (sphere) 

1 

\ 

1*5 

0305 

0 621 

2 0 

0 209 

0 702 

30 

0 122 

0 803 

40 

0 082 

0 860 

SO 

0059 

089s 

6 0 

0045 

0 918 

70 

0 036 

0933 

80 

0*029 

0*945 

90 

0 024 

0954 

10 0 

0*021 

0*960 

00 (cylmdei) 

0 

X 


Any line AP drawn in a plane through the axis represents an 
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anaular portion of a surface of revolution about O^. The flux 
across this portion, say from light to left, will be the same for any 
two lines from A to P, provided the space between them is occupied 
by fluid. If A be fixed, this flux will therefore be a function 
only of the position of P; we denote it by 27 r^. If PP' be a linear 
element S^, drawn m any direction, the flux across the surface 
genet ated by its revolution about Ox will be 

27 rSifs = q^^,27Tyhs^ 


where is the velocity normal to Hence 



(82) 


It was to simplify this formula that the factor a^r was introduced 
in the definition of tp. As paiticular cases of (79), the component 
velocities parallel and perpendicular to are 


1 dip ^ 1 dip 

y y 


(83) 


The lines for which ip is constant are stream-lines, and ip is called 

the stream-function 

To find ip for the case of a 
point-source, we calculate the 
flux act OSS the segment of a 
spherical suiface, with OP as 
radius, cut off by a plane 
^ through P perpendiculai to Oa; 
The radial velocity across this 
segment is and the aiea 

is 27 Tr{r — x)y wheie r = OP, 
X — ON. lienee, omitting an 
additive constant, the flux in the 
desired sense is 


ZTTip = ^mxjVy or ip == — cos 9 (84) 

4'7r 

The combination of an equal source and sinlc at A and B 
gives 

^ = — (cos^i ~ 00562) t (^5) 

4w 
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whilst if A and B are made to approach coincidence in such a way 
liat mAB == /x, we have ultimately 

8 (cos0) = — sinO 80 = — sin 0 (AB sin 0 )/r, 

and therefore ifj = ^ (86) 

477 r 

or a uniform flow parallel to O^, we have zijs ^ — Uy^, and if 
^e supeipose this on (85) or (86) we get stream-hne forms, one of 
^hich may be taken as the profile of a stationary solid in the stream, 
'or instance, combining with (86), and putting ju, = — 27 tU< 2 ^, 

^ _ £^2 _ £)sin2^ (87) 

"'he line 0 = o now consists of the circle r = a and of the portions 
f the axis of x external to it. If we now remove the uniform flow 
'^e get the lines of motion due to the sphere moving in the direction 
f iv-negative with velocity U. 

The process just indicated admits of great extension By taking 
senes of sources and sinks, not necessarily concentrated in points, 
long the axis of x, subject to the proviso that the aggregate output 
> zero, and superposing a uniform flow, we may obtain a variety of 
Lirves which may serve as the profile of a moving solid This pro- 
sdure was originated by Rankine from the point of view of naval 
rchitecturc, and has recently been applied to devise profiles which 
nitate those of airships. Since the motion of the fluid is known, 
le pressure distribution over the suiface can be calculated and 
ompaied with model experiments 

7 Tracing of Stream-lines 

Theie aie vaiious methods by which diawings of systems of 
tream-lines can be constructed. For example, suppose that the 
trcam-function consists of two parts i/fg, which arc themselves 
eadily tiaced Drawing the curves 

ipi " mciy i[f^ = m, 

/heie m, n aie integeis, and a is some convement constant (the 
mailer the better), these will divide the plane of the drawing into 
curvilinear) quadiilaterals. The cuives 

± ^2 ~ 
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will form the diagonals of these quadrilaterals, and are accordingly 

easily traced if the compartments are small enough. For instance, 

in the case of (33), where we may put U = — i, = i, without 

any effect except on the scale of the diagram, we should trace the 

straight lines . 

^ r Sind = ma, 

which aie parallel to the axis of x and equidistant, and the circles 

r = — sin0 
7 ta 

Another method is to write the equation (as above modified) 
in the form 

xjj = y 

and to tabulate the function 1/(1 — i jr^) for a series of equidistant 
values of r, beginning with unity. This is easily done with the 
help of Barlow’s tables. The values of y where a particulai stream- 
line crosses the corresponding circles are then given by 



Giving ifi in succession such values as o*i, 0*2, 0*3, ... a system of 
stream-lines is leadily drawn The same numerical work comes in 
useful in the case of (39) A similar process can be applied to tracing 
the stieam-lines past a sphere, to which (87) refers 

A more difficult example is presented by equation (99) later. 
Nothing is altered except the scale if we write this in the form 

X, 


2x coth— ^ 

2 

The hyperbolic function on the right-hand has been tabulated, so 
that we can calculate the values of r (the distance from the origin) 
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at the points where any given stream-line curve cuts the lines 
X = constant. 


8. General Equations of Motion 

The general equations of hydrodynamics have so far not been 
required. To obtain them in their full three-dimensional form we 
denote by v, w the component velocities parallel to rectangular 
axes at the point {x, y, at the time t. They are therefore functions 
Df the four independent variables x, y, t. If we fix our attention 
m a particular instant /q? values would gives us a picture 
af the instantaneous state of motion throughout the field. If on 
he other hand we fix our attention on a particular point (xq^ yo, -s-q) 
n the field, their values as functions of t would give us the history 
af what takes place at that chosen point. We introduce a symbol 
0/Dt to denote a differentiation of any property of the fluid con- 
sidered as belonging to a particular particle. Thus DuJDt denotes the 
component acceleration of a particle parallel to Ox; this is to be dis- 
inguished from duldt, which is the rate at which u varies at a parti- 
cular place. The dynamical equations are obtained by equating the 
ate of change of momentum of a given small portion of the fluid 
o the forces acting on it. Considering the portion which at time t 
)ccupies a rectangular element S^cSyS^, we have, resolving parallel 
o Ox 


vhere the first term on the right hand is the effect of the fluid pres- 
ures on the boundary of the element, as determined by (i), whilst 
he second term is due to extianeous forces (such, for example, as 
gravity) which aie supposed to be conservative, V being the potential 
mergy per unit mass. Thus we find, 


Dw dp 9V'' 

^Dt dx ^dx^ 

D?; dp 0V 

^ ^ ~ ' 
T)w __ 

dz ^dz j 


.( 88 ) 


To find expressions for OujOt^ &c., let P, P' be the positions 
»ccupied by a particle at two successive instants Let Ui 
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be the values of u at the points P, P', lespectively, at time ti, and 
Hj, Wg' the corresponding values at time t^. The average acceleration 
of the particle parallel to Ox in the interval is theiefore 


h h 


h h 


The limiting value of the left-hand side is ‘Duj'Dt; that of the first 
term on the right is dujdt^ the rate of change of u at P. Again, 
u^' ~ is the difference of simultaneous component velocities at 
the points P' and P, so that 


Un Uo 


du 

ds 


PP' 


du 

ds 


— h), 


where q is the resultant velocity 

\/(u^ + 

and dujds is the gradient of u in the direction PP'. Thus 

Dm j_ 

Wt~ 


.(89) 


Now if n be the direction cosines of 
dll 
ds 


dx 

and/g^ u^mq v^nw = w 
Du du 


2 u , dll , du 
I— + 

dy dz 


Hence, finally, 

, du , du , du 

== u-^ V h w— . 

Dt dt dx dy dz 


(90) 


Similar expressions are obtained for DvjDt^ DwjDt Substituting 
in (88) we get the dynamical equations in their classical foim 

To these must be added a kinematical 1 elation, which expicsscs 
that the total flux outwards across the boundary of the element 
is zero. The two faces perpendicular to Ox give — udydz^ 
du 

and {u + g-Sx)Sj;S^ respectively, the sum of which is dujdxSxSySz 

Taking account in like mannei of the flux across the remaining 
faces, and equating the total to zero, we have the equation of con- 


tinuity 


du _i 9 ^^ I 02^ 
dx dy dz 


o, 


•(91) 


of which (7) is a particular case. 
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When the motion is irrotational we have 
3m _ 3^(^ 


8 S 


dy dydx 

ind similar relations, so that (90) becomes 
Du __ 3 ®^ 


dv 


Dt 


dxdt 


+ ¥ 


dq^ 

'"'dx'' 


.(92) 


Vhen this is substituted in (88), it is seen that the dynamical equations 
lave the integral „ , 

I = |-i?2-V+F(t), (93) 


/here F(^) denotes a function of t only which is to be deteimined 
►y the boundary conditions, but has no effect on the motion. It is 
vident beforehand that a piessure uniform throughout the liquid, 
ven if it vanes with the time, is without effect The occurrence 
f F(^) m the present case is merely a consequence of the fact already 
lentioned that in an absolutely incompressible fluid changes of 
ressure are transmitted instantaneously. 

The equation of continuity (91) now takes the form 


^ 

dx- 3 / 


o. . 


•(94) 


1 steady motion dcjyjdt = o, and (93) 1 educes to our foimer result 


Vortex Motion 
I Persistefice of Vortices 

Turning now to the consideration of voitcx motion, the funda- 

lental theorem in the subject is that the circulation in any circuit 

oving with the fluid (1 e. one which consists always of the same 

irticles) does not altei with the time. For, consider any element 

)X of the mtegial (, , , , , , x 

I (iidx + my + wdz)y 

hich expresses the circulation. We have 

D , 5 . Du^ , D(8^) , V 
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Now 'D{ 8 x)IDt is the rate at which the projection on the axis of 

Xy of the line joining two adjacent paiticles, is increasing, and is 

therefore equal to Su. Hence, 

+ uBu = ~ ^ 8 x + i'8(w^), 

Dr Dt p dx dx 

and therefore 

^(uSx + ^83; + w 8 z) = — 4- V — (96) 

Di \p 

When this is integrated round the circuit, the result is zero. Hence 
D r 

—J (udx + vdy + wdz) == o. , . ... (97) 

It IS important to notice the restrictions under which this is 

proved. It is assumed that the density is uniform, that the fluid is 
frictionless, and that the external forces have a potential. The fiist 
of these assumptions is violated, for instance, when convection 
currents are produced by unequal heating of a mass of water, owing 
to the variation of density. The second assumption fails when the 
influence of viscosity becomes sensible. 

Irrotational motion is characterized by the property that the 
circulation is zero in every infinitesimal circuit We now have a 
general proof that if this holds for a particular portion of fluid at 
any one instant, it will (under the conditions stated) continue to hold 
for that particular portion, whether there be rotational motion in 
other parts of the mass or not. Again, in two-dimensional motion 
we have seen that the circulation round any small area is equal to 
the product of the vorticity ^ into the area Since the area occupied 
by any portion of fluid remains constant as it moves along, wc infer 
that the vorticity also is constant. This has already been piovcd 
otherwise in the case of steady motion. The value of I is, of coiiise, 
constant along a line drawn normal to the planes of motion. Such 
a line is a mrtex-hne according to a general definition to be given 
presently, and the vortex-lines passing through any small contour 
enclose what is called a vortex-filament^ or simply a vortex* The 
strength of a vortex is defined by the product of the voiticity into the 
cross-section, i.e. by the circulation immediately round it. 

Still keeping for the moment to the case of two- dimensions, 
we have seen that the circulation round the boundary of any area 
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occupied by the fluid is equal to the sum of the circulations round 
the various elements into which it may be divided, provided these 
be estimated in a consistent sense. In virtue of the above definitions 
an equivalent statement is that the circulation in any circuit is equal 
to the sum of the stren2:ths of all the vortices which it embraces. 


2. Isolated Vortices 

The stream- and velocity-functions due to an isolated rectilinear 
v^ortex of strength k have already been met with in (38) and (58) 
The velocity distributions due to two or more parallel rectilinear 
cortices may be superposed. 

Suppose, for instance, we 0^ F — 

lave a vortex-pair composed a B 

)f two vortices A, B of equal 
ind opposite strengths ± k 

Sach produces in the other a velocity k/zitu, where a is the 
listance apart, at light angles to AB. The pair advances 
herefore with this constant velocity, the distance apart being un- 
Jtered. The lines of flow are given by 

0 = - log~\ (98) 

2Tr r^ 

vhere r^, are the distances of A, B respectively from the point P 
o which i/j icfeis The lines for which the ratio rjr^ has the same 
alue are co-axial circles having A, B as limiting points If we super- 
)Ose a uniform flow KjzTra in the direction of y negative, the case 
5 reduced to one of steady motion, and the stream-function is now 



The stream-line i/r = oconsistspaitly of the axis of y, where 
nd A? = o, and paitly of a closed curve which surrounds always 
he same mass of the fluid. This portion is cariied forward by the 
ortex-pair in the original form of the problem. 

If a flat blade, e g a paper-knife, held vertically, be dipped into 
/ater, and moved at light angles to its breadth for a short distance, 
nd then rapidly withdiawn, a vortex-pair will be produced by 
liction at the edges, and will be seen to advance in accordance with 
he preceding theory. The positions of the vortices are maiked by 
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the dimples produced on the watei suiface In this way the action 
of one vortex-pair on another may be studied. 

The detailed study of vortex motion in three dimensions would 
lead us too far, but a brief sketch of the fundamental relations may 
be given. It is necessary in the first place to introduce the notion 
of vorticity as a vector. Through any point P we draw three lines 
PA, PB, PC parallel to the co-oidinate axes, meeting any plane 
drawn infinitely near to P in the points A, B, C. It is evident at 
once from the figure that the circulation round ABC is equal to the 
sum of the circulation round the triangles PBC, PCA, PAB, pro- 
vided the positive diiection of the circulations be light-handed as 
regards the positive directions of the co-ordinate axes. Now, if 


B 



Fig i8 


/, My n be the diiection-cosines of the normal drawn horn P to the 
plane ABC, and A the area ABC, the areas of the above tiiangles 
are Zd, mAy nA^ lespectively. Hence if iy rjy ^ be the vorticities in 
these planes, i.e. the ratios of these circulations to the respective 
areas, the ciiculation round ABC will be 

(li + mr] + n^)A (loo) 

We may regard rjy ^ as the components of a vector to, and the 
expression (lOo) is then equal to co cos9 A where 9 is the angle 
which the normal to A makes with the direction of o). In other 
words, the voiticity in any plane is equal to the component of co 
along the normal to that plane. 

The value of ^ has been given in (la). Writing down the 
corresponding formulse for i and rj, we have altogether 

dy ^ dz dx dx dy 



MATHEMATICAL THEORY OF FLUID MOTION 8g 
We have, of course, 

0)^ = (102) 

A line diawn from point to point always in the direction of the 
vector (f, 7 ^, £) IS called a vortex-Kne, The vortex-lines which meet 
any given curve generate a surface such that the circulation in every 
circuit drawn on it is zero. If the curve in question be closed, and 
infinitely small, the fluid enclosed by the 
surface constitutes a vortex-filament, or 
simply a vortex. Consider a circuit such 
as ABCAA'C'B'A'A in the figure, drawn 
on the wall of the filament. Since the 
circulation in it is zero, and since the por- 
tions due to AA' and A' A cancel, the circu- 
lation round ABC is equal to that round 
A'B'C'. Supposing the planes of these two 
curves to be cross-sections of the filament, 
we learn that the product of the resultant 
vorticity into the cross-section has the same 
value along the vortex. This product is called the strength of the 
vortex. The dynamical theorem above proved shows that under 
the conditions postulated the strength of a vortex does not vary 
with the time. The constancy of the strength of a vortex-nng has 
already been proved in the case of steady motion. 

The argument by which the circulation in a plane circuit was, 
under a certain condition, proved to be equal to the sum of the 
strengths of all the vortices which it embraces, is easily extended 
(under a similai condition) to the gcneial case. 

The most familiar instance of isolated vortices is that of smoke 
rings, which are generated in the first instance by viscosity, but retain 
a certain degree of persistence. A voitex-nng at a distance from 
other vortices, or from the boundaiies of the fluid, advances along 
its axis with uniform velocity. The mutual influence of vortex- 
rings IS closely analogous to that of vortex-pairs. 

Wave Motion 
I. Canal Waves 

Water-waves are by no means the simplest type of wave-motion 
met with in Mechanics, and the general theory is necessarily some- 
what intricate, even when we restrict ourselves to oscillations of 



A 


Fig 19 
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small amplitude. The only exception is in the case of what are 
variously called long waves ^ or tidal waves y or canal waves y the charac- 
teristic feature being that the wave-length is long compared with 
the depth, and the velocity of the fluid particles therefoie sensibly 
uniform from top to bottom. 

Taking this case first, we inquiie under what condition a wave 
can travel without change of form, and therefore with a definite 
velocity. Supposing this velocity to be Cy from left to right, we may 
superpose a general velocity — c in the opposite direction and so 
reduce the problem to one of steady motion. The theory is now the 
same as for the flow through a pipe of gradually varying section, 
except that the upper boundary is now a free suiface, instead of 
a rigid wall. If h be the original depth, the velocity where the 
surface-elevation is tj will be 


ch 

h + T! 


• • (103) 


The pressure along the •wave-profile, which is now a stream-line, 
is given by Bernoulli’s equation 

t = constant — — g'q — constant — ^ — gy) 

— constant — ~ gq, . (104) 


approximately, if we neglect the square of qlh. This pressuie will 
be independent of ■4, provided 

c = s/(gh) (105) 


The required wave-velocity is therefore that which would be acquired 
by a particle falling vertically under gravity, from rest, thiough a 
space equal to half the depth. 

If we now restore the onginal form of the problem, by imposing 
a velocity c in the positive direction, we have 


q = 


h + r) A’ 


(106) 


approximately. The velocity of the water itself is therefore forward 
or backward, according as ij is positive or negative, i.e. it is forward 
where there is an elevation, and backward where there is a depression. 
The potential energy per unit area of the surface is ^gfyq^, and the 
corresponding kinetic energy is \pq^h — Ipc^rfjh. Since these are 
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qual by (106), the energy of a progressive wave is half-potential 
nd halWdnetic. 

The condition for permanence of form has not, of course, been 
xactly fulfilled in the above calculation. A closer approximation 
0 fact IS evidently obtained if in (105) we replace A by A -j- 1?; this 
fill give us the velocity of the wave-form relative to the water in 
he neighbourhood, which is itself moving with the velocity given 
)y (106), if -rjlh is small. The elevation ij is therefore propagated 
n space with the velocity 

-t- 1?)} -h = ^(gh) (1 +i^, (107) 

ippioximately. The more elevated portions therefore move the faster, 
vith the result that the profile of an elevation tends to become 
Jteeper in front and more gradual in slope behind. 


2. Deep-water Waves 

Proceeding to the more general case, we will assume that the 
motion takes place in a series of parallel vertical planes, and is the 
same in each of these, so that the ridges and furrows are rectilinear. 
Fixing our attention on one of these planes, we take rectangular 
axes Oaj, Oy, the former being horizontal, and the later vertical 
with the positive direction upwards. The problem being reduced to 
one of steady motion as before, the stream-function will be 

ijs := cy + ijj^, . .(108) 

wheie ipi IS supposed to be small By Bernoulli’s equation 

= constant — gy — (109) 



if we neglect small terms of the second order. We assume the motion 
to have been originated somehow by the operation of ordinary forces, 
and therefore to be irrotational, so that 


o. 


dx^ dy^ 

We further assume, in the first instance, that the depth is very great 


.(no) 
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compared with the other llneai magnitudes with which we are con- 
cerned. The simplest solution of (no) which is periodic with respect 
to Xi and vanishes for = — oo , is 

(in) 

If we take the origin O at the mean level of the suiface, the con- 
dition that the wave-profile may be a stream-line is, by (loS), 

C . C . 

^ sinkx == sin/e^, (112) 

c c 

if we neglect an eiroi of the second order in C. We have still to 
secuie that this is a line of constant pressure. Substituting in (109), 
the result will be independent of provided 

g- — hcC = 0 , or — r, (”3^ 

C R 

to our order of approximation. The wave-length, i.e. the distance 
between successive crests or hollows is A = zrrjk^ so that 

‘ “ V(f0 


This gives the wave-velocity relative to still water 

The original form of the problem is restored if we omit the first 
term in (io8), and replace xhy x — ct. Thus, if we denote the sur- 
face amplitude C/c by ^ we have 

= tz Qmk{ct — x)y 
^ sin.k{ct — x)» 



To find the motion of the individual particles, we may with consistent 

kac m)k{ct — \ 


approximation write 


Dx 



dy 


dijs _ 


dx 


where is the mean position of the particle refe 

grating with respect to t, and recalling (113), we have 




cur. 




X ^ Xtx 


a cosk{ct 
y — o. sinA(cf 


• a?), 

• x) 


.(117) 
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te particles therefore describe circles whose radius a diminishes 
m the surface downwards. At a depth of a wave-length, j/q = — A, 
» = = 0-00187. The preceding investigation is therefore 

ictically valid for depths of the order of A, or even less. 

For smaller depths, provided they are uniform, the solution (in) 
to be replaced by 

z=: C sinh/e(3; + h) sinkx, (118) 

ice this makes v ^ o for y == — h. We should now find 
^2 = I! tanhM = — tanh-^ 

k 277 A 

►r small values of h/X this gives c = s/(S^)y so verifies the 
'mer theory of long waves As hjX increases, tanhM tends to 
lity as a limit, and we reproduce the result (114). The paths of the 
fividual particles are ellipses whose semi-axes 

cosh/e(3;o + sinh^(3;o + 

sinhM ’ sinhM 

e horizontal and vertical, lespectively 
The eneigy, per unit aiea of the surface, of deep-water waves is 
und as follows The potential energy is 

iSPT sm^k{ct — x), . (120) 

e mean value of which is {gpa^ The kinetic energy is 

I + v'^)dy === Ipk^a^c^j e^^'-^dy — ..(121) 

f (115) Since = gjk the energy is, on the whole, half-potential 
id half-kinetic The total energy per wave-length (an/Ze) is wpaV. 
his IS equal to the work which would be required to raise a stratum 
the fluid, of thiclmess a, through a height \a. 

The theory of waves on the common boundary of two supei- 
ised liquids, both of great depth, is treated in a similar manner, 
he formulae (io8), (109), (iii) may be retained as applicable to 
le lower fluid. For the upper fluid (of density p') we write 

'A = O' + >Ai', (122) 

(123) 


id 


= C,'e~^ sinAx . . 
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since must vanish when y is very great. This makes 


C' 

n = — — 

c 

We have also 

^ = constant — 

P 

The two values of p will be equal provided 

— kcpC — gp~ + hcp'C. 
c c 


(124) 

(125) 

(126) 


By comparison of (112) and (124) we have C = C', and therefore 


p- P\ 
k p ->r p' 


(127) 


If (p — p')/(p "b pO small, as in the case of oil over water, the 
oscillations are comparatively slow, owing to the relative smallness 
of the potential energy involved in a given deformation of the common 
surface. A lemaikable case in point is where there is a stiatum of 
fresh water over salt, as in some of the Noiwegian fiords, where 
an exceptional wave-resistance due to this cause is sometimes 
experienced 

The preceding theory of surface- waves is restiicted to the case 
of a simple-harmonic profile It is true that any othei form can be 
resolved into simple-harmomc constituents of different wave-lengths, 
and that it is legitimate, so far as our approximation extends, to 
superpose the results. But the formula (114) shows that each con- 
stituent will travel with its own velocity, so that the form of 
the profile continually changes as it advances. The only exception 
is when the wave-lengths which are present with sensible amplitude 
are all large compared with the depth, in which case there is a 
common wave- velocity \/{gh) as found above. 


3. Group Velocity 

One consequence of the dependence of wave-velocity on wave- 
length is that a gioup of waves of approximately simple-harmonic 
type often appears to advance with a velocity less than that of the 
individual waves. The simplest illustration is furnished by the 
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combination of two simple-haimonic tiains of equal amplitude but 
slightly different wave-lengths, thus 

rj z=i a CQs>k{x — ct) + a — di) 


= 2acos{ 


k' 


~x ’ 


kc — k'd 
3 




cos 


'k 4- k' kc + k'c'. 


.(128) 


If k and N are nearly equal, the fiist trigonometrical factor oscillates 
very slowly between + i and — i as ^ is varied, whilst the second 
factor represents waves travelling with velocity {kc + k'd)j{k + /?'). 
The surface has therefore the appearance of a series of groups of 
waves separated by bands of nearly smooth water. It is evident 
then that the motion of each group will be practically independent 
of the rest. The centre of one of the groups is determined by 


k - kc - Wc' 

X — t 

3 3 


o; 


the group as a whole is therefore propagated with the velocity 


kc — k'd _ d{kc) 
k-k' dk' 


(129) 


m the limit This is called the group-velocity If c is constant, as 
when the wave-length is laigc compaied with the depth, we have 
U = On the other hand, for waves on deep water, = gjk, 
by (113), so that 

2 dc_ ___ I 

c dk li 

whence U = Jc, . . . --(tso) 

or the group- velocity is only one-half the wave-velocity The geneial 
foimula, obtained fiom (119), is 

. kh f . 

This expression diminishes from i to ^ as kh increases from 
0 to 00. 

The group-velocity U determines the rate of propagation of 
energy across a vertical plane. To take the case of deep-water waves 
as simplest, the rate at which work is done on the fluid to the right 
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of a plane through the oiigin perpendiculai to the axis of x is 



••(132) 


The value of p is given by Bernoulli’s equation provided we put 
^ :=z ^ q- ^2 ^ ^2 — 2CU, to our order of approxima- 

tion. The only term in the resulting value of p which varies with 
the time is pcu. Now 

pc f u^dy == pk^ah^ sin^kcif = ^pka^c^ siii?kct,, .(133) 

— 00 •> —00 


The work done in a complete period (zTrjkc) is therefore ^parc^, 
which is half the energy of the waves which pass the above plane 
in the same time. The apparent paradox disappears if we lemember 
that the conception of an infinitely extended tram is an aitificial 
one. In the case of a finite tram, generated by some pei iodic action 
at the origin which has only been in operation for a finite time, the 
profile will cease to be approximately unifoim in chaiactei and 
sinusoidal near the front, there will be a gradual diminution of 
amplitude, and increase of wave-length, by which the tiansition to 
smooth water is effected. We infer from the pieceding aigument 
that the approximately simple-harmonic portion of the tiam is 
lengthened only by half a wave-length in each period ol the 
originating force. 

The principle that U lather than c detei mines the rate of pro- 
pagation of energy holds also, not only in the case of waves on water 
of finite depth, but in all cases of wave-motion m Physics. 

Some further results of theory must be merely stated m gencial 
terms. A localized disturbance travelling over still watci with velocity 
c leaves behind it a train of waves whose length {zir jk) is related to 
c by the formula (113) or (119), as the case may be. In the same 
way a stationary disturbance in a stream pioduccs a tiain of waves 
on the down-stream side. In the former case the encigy spent in 
producing the train measures the wave-resistance expciicnced by 
the disturbing agency. If E be the mean energy per unit length of 
the wave-train, the space in front of the disturbance gains in unit 
time the energy cE, whilst the energy transmitted is UE, where 
U is the group-velocity. The wave-resistance R is therefore given 
by 

(134) 


Rc = (c - U)E 
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’’he value of E has been found to be but unfortunately the 

alue of a can be predicted only in a few rather artificial cases. 

A curious point arises in the case of finite depths. It appears 
'om (119) that the wave-velocity cannot exceed The above 

tatements do not apply, therefore, if the speed of the travelling 
isturbance exceeds this limit The effect is then purely local, and 
1. == o. A considerable diminution in resistance was m fact observed 
y Scott Russell when the speed of a canal boat was increased m 
lis way; and an analogous phenomenon has been noticed m the 
ise of torpedo boats moving m shallow water. 


Viscosity 

I. General Equations 


The subject of viscosity is treated in Chapter III, which deals 
lainly with cases of steady motion wheic this influence is pie- 
Dmmant The general equations of motion of a viscous fluid 
ive the forms 


Du 


P 


Dt 


dx ^dx 




(135) 


ith two similar equations in {v, y) and (zv, xr), where 
= d^ldx^ + 02/3j;2 4 - dydz\ 

he formal proof must be passed over, but an inteipietation of the 
luations, which differ only from (88) by the terms at the ends, 
n be given as follows. Considering any function of the position 
a point, let F be its value at P, whose co-oidmates are (^, xr). 
s value at an adjacent point {x -[- a, y + j8, ^ + y) will exceed its 
lue at P by the amount 


-a 









^ + W“ + 



proximalely. If we mtegiate this over the volume of a sphere 
small radius r having P as centre, the first three terms give a 
ro result owing to the cancelling of positive and negative values 
a, y. The terms containing j8y, ya, a^, also disappeai' for a 
nilar reason. The mean value of a® or or y^ on the other hand 

(D 812 ) 
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is -^r^, by the theory of moments of ineitia. The mean value over 
the sphere of the aforesaid excess is therefore The 

reason why this should vary with the radius of the sphere is 
obvious. It is also clear that the expression V^F gives a measure 
of the degree to which the value of the function F in the immediate 
neighbourhood of P deviates from its value at P. In particular 
Vhi measures the extent to which the rvi - component of the 
velocity in the neighbourhood of P exceeds the component at P. 
The first of the equations (135) accordingly asseits that in addition 
to the forces previously investigated there is a force propoitional to 
this measure. An excess of velocity about P contributes a force 
tending to drag the matter at P m the direction of this excess. 

The coefficient ft in (135) is called the coefficient of viscosity. 
In cases of varying motion we are often concerned not so much by 
the viscosity itself as by the ratio which it bears to the inertia of 
the fluid. It is then convenient to introduce a symbol (v) for the 
ratio ft/p This is called the kinematic viscosity. 

An important conclusion bearing on the comparison of model- 
and full-scale experiments can be drawn from the mere form of these 
equations Omitting the term repiesenting extraneous force, the 
first equation is in full 


dll , dll , du , du 
ot ox oy oz 


P OX 


Now consider another state of motion which is exactly similar except 
for the altered scales of space and time. Distinguishing this by 
accented letters, a comparison of corresponding terms in the respec- 
tive equations shows that we must have 


n 


'2 


?L 

X 


PL 

p^x' 


L 

px 


vu vu 

«vi2 


•(137) 


The equality of the first two ratios requires that 


v! lu = 


x' 

1 


X 

Y 


as was evident beforehand, 
ratios requires 


The equality of the second and fourth 



V 

ux 


(138) 


A necessary condition for the similarity of the two motions is there- 
fore that Yljv should have the same value in both, where V is any 
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xactenstic velocity, and I any linear dimension involved. The 
0 of corresponding stresses is then 


p' ^ p'u'^ 

p pu ^ ' 


(139) 


It is to be noted that the viscous terms disappear from the 
ations (135) if the motion is irrotational, since we then have 
== o, and therefore V^u == o, == o, = o. But it is 
,eneral impossible to reconcile the existence of irrotational motion 
1 the condition of no slipping at the boundary, which is well 
blished experimentally. The above remark suggests, however, 
, when the motion is staited, vorticity originates at the boundary 
is only gradually diffused into the interior of the fluid. 


2. Two-dimensional Cases 


The diffusion of voiticity is most easily followed in the two- 
ensional case The equations may be written, in virtue of 
, in the forms 


du 

- == 

- f + 


dt 

dx 


dv 
Jt ' 


1 

I 



(140) 


where X ™ +■ V, (141) 

P 


and 



02 

dy"^' 


.(142) 


^lentialing the second of equation (i^|o) with respect to x, and 
irst with lespect to 3;, and subtracting and making use of the 
tion of continuity (7), we have, finally 

(143) 


IS exactly the equation of conduction of heat, with the vorticity 
place of the temperature, and the kinematic viscosity fi/p) 
ace of the thermometric conductivity. Consequently, various 
n results in the theoiy of conduction can be at once utilized 
e present connection. 
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For instance, the known solution for the diffusion of heat from 
an initially heated straight wire into a surrounding medium can be 
applied to trace the gradual decay of a line vortex initially concen- 
trated in the axis of z. Since there is symmetiy about 0^3^ the 
equation (143) takes the form 


as _ m , I 

dt W r dr)' ^ ‘ * 


..(144) 


as may be seen by a comparison of the left-hand membeis of (25) 
and (26) It IS easily verified by differentiation that this equation 
is satisfied by 


I == 


K 

e 

^TTVt 


'-r*l4Pt 




...(145) 


which vanishes for ^ — o except at the origin. Moreover, this gives 
for the circulation in a circle of radius r 


J I 2nrdr 


/c(i 




(146) 


As t increases from o to 00 , this sinks from ic to 0. The value of 
on the other hand, at any given distance r increases from zeio to a 
maximum and then falls asymptotically to zero. 

A comparatively simple application of the equations of motion 
is to the case of “ lanunar flow in parallel planes, or of smooth 
rectilinear flow in pipes, but the results have only a restricted 
application to actual phenomena To take an example due to 
Helmholtz, consider the flow of a hypothetical atmosphere of 
uniform density, and height H, over a horizontal plane If it is 
subject to ineitia and viscosity alone, the equation of motion is 


du d'^u 

dt ^dy^' 


(147) 


with the conditions that u = o for y = o and dujdy = o for 
j; = H. These are all satisfied by 


provided 


M = Ae sin/ey 


cos/J-I == o, 


or A = {zn + i)-^, 
20 


.(148) 

(149) 


where n is an integer. By addition of such solutions with different 
values of n and suitable values of the coefficients A we can represent 
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the effect of any initial state, e.g, one of uniform velocity. The 
most persistent constituent in the result is that for which n = o. 
This will have fallen to one-half its original value when 

vkH = log2, or ^ ^ (150) 

rr- V 

Putting V = 0-134 (air), H = 8026 metres, this makes t == 305,000 
yeais! The fact is that in such a case the laminar motion would be 
unstable, turbulent motion would ensue, by which fresh masses of 
fluid moving with considerable velocity are continually brought 
into contact with the boundary, so that the influence of viscosity is 
enormously increased. 



CHAPTER in 


Viscosity and Lubrication 

A. VISCOSITY 

All motions of actual fluids, as distinguished from the peifect 
fluid ’’ of the mathematician, are accompanied by internal forces 
which resist the relative movements and are theiefore analogous to 
frictional forces between solid bodies The origin of the frictional 
resistances is in all cases referred to the property of viscosity, common 
in varying degree to all fluids, which has already been defined in 
general terms in Chapter I. The present chapter is devoted to a 
fuller explanation of the theory of this property and to discussions 
of some of its direct applications, one of the chief of these being to 
the theory of lubrication 

There aie other direct applications of the theoiy of viscosity 
which are of importance to engineers, most though not all of which 
relate to the motion of fluids in narrow channels or in thin layers 
between solid surfaces, and these applications are met with in all 
branches of engineering. The fluid frictions, however, which chiefly 
concern hydraulic and other engineers, who deal with fluids such as 
water or air in large volumes, though physically referable in origin 
to viscosity, cannot be directly calculated by means of its theory 
The appropriate methods applicable to such cases are discussed in 
Chapters IV and V. In the meantime it may be said of the direct 
applications of the theory, in Rayleigh’s words (30, p 159),* that m 
these cases ‘‘we may anticipate that our calculations will correspond 
pretty closely to what actually happens — ^more than can be said of 
some branches of hydrodynamics 

Arabic numerals in brackets after names of authors refer to the short biblio- 
graphy at the end of this chapter. 
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Laminar Motion 

The law of viscous resistance is most clearly conceived in the 
se of laminar motion^ which may be defined as a state of motion of 
body of fluid m which the direction of the motion of the particles 
the same at all points and the velocity is the same throughout 
ch of a series of planes parallel to one another and to the direction 
motion A volume of fluid in laminar motion can thus be roughly 
garded as a series of very thin 
y^ers of solid material, sliding one 
)on another in a common direc- 
m Quantitatively, if the face 
8y of the rectangular element 
Sj;, (fig i) IS parallel to the 
ninse, and if the laminar motion 
in the direction of X, the velo- 
y of flow, tiy at any point P, 

11 depend only on the distance, 
of the point P from the plane 
Y If the element is sufficiently 
lall, u may be taken as varying uniformly with ^ over the small 
stance Sz, so that if iii are respectively the velocities of the 
TLinx which form the lower and upper faces of the element 

= z/n + in which ~ can be regarded as constant over 

dz oz 

e small distance 8z 

In a viscous fluid there will then be exerted a shearing force, or 
iction, parallel to X, between the portions of the element of fluid 
ove and below any section of the element parallel to the face 
Sy, tending to retard the portion which is moving with the higher 
locity, and the magnitude of this force will be 

S = (i) 

* 

being a quantity, independent of x, y, Zj and — , known as the 
'efficient of viscosity, 
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Coefficient of Viscosity 

The value of the quantity /x varies greatly from one fluid to 
another, and in any one fluid it changes with the temperature, and to 
a smaller extent with the pressure, of the fluid. Its value is in 
general much higher for liquids than for gases Liquids m which 
the value of /x is low are said to be limpid “ thin or “ light ”, 
while those m which it is comparatively great aie said to be vis- 
cous ”, ‘‘ thick ” or ‘‘ heavy There is however no necessary, or 
general, correspondence between the density of a liquid and its 
viscosity. Thus mercury, the heaviest of known liquids at atmos- 
pheric temperatures, is one of the least viscous. 

The fact that the coefScient of viscosity, for a given liquid at 
constant temperature, is independent of the rate of shear was fiist 
experimentally proved with great accuracy by Poiseuille (i), not, 
howevei, by diiect measuiement of plane laminar flow, but by in- 
vestigation of the flow of water in small cylindrical tubes 

The flow of fluids in such tubes, as well as the motion of viscous 
fluids m many other cases which are of practical inteiest, is closely 
analogous to plane laminar flow. 

The importance of the coefficient of viscosity /x, however, aiiscs 
from the fact that it is the sole physical constant connecting the 
internal frictional resistances of fluids with their lelative motions, 
not only in the case of such simple types of motion, but of all kinds 
of fluid motion however complicated, provided that they aie not 
discontinuous or unstable 

The explanation of this unique propeity of the coefficient of 
viscosity lequires some analysis of the types of deformation ol which 
a fluid element is susceptible This analysis is given briefly in the 
following paragraphs, from which it will be seen that the lelations 
between the internal motions and stresses m a fluid aie similar to, 
but essentially simpler than, those between the deformations and 
stresses in an elastic body The failme, already icf cried to, of the 
law of viscosity when fluid motions become discontinuous or unstable 
may be regarded as analogous to the failure of the laws of elasticity 
in solids when fracture takes place or the yield-point ” is exceeded. 
In such cases the conditions which result are no longer amenable to 
theoretical calculation. 

We proceed to show that, when no such discontinuities exist, 
there is in fluids only one kind of internal resistance and only one 
coefficient of viscosity. 
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Relative Velocities 


If tt, V, w (see fig 2) are the components of the velocity parallel 
to the rectangular axes X, Y, Z of n par- , 

tide of the fluid at the point x, y, z, the ^ 

corresponding components for the neigh- 
bouring point a: -|- §x, y -f- Sy, s: -f- 8^ are 


dy 9 ^ 




, a 


dx 


<fx 


, . dv ^ , dv ^ , dv c. 

V = » + ^S,+ -8, + g-8«,,(a) 

= „+p?S* + „^8v + |“8»; 

OX cy oz 


X 


Fig 2 


and the components of the velocity of the second point relatively 
to the first are u' — u,v' — v, w' — w, or 


dll 5 , dll ^ . dll ^ 

~Sx + ^ Sj + - Sz, 
ox oy dz 


dv 

dx 

dzo 


S>:-\-^Sy+^S, 

dy dz 

, '8x \-^-^8y+ 
dx dy dz 


•(3) 


Of the derivatives in these expressions it is clear from inspection 

of fig 2 that and ^ repiesent rates of stretching or elongation 

of the element in the directions of X, Y, and Z lespectively, while 
by the pairs of sums of deiivatives* 


dzo , dv 
dy dz' 


dll 

dz 


dzo 

dx' 


dv , dll 
dx dy' 


are lepiesented respectively rates of change of the angles between 
the edges dy and 8^, and 8;^, and Sx and 83; of the element 

Thus by means of these six expressions any deformation of the 
element can be expressed. 

As a hypothesis which is suggested as probable by the experi- 
mental law proved by Poiseuille, but which depends for its real justifi 
cation on the consistent correspondence of the results of theory 
with experience, it is assumed that the frictional forces arise from 

( 0312 ) 


6 * 
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he rates of deformation of the elements of the fluid, and are linear 
unctions of these lates. 

As to the three rates of elongation it is a well-known 

ox dy dz 

heorem that they can be resolved into a rate of dilatation or com- 
)ression of the elementary volume, uniform in all three directions, 
"ombined with three lates of shearing deformation respectively in 
he directions of the diagonals of the faces of the element supposed 
ubicaL* 

As there is no experimental evidence of any internal lesistances, 
ither in liquids or gases, depending on rates of change of volume 
)y dilatations or compressions equal in all directions, resistance to 

n elongation, such as — 8^, can only arise from its shearing com- 
ox 

)onents. Such resistances are theiefore of the same kind as those 

\^hich depend on the purely shearing deformations whose rates are 

w , dv ^ 

- + &c 
y 9 ^ 

In the applications which follow, the axes X, Y, Z will be so 

hosen that the rates of elongation, such as and consequently also 

ox 

hieir component rates of shear, are everywhere small compared to 

hie rates of shear lepresented by ^ , &c. 

^ ^dy dz 

Now in a homogeneous liquid or gas there is no physical difference 
1 the properties depending on the direction of the co-ordinates, 
onsequently (the frictional forces being linear functions of the rates 
f shear) the only foices that will arise may be expressed as: 


ta 


yz 


/dw , dv\ ' 

n57+3-jj' 






/dll 

/dv 


4 


dw\ 


( 4 ) 


+ 


du 

dy, 


Lvolving the single coefficient [m By comparison with fig. i, and 

the similar theorem for stresses (Morley, Sir ength of Materials, 2nd ed ,p 12). 
t In this notation the first subscript indicates the direction of the noimal to the 
ane on which the foice acts, the second the direction in which the force acts — 
us is the sheaiing stress on a plane a normal of which is parallel to Oy and 
tz acts in the direction 
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equation (i) with the second of the above equations (4), in 

ich — is taken as zero, it is seen that this constant is the same 

the coefficient ju introduced in the special case of laminar 
tion. 


Conditions at the Bounding Surfaces of Fluids 


Before the laws of fluid friction can be applied to fluids as we 
ually have to deal with them, account must be taken of the be- 
dour of the fluid where it is in contact with the solid bodies which 
itain it. In the case of liquids the condition of a free upper 
face, usually a surface of contact with air at atmospheric pressure, 
also to be considered. 

It is clear in the first place that the presence of a boundaiy in- 
ves that on the bounding surface the 
Ltive velocity of the fluid normal to 
t suiface is zero. The noimal velo- 
^ will furtheimoie be very small at 
points iiear the bounding surface. 

, let W, fig 3, be the fixed bound- 
suifacc, and W' a suifacc in the 
d parallel, and very near, to W. 

simplicity W and W' may be 
sidered plane. Let the average velocity towards W over a 
le of radius R in the plane W' be the normal distance between 
and W' being S«. Then a volume of fluid flows through 
circular area in unit time In the same time a volume 27rRS?2.a 
outward between the surfaces past the circumference of the 
le, a being the mean outward ladial velocity parallel to the sur- 
‘s. Thus 






( 5 ) 


he noimal velocity is veiy small compared to the velocity parallel 
lie surface. 

[n the case of a solid boundary it will be seen from the next 
Lgraph that the velocity a is itself very small close to the surface, 
hat in this case the normal velocity v is d. small quantity of the 
^id order. 
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Motion Parallel to Bounding Surfaces 

With regard to the motion of fluids parallel to solid walls w 
which they are m contact, there is strong evidence that in the a 
of liquids at least the relative tangential velocity a at the wall is ze 
Some of the evidence will be referred to later in connection with t 
flow of liquid through tubes under great pressure, and m the d 
cussion of the theory of lubrication. 

Even when the mutual molecular attraction of a liquid and so 
appears to be compaiatively small, so that the liquid does not tend 
spread over, or wet ” the suiface of the solid, as is the case w 
mercuiy and glass, there is no observable sliding or slipping of 1 
fluid over the solid at theii common surface. 

If the tangential tractional force between liquid and solid, a 
consequently the late of shear in the liquid neai the suiface, j 
finite, the relative tangential velocity, being zero at the suiface, mi 
be still small at all points of the liquid near the surface, as was < 
sorted in the last paragraph 

In gases, the same rule as to the relative velocity being zero 
a solid surface is found to apply under ordinary circumstances, 
least as a very close approximation When, however, a gas is at su 
low pressure that its molecules aie at distances apart comparable w 
the dimensions of the volume of gas which is being dealt wi 
phenomena are observed which can be regarded as aiising from 
appreciable velocity of slipping of the gas over the solid surfa 
According to Maxwell,* the motion of the gas is very nearly the sa 
as if a stratum, of depth equal to twice the mean fiee path of the \ 
molecules, had been removed from the solid and filled with the g 
there being no slipping between the gas and the new solid suiface. 

At free surfaces, which, of course, can only exist in liquids, 1 
normal velocity relative to the surface is again obviously zcio. T 
liquid surface may, however, have a tangential velocity, and it 
usual to assume that the law of viscous shear holds up to the suifj 
and that either the tangential traction there becomes zeio, or, if 1 
liquid surface is exposed to a stream of air, that the traction is c 
only to the rate of shear m the air near the common surface. Expe 
ments by Rayleighf and others have shown that, at least m the ca 
of water with an uncontaminated surface and of oils and other liqu 
which are capable of dissolving solid grease films, theie are 
fnctional resistances peculiar to the surface film 

* Collected Papers, Vol II, p 708 f Collected Papers, Vol. Ill, p 363. 
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Viscous Flow in Tubes 


On the principles which have been explained, we can proceed 
calculate the flow of viscous fluids in various cases which are 
piactical inteiest Take first the case of a uniform tube of 
cular section of which the diameter is small compared to the 
gth of the tube. A fluid flows through the tube as the lesult 
a constant difference of pressure between its two ends. The 
ition, except veiy neai the ends, will be sensibly parallel to the 
s of the tube, and the piessuie (and consequently the density) 
I be sensibly unifoim over every noimal section. By symmetry, 
any one section the velocity must be the 
le at all points at any given radius r from | Z 

axis. I 


If w be the velocity (upwards in fig. 4) 
this radius, p the density, and p the 
ssurc at any section, the radius of the 
e of the tube being <2, the mass dis- 
rged per unit time, which must be the 
le for all sections, is 




^ 2 ) 

or a 



m, constant 


..( 6 ) 


Fig 4 


2 axis of the tube is taken as the axis Z, and is supposed to be so 
rly straight that eflects due to its curvature can be neglected, and 
the fiist instance the motion will be supposed so slow that the 
Stic energy of the fluid is inappreciable. The fluid may be either 
quid or gas. The effect of gravity is disregarded, or, if included, 
- gpz is to be written instead of p. 

From equations (4), p, 106, since the velocity w varies radially 

he rate but not circumferentially, there is a ti action in the 
cr 

‘Ction of Z on each unit of area of the cylindrical body of 
1 inside radius r of amount 


II 


dw 

dr* 


(7) 


isidering a section of this cylinder of length S-sr, the total traction 
its cylindrical surface, whose area is Z'lrrSz, must be equal to the 
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ifference of the total pressures on its upper and lower ends, so that 

^dr dz 

dw r dp 

or — — — — , 
dr 2jLt dz 

and therefore zo == — — cV 

2li dz\z / 

Since zo = o when r ~ a, C = — , and 

2 

eo - r^). . (8) 

4^ dz 


1 which the negative sign expresses the obvious fact that the direc- 
on of flow is opposite to the direction of increase of pressure. 

Now fiom ( 6 ) and ( 8 ) 



ZTrpVah'^ __ ^ dp 

4/^L 2 4 J 0 & 

iTpa^ dp * 

8ft dz' 


(9) 


In the case of a liquid, p and ft may usually be taken as constant, 
dp 

D that ^ is constant along the length of the tube, being equal to 
^ 

^ where are the pressures at the lower and uppei ends 
f the tube whose length is L 

Then m = ^ A - A (jo) 

’he limits of application of this formula will be more fully explained 
1 a later chapter For the present it may be stated to be applicable 
) the flow of all liquids through “ capillary ” tubes (that is to say, 
ibes whose diameter is only a fraction of a millimetre), unless the 

* In all numerical applications of this and other formulee thioughout this 
lapter all quantities must be expressed in the C.G.S. or other absolute system of 
iits. 
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iifference of pressures,^! — JS greater than is ordinarily met with 
a engineering practice, provided that proper correction is made for 
he disturbing effects of the ends of the tube. 

In the case of viscous lubiicatmg oils, the formula is applicable, 
^ith certain restrictions, to their flow through ordinary lines of 
)iping, but it must be regarded as subject to correction, or even 
wholly inapplicable, to the flow of the less viscous oils especially 
inder considerable pressures.^ 


In the case of a gas, p = , 

ind R a constant Thus from (9) 
mdz = 


T being the absolute temperature 


7ra^ 

8^RT 


pdp 


(ii) 


If T and [m can be regaided as constant throughout the length of 
he tube, integrating (ii) we have 


ml 


Tia* 


i6/xRT 




(12) 


is the equation connecting the flow and the fall of piessure. 

In the preceding discussion the kinetic eneigy of the fluid has 
Deen assumed to be negligible All the foimulse given, however, 
'cmain coircct for the case of a liquid even when the kinetic eneigy 
s appicciable, provided that they aie applied only to the middle 
Dortion of the tube and not to its end poitions where the flow is 
iffected by the acceleiation and letardation of the fluid which occur 
near the inlet and outlet It is well known that the kinetic energy 
which a fluid acquires in cnteiing an orifice is not wholly lestored 
IS pressuie eneigy at its discharge There is theiefore a resistance 
to the flow aiising fiom the acceleration and retardation at the inlet 
md outlet of a tube, additional to the frictional losses within the lube 
itself. In the case of a square-ended tube opening into large vessels 
It each end, the loss of pressure is approximately i*i2 X 
where u is the mean velocity at the outlet. f 

There aie further sources of resistance not taken into account 
in our calculations, arising from viscous fiiction between the streams 
at the ends, where the lines of flow aie not parallel to the axis 
of the tube. Fig 5J shows the course of the particles of fluid 
at the inlet and outlet of a square-ended tube when the kinetic energy 
is appreciable and both ends of the tube are immersed in the fluid, 

See e.g. (13), P i 59 t See Hoskmg, PM Mag , April, 1909, Schiller, 

Zeits Math. u. Meek , Bond, Proc. Phys. Soc , 34 , IV. % Fiom (10), p. 158. 
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Fig. 6 illustrates the condition which occurs when the outlet of such 
a tube is not immersed but discharges the fluid m a series of drops. 
In this case there is another resistance to the 
flow, due to the excess of internal pressuie 
which is necessary to extend the surfaces of the 
drops during their formation. 




Tig S 


0 

Fig 6 


The calculation of the resistances due to these disturbing effects 
is rathei uncertain, and on this account an accurate correspondence 
between the results of calculation and those of expeiiment can only 
be expected when the tubes are vei7 long compared to then diameteis 


Use of Capillary Tubes as Viscometers 

The experimental determination of coefficients of viscosity is 
earned out by instiuments of vaiious kinds, known as “ viscomctcis 
or glischiometeis ’’ These are divided into two classes, namely 
absolute viscometers, by the use of which the coefiicient oi 
viscosity can be determined in absolute measure diicctly liom the 
dimensions of the instrument itself (combined with measurement of 
a time interval), and “ secondary ” or commercial ’’ viscometers, 
which require to be calibrated by comparison of then results with 
those of an “ absolute ” viscometer. 

The best absolute viscometers, for liquids at least, depend on the 
measurement of flow through capillaiy tubes, ii being determined 
from the equation (lo) given on p. no, after instrumental measure- 
ment of the other quantities involved. The appaiatus by which 
Poiseuille made the first accurate determinations of the viscosity of 
water was of this.class. The tubes which he used varied m diameter 
from o-ooi to 0*014 cm., their lengths being a few centimetres, and 
the pressure was applied by a column of mercury up to 77 cm. in 
height. Such instruments are capable of very considerable accuracy 
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Fig 7 — Stone’s Absolute Viscometer 

hen used with proper precautions, and when the necessary cor- 
^ctions are applied for the various disturbing factors. The viscosity 
'water, for instance, at atmospheric temperatures is probably known 
ithin Tjjth of i pei cent of its true value.* 

^-See (ii), p. 158. 
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The consistency to this ordei* of accuracy of determinations made 
with different instruments and under different conditions is con- 
clusive evidence of the correctness of the basic assumption of the 
linear connection of traction with shear, and of the absence of slipping 
of the fluid over the walls of tubes The pimcipal 
precaution which has to be taken in the use of the 
capillary viscometer, m addition to the elimination of 
(oi, in so far as that is not possible, the correction 
foi) the end-disturbances which have been pointed 
out, is the accurate determination of the tempera- 
ture of the fluid undei test. The latter requiiement 
is usually met by sui rounding the capillary tube 
with a water-jacket, means being provided for 
warming or cooling the water, and measuring its 
temperature. 

The most convenient form of “ absolute ’’ capil- 
lary viscometer for liquids is that desciibed by W, 
Stone (i8, p. 159). In this instrument the pressure 
is applied by a coJumn of mercuiy of which the 
height is automatically maintained constant, and other 
devices aie provided which further simplify the 
manipulation of the instrument and the calculation 
of the results from the observations The Stone 
viscometer is illustrated in fig. 7, the capillaiy tube 
and its attachments being shown separately m fig 8. 
The following is an abbreviation of the designer’s 
desciiption cited above. 

The instrument consists of thiee essential ele- 
ments, viz the viscometer burette, the adjustable 
constant-head apparatus, and the piessuie-gaugc. 
The viscometer burette consists of two glass vessels 
A and B (fig 8), of equal internal diameters and suitable lengths, 
connected at their lower ends by means of a wide-boie tube C, and 
of a capillary tube D of suitable dimensions for the desired purpose. 
The three portions of the burette are held together by the brass 
clips and tension-rods R. Several interchangeable tubes D may 
be provided for fluids of different viscosities. 

The measuring vessel A is provided with two platinum wires 
sealed into its wall, and so bent that the inner end of each wire lies 
on the axis of the tube. The capacity of the vessel between the two 
platinum points can be thus accurately measured. A glass tap T 



Fig 8 
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is provided on the inlet to the burette to control the staitmg of a 
test. The whole of the burette is immersed in water contained in 
a glass tube (see fig. 7) having a brass bottom. A brass cover is also 
fitted having a slot for the insertion of a Stirling rod and a ther- 
mometer A Bunsen burner selves to heat the water. 

The adjustable constant-head apparatus consists of two glass 
vessels, the lower one F being furnished with a tap V at the top and 
the upper one G suspended by a spring from a hook attached to a 
sliding clip H which can be clamped to the standard S at any desired 
height. Through the outer end of the clip a glass siphon pipe passes 
to the bottom of the vessel G when the latter is at its highest point, 
L.e against the clip H The siphon is connected to the lower vessel 
F by means of a rubber tube. The strength of the spring is so 
adjusted that as the mercury flows from G to F, the former, 
being thereby lightened, will rise so as to maintain the surface 
of the mercuiy in it at constant height above that of the 
mercury in F, 

The pressui e-gauge K is of the oidmary U pattern, with meicury 
as the woiking fluid A thiee-bianch pipe P connects the burette, 
pressure-gauge, and constant-head appaiatus. 

The instrument must be set up veitical. As the liquid to be 
tested IS fed into the burette A (fig 8), the vessel F is removed from 
the socket J and raised to a suflicient height above G to reduce the 
lir-pressiire m B (fig 8) and thus draw the liquid under test into it, 
lowering the suiface m A below the lowei platinum gauge-point. 
The glass tap T is then closed and the pressure apparatus adjusted 
to the desiied piessure. Then the tap is opened, and the time 
elapsing between the moments of contact of the liquid surface with 
the gauge-points in A is taken by means of a stop-watch or suitable 
ehionogi aph. 

By the use of this instrument the viscosity of a sample of oil 
ean be determined at ten or twelve different temperatures within an 
lioui The pressure can be varied fiom about 5 to 50 cm of mercury 
in order to give (without changing the tube D) convenient intervals 

time for measurement according to variations in the viscosity of 
the oil 

Vaiious other forms of apparatus have been used for the absolute 
deteimination of viscosities, their action depending, for instance, 
^n the torsional oscillations of a disc or cylinder (a method which 
Ls convenient for measurement of the viscosity of gases, on account 
of the accuracy with which the very small forces involved may be 
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measuied by this means), the continuous rotation of a cylinder or 
disc or sphere, or the fiee fall of a sphere in a body of fluid 
Foi geneial purposes, however, no other method is so convenient 
01 accurate for absolute measurements of viscosity as that of 
Poiseuille. 


Secondary or Commercial Viscometers 

Tube viscometeis are also commonly employed foi making 
practical or commercial measurements of viscosity In ordei to 
reduce the time occupied by the measurements, and to simplify 
the apparatus and to reduce its delicacy, much shoiter tubes 
are used in these instiuments than are admissible for absolute 
instruments. 

In the Redwood viscometer, for instance, the tube is appioxi- 
mately 17 mm. m diameter, and 12 mm m length, being a hole 

drilled through an agate plug fixed in the bottom of a vessel 

which is arianged to contain a measured quantity of the liquid to be 
tested. The liquid flows out of the hole under the force of gravity, 
the time of efflux of the measured quantity being taken by a stop- 
watch. Means are provided for warming or cooling the liquid to 

any temperature at which it is desired to make the test, but the 

determination of the actual tempeiature of the fluid as it is passing 
through the hole is one of the chief difficulties in the use of this and 
similar instruments. 

In some of these the ‘‘ tube is so much 1 educed In length as 
to become a meie orifice. It will be readily undeistood that the 
con actions for the end effects of the tube, which have been 
pointed out as necessary in connection with all cases of viscous 
flow in tubes, become 1 datively much moie considciablc in the 
case of such shoit-tube instiuments. In these, except for the 
moie viscous liquids, the times of efflux are no longer propoi- 
tional to the viscosity of the fluid. It is therefoie necessaiy, in 
order to obtain reasonably accurate results, that such instruments 
should be calibrated over the range of their intended application 
by comparison with an absolute viscometer. Such a system of 
calibiations not having been generally adopted, an unfortunate 
practice has become common of expressing viscosities, not in 
terms of physical or engineering units (by which alone the value 
of the unit can be applied in calculations), but by the number of 
seconds or minutes required for the efflux of a certain volume through 



VISCOSITY AND LUBRICATION 117 

le or other of the best-known forms of commercial viscometers, 
heie aie thus in use as many arbitrary, irreconcilable, and dynami- 
dly meaningless units of viscosity as there are manufacturer of 
immercial viscometcis. 

A differ ent type of secondary viscometer recently intioduced 
the cup-and-ball viscometei The action of this instiument 
epends on the viscous flow of the fluid, not in a tube, but between 
VO nearly parallel and closely adjacent surfaces. The instiument 
id its mode of operation will be moie fully described below, after 
iscussion of the theoiy of that type of viscous motion. 


Coefficients of Viscosity of Various Fluids 

In Table I (p, 118) aie given values of the viscosity constant 
of a few of the fluids which aie of chief interest to engineer, 
specially in connection with lubrication The table contains also 
iproximate numeiical data, for the same fluids, of certain other 
hysical properties, the significance of which, as affecting the utility 
f the fluids as lubricants, will be made more appaient by the later 
ortions of this chapter. The constants are expiessed in all cases 
1 C G S units. The value of /x for instance is the ratio of a stress 
leasuied in dynes pci squaic ccntimetie to a late of sheai measuied 
1 centimcties pci second pei centimetre 

The values ol aic given lor various tempeiaturcs between o® 
nd 100° C d'he other constants, which for the most pait do not 
aiy lapidly with tcmpcratuic, aie stated for atmospheric tempeia- 
ucs m the neighbouihood ot 15^ C. The lule which is apparent 
om the tabic as to the values ot fi for liquids, namely that the value 
31 each liquid diminishes as the temperature uses, is tiue geneially. 
t will be noticed that the late of vaiiation is much less lapid for 
1CICU17 and carbon bisulphide than foi the other liquids In all 
ascs, as m au, on the other hand the viscosity inci eases with the 
cmperatuic. 

Variation of Viscosity with Pressure 

The viscosity of both liquids and gases varies veiy little with 
sanations of piessure over a range from many times less, to many 
lines greater, than atmospheric piessure. At pressures, however, 
)f the order ol intensity of hundieds of atmospheres most liquids 
Lppear to have greatly increased coefficients of viscosity. 



TABLE I 

Coefficients of Viscosity, &c , of various Fluids in C G.S Units (at Atmospheric Pressure) 
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The following table (Table II) from Hyde (ai, p. 159) shows 
how the viscosities of a few lubricating oils vaiy with pressures of 
this order Although such pressures do not usually exist m ordinary 
bearings, there are cases in the application of the theory of viscosity, 
as will be seen later in this chapter, in which the changes of the viscous 
constant by mciease of pressure cannot be neglected. 

Within very wide limits, the viscosity of gases is independent 
of pressure, the viscosity of air for instance being practically invariable 
from a piessure of a few millimetres of mercury up to pressures of 
many atmospheres This law, originally predicted by Maxwell from 
the kinetic theory of gases, has been confirmed by numerous experi- 
ments 

TABLE II 

Viscosities of Various Lubricating Oils at Varying 
Pressures. Temperature 40° C 


Absti acted from a table by J H Hyde 

Proc Roy Sot , A 

97 

Pressme, Kilo- 
giams per Square 
Centimetie 

Mineral Oil 
(“ Bayonne ”) 

Trottei Oil 
(Animal) 



Coefficient of Viscosity, C G S 


0 

047 

0 344 

0375 

0 154 

157*5 

0 62 

0413 

0 422 

0 190 

:u5 0 

0 92 

0 550 

0539 

0 236 

472 5 

1 32 

0 686 

0703 

0 299 

630 0 

I 86 

0 824 

0 880 

0 368 

7875 

251 

— 

I 089 

— 

945 

3 65 

I 217 

I 310 

0 619 

1102 5 

, 5 32 

— 

1 578 

1260 

7 55 

1 731 

- - - 


Viscous Flow between Parallel Planes 



As one of the typical conditions of flow met with m problems of 
lubrication and other practical applications of the theoiy of viscosity, 
It IS convenient to consider in detail the flow of viscous liquid between 
two paiallel and closely adjacent plane walls, supposed fixed 

In rectangular co-oidinates, let ^2: = o, and z = h he the 
parallel planes, h being small compared to their dimensions in the 
X and Y directions, as indicated m fig 9 

For the reasons already explained the components of velocity 
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normal to the planes must be eveiywhei e negligible In other words , 
the rates of shear and the momentum m the Z direction are 
very small; consequently the fluid pressure p does not vary m that 
direction but is a function of a: and y only. Also the rates of change 
from the values of the finite velocity components, u, v, in the fluid 
to their values, known to be zero, on the walls are rapid compared 
to their rates of change in the X and Y diiections. Thus, considei- 
ing a rectangular element, as in fig lo, anywhere between the 


Z 



z 



planes s = o and z — h, the viscous tiactions on its lower face 
in the directions in which x and y increase, are. 

oz 

and — u^SxSy 
os 


The corresponding tractions on the upper face are 


and 





The sums of these pairs of tractions added to the differences of the 
fluid pressures on the faces parallel to the YZ and ZX planes are 
respectively equal to the rates of increase of the momentum of the 
element in the X and Y directions, thus 
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dhc dp , dll ^ 

^0^2 dx '^dty 

j . , 0®z) dp dv 

and sundarly = / + P-j,> 

oz^ dy dt 

0 being the density of the liquid 

The rates of increase of velocity ^ are of the order of the 
^ 3 ., dt dt 

products and and are thus, if, as we assume, u and v are 

small, of the order of squares of small quantities. These momentum 
terms will therefore be neglected m this and the following discus- 
sions, With this stipulation the equations (13) reduce to 


..(14) 


These can be directly integrated, since p is independent of and 


ju. dx 
I dp/z^ 

[jidxKz 

I dp/z^ 


(^+ Q), 


^iZ -j- Cg), 


and similarly v = 

iidyXz J 


Now since ti and v arc zero on the plane ^ = o, the integration 
:onstants and Dg are each zero, and since u and v are also zero 
m the plane z = h' 

/j2 

1 + CiA = - + = o, 

2 2 

so that Cl = Dt = — 


Thus ti 


I dp z{z — h) 


(XS) 


and 

p.dy z 
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and the resultant velocity of the fluid at any point is 


fJL I \dxy 


dp\^\^z{z 
dy) 


h) 


(i6) 


being in the diiection of, and proportional to, the most rapid fall of 
pressure, and varying accoiding to a paiabohc law along each normal 
from one plane to the other, having its maximum value midway be- 
tween them. 

The total flow across a width dy (see fig 9) from plane ^ = o to 
plane z h (in the direction of x increasing) is 


f\:z^ - ;sk)dz 

xJ 0 

S3; dpVz^ ^ ^P 


SyU == SyJ udz — 


2 /x 9 x 
= -Sy 


2iidxi_2 2 Jo 
or U == - — /- 

iziJidx 


iziJidx^ 


••(17) 


Similarly the flow pei unit width in the y direction 

V =r- — 


is 


I2ja0y 


....(18) 


Thus the total flow in any diiection across a unit width perpendiculai 
to that diiection is equal to the rate of decrease of piessure in that 

^3 

direction multiplied by the constant 

The same relation evidently holds for the flow of a viscous liquid 
in the space between two concentric, fixed cylinders, in either the 
axial or the circumfeiential direction, provided that the ladii of the 
cylinders are so nearly equal that their difference can be neglected 
compared with either of them. 

In both of these cases, as well as m all othei cases of flow between 
parallel surfaces plane or curved, it is evident, considering any small 
rectangular element 8 xy Sy, which extends in the z direction from 
one surface to the other, that since the same amount of fluid must 
flow out of, as flows into, the element in unit time, 



or from (17) and (18) 


d^p , d^p 

dx^ dy^ 


(19) 
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It being lemembeied that the surfaces z 
assumed to be fixed. 


123 

o and z = k, are 


Flow between Parallel Planes having 
Relative Motion 

If the plane z = his moving parallel to the plane z — o, with 
components of velocity and in the X and Y directions, uniform 

rates of shear ^ and ^ in these two directions will be superimposed 
h h 

on the fluid velocities u and v of (15) and (i5<2). The components 

of velocity at z will become 

, I 9* z(z 
u == 

[iOX 


h) , z 

■+ «1T. 

2 h 


and 


I dp z{z — h) 
IMdy 2 




but neither the pressures nor the relation 


d'^p , d^p _ 
dx^ 


= o 


will be affected 

If, on the othei hand, the plane z — his caused to move nor- 
mally away from the plane ^ == o, with velocity so that the 

at 

distance between the planes continually inci eases at this rate, it is 
3 vident that an excess of inflow over outflow must take place thiough 
the sides (at light angles to the planes) of the elementaiy volume 
to supply the additional volume which is continually being 

dh 

added to the element at the late - 8;cSy 

dt 

Expressing this equality in symbols. 


. 9 U. , . 0 V. 

OJ— ox + OJC— OJ == 
ox oy 

diu 5, 

- j-pxdy, 
dt 

0 U , 0 V 
dx ^ dy 

dh 

dt’ 


and consequently from (17) and (18), 

d’^p d^p _ i 2 [jidh 
dx^ dy^ dt 


.(20) 
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If we take the planes as being circular, of radius and suppose that 
the fluid between them at this radius is in direct communication 
with a large volume of the same fluid at constant pressure 11 , it is 
evident from symmetry that the flow will 
be everywhere radially inwaids and that the 
pressure will diminish from H at radius a to 
a minimum at the centre. Taking, instead 
of a rectangular element, a cylindrical ele- 
ment extending from one plane to the 
other and contained between radii r and 
r 4* Sr as well as between two radial planes 
at a small angle 8a apart, its rate of in- 
crease of volume, see fig. ii, will be 
This must be equal to the rate of increase of the 



Fig II 


dh^ . 
— -or.rba 
dt 


inward ladial flow as r increases by Sr, so that from (17), p. 123, 


or 


Integrating, 


^SrrSa 

dt 

izii dh 
dt 

dh 2 

¥Jt 


- 1(f)- 

= rf+C. 

dr 


But from (17), since the radial velocity is zero at the centre, 
dp 
dr 


o when r = o. 


c = o and p 

dr dt ’ 


60 that integrating again 


~ WHi + 


When r = n = + C 

rr dt 

= n — _ 


ll 


so that p = n 


A 3 dt 


{cfi - 1 - 3 ). 


.(21) 


The force, P, necessary to move the plane zt z ~ h, against the 
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viscous resistance is equal and opposite to the difference of pressure 
— n integrated over the whole circle, or 

P = [ — r^)dr 

Jo dr ^ 

= ^ [ {ah — - r^)dr 

P dtJo^ ^ 

^TTjLdhfa^ a^\ 

dt\z 4/ 

= 

2h^ dt ^ ^ 


Cup -and -ball Viscometer 

The type of viscous motion which has just been discussed is 
that on which is based the action of the cup-and-ball viscometer 
already mentioned on p. 19, and illustrated in figs 
12 and 13. In the actual instrument, however, ^ 

as illustrated in fig. 12, the two parallel surfaces ^ y 

which are drawn apart aie not planes but segments J $ 

of two spheres, one concave and the other convex. $ $ 

The fixed surface is the concave lower surface of x ^ 

a metal cup, to which is attached a hollow handle by ^ $ 

which the instrument is suspended In the cup ^ ^ 

fits a steel ball, but its surface is prevented from | | 

making actual contact with the spheiical surface of ^ | 

the cup by three very small projections (j, fig. 12) ^ 

fiom the cup’s spherical surface The two spheri- ^ 
cal suifaccs are thus maintained parallel and about 
o or mm apart, when the ball rests on the pro- 
jections The narrow interspace is filled with the 
liquid to be tested, and in addition a groove G formed 
aiound the edge of the cup, and having a capacity ^ 

of a few cubic millimetres, is also filled with the 
fluid, which is held m both the groove and the 
interspace by capillary tension The groove forms 
the reservoir at constant pressure 11 from which the 
interspace is fed with fluid when the two surfaces ^2 

are drawn apart, as in the preceding calculations. 

The force P employed to draw the surfaces apart is the weight 
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of the ball, which is usually of steel and i inch in diameter The 
method of making a test is merely, after placing sufEcient liquid in 



Fig 13 — Cup-and-ball Viscometer 


the cup to fill the groove and interspace, and pressing the ball home, 
to suspend the whole instrument and note the time by stop-watch 
which the ball takes to detach itself. The temperature of the 
instrument, which, on account of the good conductivity of the 
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rietal and the very small mass of liquid, is also veiy nearly the 
emperature of the latter, is observed at the same time by means of 
L thermometer inserted in the hollow handle. 

The time of fall, the dimensions of the instrument being given, 
an be calculated approximately from formula (22), the spherical 
egments concerned, which m the actual instrument are compara- 
ively flat, being treated as circular planes of the same area. 


Since 


dt 

dh 




dh __ 

I 

- 


4P 

hi)' 


a which t is the time of fall of the ball, of weight P, from its initial 
listance hi to a final distance from the surface of the cup. 

This fall is to be consideied to be complete when the volume of 
luid drawn into the interspace is equal to the volume initially con- 
ained in the groove, 1 e 

7Ta^{Ii2 — hi) = 27raS 


/here S is the sectional area of the groove, 

thus ho = hi + — » 
" a 

nd the time of the complete fall is 



yn\La^ ^{ahi + S) 
”P“ hi\ahi + 2 ^f" 


nd if S is laige compared to ahi, as it should be, 

^hit 






2 ’ 


and 




3'7ra* 


(23) 


It will be seen from the formula (22) that the 
P varies as the cube of the distance fallen through. 


velocity of fall 
It is thus very 


mall at first, but increases very rapidly in the later stages, and there 
; no difficulty in practice in deciding the moment when the fall is 
irtually complete. 
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Although the action of the cup-and-ball viscometer can be cal- 
culated with sufficient accuracy when its dimensions, including the 
initial thiclcness of the fluid film, are known, the determination of 
this thickness, that is to say the height of the three projections in the 
cup, with sufficient accuracy would be so difficult that in practice 
the mstiument is employed as a secondary viscometer only. Each 
instiument requires, however, only a single calibration test, which 
suffices to determine a single constant for the instrument, applicable 
over its whole range. The corrections for the momentum of the 
fluid and for capillarity are negligible, the foimei because the velocity 
of the fluid is exceedingly low and the latter because the radius of 
curvature of the meniscus of the liquid in the groove is veiy laige 
compared to the thickness of the liquid film subject to viscous 
traction. 


B. LUBRICATION 

The Connection between Lubrication and Viscosity 

Although viscous liquids and plastic solids have been used from 
the earliest times to diminish friction between solid bodies moving 
in contact with one another, and although the practice of thus “ lubri- 
cating ” the bearings of machines has doubtless been universal since 
machines were first constructed, no rational explanation of the 
action of the lubricant was known until Osboine Reynolds (5), in 
1886, gave a clear interpietation of the phenomena in teims of the 
theory of viscosity. Reynolds^ explanation was only complete in a 
quantitative sense in the case of journal beaiings furnished with 
special, and at that date unusual, means for supplying ample quan- 
tities of lubricant. He showed that in such cases the solid surfaces 
aie completely separated from one another by fluid films of ap- 
preciable thickness, and that such films are maintained and enabled 
to support the pressure imposed on them quite automatically by the 
relative motion of the parts. The theoiy has since been extended to 
bearings of other kinds than journal bearings, and by its application 
new types of bearings have been devised for various pui poses which 
have proved far more efficient than the foims which they were 
designed to replace. 

While this ‘‘ viscosity theory ” of bearing lubrication is not 
quantitatively complete in all cases, and while there are probably 
other modes of lubrication in which viscosity does not play an 
essential part, it is at present true that all the most efficient known 



VISCOSITY AND LUBRICATION 


129 


ypes of bearings which operate with sliding, as distinguished from 
oiling, contact utilize the principle of lubrication which was dis- 
:overed by Reynolds. The expeiimental and theoretical work by 
vhich the principle has been developed may be followed in the 
lapers quoted in the bibliography attached to the end of this chapter, 
t is only possible in the present chapter to give an outline of the 
heory and a few of the leading results which have been established, 
vith examples of the practical forms of bearings in which the theory 
las been utilized 

The feature common to all the beaiings to which Reynolds’ 
heory can be applied is that the surfaces of the relatively moving 
)arts are not exactly parallel but slightly inclined to one another, 
^or instance, in ordei that a journal bearing of the usual type may 
►e lubricated according to Reynolds’ principle, it is necessary that 
he journal shall be slightly eccentric in the bearing, so that the 
ilm of lubricant shall be of a thiclmess varying around the 
ournal 

Similarly, for the proper lubrication of a slipper moving rela- 
ively to a plane surface, it is necessary that the suiface of the 
lipper, if plane, shall be slightly inclined to the plane surface 
wer which it moves. 

Essential Condition of Viscous Lubrication 

The explanation of this essential condition is readily given as 
n extension of the calculations contained in the first part of this 
hapter. 

Usually m the beaiings to which the theory is applicable one of 
le surfaces can be considered as 
ontinuous or unlimited in dimen- 
ion in the direction of the relative 
lotion (as for instance the surface 
f a journal, or a thrust collar, or 
n engine cylinder), while the sur- 
ice of the other member is essen- 
lally limited or discontinuous in 
tie same direction (as the surfaces * Fig 14 

f the corresponding bearing-brass, 

[irust-bearing shoe, or engine piston). In fig. 14, let XY be axes 
f co-ordinates (straight or curved) in directions at light angles to 
ach other along the surface of the continuous element, and Z the 

(D 812 ) e 
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co~oidinate axis normal to this surface, i e. in the direction of the 
thickness of the film, and as before let Uy v, w be the components of 
the velocity of the fluid at any point in these three directions The 
surfaces of the continuous and discontinuous elements are assumed 
to be nearly parallel, and the distance between them h to be small 
compared to their radii of curvature. The discontinuous surface 
is supposed to move with components of velocity % in the X and 
Y directions, parallel to the continuous surface, at xy. The problem 
of finding the motions and pressures of a viscous film between the 
surfaces is the same as that discussed on p 123, except that the sur- 
faces are not now parallel. Considering, as before, the rate of change 
of volume and the flow of fluid into and out of an element extending 
from one surface to the other and standing on the base Sx, it 
is seen from equations (17), (18), that the rate of increase of 
volume of fluid in the element due to the rates of change of piessuie 
and of film-thickness, m the X and Y directions is 


dx\i2ii dxJ dy\i2iJL dy> 


|Sy8:v, 


(24) 


while the rate at which fluid passes out of the element in consequence 
of the shearing deformation due to the movement of the upper 
surface over the lower is 


Uidh^ 5 . , ^ 

^ 3xoy + — ^ oyox. . . . 
2, ox z oy 


(25) 


The volume of the element is however diminishing, in conse- 
quence of the movement of the upper plane, at the rate 

O I 9/2 r\ ^ 




consequently 
d / dp\ ^ 
dx\xZ[Ji dxJ 


d / dp 
dy \12[JL dy 


Ui dh dh 
>z dx z dy. 


\ f dh , dh\ 




This is the general differential equation determining the value of p 
at every point, being solved by integration for each particular case 
when h is given as a function of x and y (thus defining the forms of 
the surfaces), and when the velocities are assigned. The 

complete solution is often not practicable, but exact or approximate 
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lutions can be obtained in a number of the simpler cases which 
n be regarded as sufficiently close approximations to the actual 
nditions of various types of bearings. 


Inclined Planes Unlimited in one Direction 


Take the case of two plane surfaces, the lower, 5: = 0, being 
ilimited in the directions of X and Y, while the upper, also un- 
nited in the direction of Y,* extends only from x = to x = <22, 
d intersects the plane . 8 ^ = o on the line ^ = o. Thus the dis- 
ace between the planes, 
eiywhere small, is propor- 
>nal to so that h = cx^ 
leie c IS the tangent of the 
lall angle between the planes 
je fig. 15). Let us assume 
at the upper plane moves 
er the lower with velocity 
, in the direction of X, v Fig 15 

mg zero, and that the 

lole is immersed in fluid, so that the piessure both in front 
and behind the moving plane is 11 and is constant. Ob- 
3usly none of the conditions vaiy in the direction of Y, so that 

and ^ are both zero. Thus equation (26) becomes 



0 

dx 



dh 

dx 


o, 


and therefore 


h ^‘^1 + 6 uuJh - h^) = 

OX 


(27) 


being the value of h where 


dp 

dx 


o, that is to say at a point, 


/ Xi^ where ^ has a maximum or minimum value 

= -( 
dx 


Thus 
dp 



II 

1 



hv 

x^) 


ice ^ is positive when h<hi^ and negative when h>h^^ it is seen 


’’•'The dimension of a beaiing in the direction of the motion will in all cases be 
iried to as its length, and the transverse dimension as its width, regardless of 
ich of these is the greater. 
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that p has a maximum value (at == between ^ and 

iX? ^ ^2* 


Integrating, p = - C\ 

\x 2X^ / 


.(28) 


but since jp = H, both when and when a? == 


from which 


Yl _ I _ Xi __ q\ _ 6 /x%/ I 

\ai za^ / \a2^ 

2 \a^ a^/ \ai a/ 


Xi 

zai 


’)• 


or 


.(29) 


+ ^2 

(the point of maximum pressure thus being nearer to than to a,), 

611U1C „ 3 (f%f _£ I JL _L 4. / 


= n 


6ju.Mi 

c\ai + a^y 
Thus by substitution for Xi, and C in (28), 

* = rr 4 - 

^ ^ c2 V« {ai + a^)x^ ) 


= n + 


6 /XMi (a-y 4 - dyOz 


c\ay + ^2) ^ ^ 


i), .... (30) 


this equation deteimining the pressures at all points between the 
two planes. 

The total upwaid pressure on the upper plane per unit width in 
the direction Y is 


p = r{p~^ji)dx= r( 

J ai “h ^2)*' 




X 


Oo \ 

‘/-O' 


dx 


6/>t% 


L CL-^ CL^ -[- CL^) 


• (31) 
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leing dependent only on the ratio of a.j, to for a given value of c, 
nd the mean pressure is 


P 


CI2 


6iJ,Ui f I 

U2 — 



2 

«2 + «1. 


(32) 


lIso the total frictional resistance to the motion of the upper plane 
er unit width is 


F == 


[\^dx = 


•(33) 




c 


( 33 «) 


ependent, like P, only on the ratio '• and c; and the ratio 
f traction to load, or “ coefficient of friction ” is 



log, 


log.? 


^2 


2^1 ^2 
+ «'2 


(34) 


Iso the position of the centre of the upward pressure on the upper 
ane is given by 


p/>- 


\\)xdx ~ 


1 "h ^2)-' n, ( 


Vc\a 


.^1 “h ^ 2 ) ■ 


X 


6/xWi {a^ — a^ 

+ ^^2)1 2 



dx 


— Ctx — 2(7i£22 

^ 2(^1 — + (^1 + <^2) loge— 

^1 

ing independent of c. 


( 35 ) 


Applications to Actual Bearings 

The solution of the problem in viscous motion illustrated in 
15 has been worked out in some detail because it affords in a 
igle case a general view of the nature of Reynolds’ theory of lubri- 
tion. 

If we imagine the lower plane ^ == o replaced by the surface of 
:ylinder whose axis is parallel to the Y axis of co-ordinates, and 
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the upper plane, extending from x ^ to x leplaced by 

a cuived surface which, at every point of co-ordinates x, y, measured 
respectively circumferentially from a generating line of the cylinder 
corresponding to ^ = o, and axially from a circumferential ciicle 
of the cylinder corresponding to 3; = o, is at the same normal 
distance h from the cylinder as are the two planes from one another, 
the results which have been obtained will still apply This ideal 
form of a cylindrical journal beaiing is illustrated in fig. 16 The 
cylinder can be regarded as the journal of an axle, and the upper 
surface as the bearing surface of the beaiing-brass of the axle. 

The lesults as to the fluid pressure which have been calculated 
above evidently remain true if, instead of 
the bearing-brass moving in the direction x 
with linear velocity the journal revolves 
in the opposite direction with the same sur- 
face velocity. 

Actual bearings are, of course, not of 
unlimited width, but for the middle por- 
tions of a bearing whose dimension in the 
direction transverse to the relative motion 
IS not less than two or thicc times that 
in the direction of motion, the calculated results apply with fair 
accuracy. In such middle portions of the bearing the oil will flow 
in lines approximately at right angles to the geneiating lines of the 
cylinder. In the lateral portions of the bearing, on the othei hand, 
the oil being under pressure will tend to flow towaids the nearest 
side, and the theoietical conditions will on this account be dcpaited 
from If, however, the sides of the bearing be closed by some ar- 
rangement, such as a stuffing-box, preventing the escape of oil, the 
flow of oil will be everywhere, except within distances fiom the 
closed sides compaiable with circumferential, and the conditions 
assumed for unlimited surfaces will be precisely icalized, piovided 
always, of course, that the bearing-brass is of such a form that 
h = cx^ which is tiuc only to a first approximation for the form 
which is usually given to such brasses. 

The calculations apply more accurately to the case of a conical 
sleeve moving longitudinally on a cylindiical rod as illustiatcd in 
fig. 17. In this figure the axis of X Is a generating line of the cylin- 
drical surface of the rod, the axis of Y is a circumferential circle, and 
that of Z as befoie is normal to the surface. As before, we assume 
that the normal distance between the surfaces is given by A = cx^ 
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that the conical and cylindrical surfaces, which are coaxial, inter- 
ct at A? = o. The sleeve extends from x = to x = and 
supposed to move parallel to the axis of X with velocity 
From symmetiy the motion of the fluid must be everywhere 
rallel to the axis of X, and as the cone and film of fluid have no 
lundaries in the direction of Y, the solution given above will hold 
curately provided that the thickness of the film is very small 
mpared to the radius and length, — ai^ of the cone. Thus, for 
ample, the resistance to the motion of the cone, from (33^), p. 133, is 

ZttT^F = 

C 

le curve in fig. 18 shows the mode in which the fluid pressure 



ween the surfaces of figs 15, 16, and 17 vanes m the direction 
X for the particular case m which a> = It will be seen that 

‘ maximum pressure occurs at x. = or at one-third of the 

3 

gth of the sleeve or bearing-brass fiom its rear end, and, as may 
seen by wilting for <23 in (31^), the resultant piessure 
•urs at a = 1*431^1, or 0-431 of the length from the same end. 
Table III, p. 130, shows the actual numerical results in 
j.S units for a moving surface canying a resultant pressure of 
Cgm. with a lubricating fluid of viscosity i C G.S The surface 
issumed to be i cm long in the direction of motion (1 e, 

I cm), and the results are expressed for i cm. of width in the 
asverse direction The quantities tabulated are* 

hi, the thicloiess of film at unit 10"^ cm.; 

^2? the thiclmess of film at = ^2? tinit lo'"^ cm.; 

“ the distance of the centre of pressure from the trailing end. 
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Unit, I cm ; /, the elFective coefficient of friction, = the tractive 
force in kilograms . 

The independent variable in the fiist column of the table is the 

Cln Jin 

ratio 

% "1 

TABLE III 



h. 

h 


/. 

I 0 

0 

0 

0 5000 

00 

rz 

0 277 s 

0 3330 

0 4818 

3*285 X I0“3 

1*4 

03465 

04851 

0 4664 

2-428 

1*6 

03793 

0 6079 

04532 

2 065 

1*8 

0 3955 

0 7119 

0 4416 

I 858 

2 0 

0-4026 

0 8051 

04313 

I 722 

2 2 

0-4043 

0 8895 

0 4221 

1-625 

24 

0 4027 

0 9665 

04137 

I-S53 

2*6 

03991 

1 037 s 

0 4061 

1-497 

2 8 

0 3942 

1 1037 

03991 

1451 

3.0 

03884 

I 1652 

0 3926 

141 ^ 

4-0 

0 35S9 

1 4237 

0-3662 

I 298 

SO 

03247 

I 6237 

03465 

I 239 

60 

0-2982 

I 7892 

0 3310 

I 202 

II 0 

0 2115 

2 3269 

0 2832 

I 134 


The corresponding results for any other dimensions and con- 
ditions of loading may be derived from the following dimensional 
formulie, viz ' 

If the length of the surface, velocity, resultant load, and viscosity, 
instead of being each unity in the units employed, are respectively 

Length, L centimetres, 

Velocity, V centimetres per second, 

Load, P Idlogiams per unit width, 

Viscosity, M e.G.S. units, 

then, for any given value of — , and /zg aie to be multiplied by 
LV^M^ d — a. 

, IS unchanged, and F is to be multiplied by V^P^M^, 

P a^ — Ui ^ ^ M^V^ 

while c and / are to be multiplied by - p— . 

It will be seen from Table III, combined with these dimensional 
formulae, that the thicknesses of the films of viscous fluid concerned 
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1 lubrication are small, and comparable to the smallest linear mea- 
irements which the mechanical engineer is accustomed to make, 
t is therefoie necessary m order to effect lubrication in the manner 
itended, and to secure the low frictional resistances which the 
leory indicates as attainable, that the workmanship of the bearings 
lall be of a relatively high order of accuracy. 

The fact, otherwise inexplicable, that the conditions and laws 
F viscous lubrication were not discovered until the end of the 
ineteenth century, is doubtless due to the circumstance that it was 
aly at about that epoch that mechanical workmanship became 
merally of such a quality that the necessary conditions were often 
)mplied with. With rougher workmanship the necessary con- 
nuous films cannot be formed, but the two members of the bearing 
)me into actual or viitual contact, at least at some points, and thus 
Ling about mixed conditions of solid and viscous friction incapable 
' being referred to any simple or consistent laws 
Even with woikmanship which may be legarded as perfect the 
[timate stage of failure initiated by any cause is contact of the solid 
irfaces, either directly or through the small particles of solid im- 
unties which aie always to some extent present in the lubricant 
here is thus suggested as a ciiterion of the safety of any bearing 
om such failure, the thickness of the lubricating film at its thinnest 
lit under the working conditions which reduce this thickness to 
minimum 

It will be seen from Table III, p 136, that for a beaiing surface of 
Lven length, with given velocity, load, and lubricant, the thickness of 
le lubricant at the point of closest approach to the other surface, is a 

laximum when ^ It is usual to adopt this ratio as that 

ai 

> be preferred in designing beaiings The table shows that with 
lis ratio the coefficient of friction, though higher than is attainable 

ith greater values of the ratio is nevertheless already so small 

lat its further reduction may usually be considered of little moment. 

must, however, be remembered that the optimum I'atio, — = 

ften taken as 2 o as a sufficiently close approximation) has, strictly 
leaking, been derived only from the special case of a bearing surface 
' infinite length and for the condition h — cx. 

It is hardly necessary to remark that if the velocity Ux in the above 
ilculations be reversed, the equations for the pressures will be still 

(d312) 6* 



138 THE MECHANICAL PROPERTIES OF FLUIDS 


valid, with merely a change of sign for both u and p It must, 
howevei, be lemembered that whereas in the case of positive values 
of p the intensity of pressure has no necessary limit, negative values 
of p^ that is to say tensions, are not m general sustainable in fluids 
such as ordinary oils, and indeed in most forms of bearings positive 
values of p less than fl, the atmospheric pressure, aie usually incon- 
sistent with the assumptions made in the calculations, since, under 
those conditions, air will be drawn into the spaces assumed to be 
occupied by oil. 

The volume of fluid flowing between the surfaces per unit time 
may be calculated as follows: 

From (30), p. 132, the rate of change of the piessuie with x at 
the tear end of the bearing, i e. at is 

dp _ ^6/x%r I ^ 2 a<^ 

dx + ^2) - 

cL-^ ^2 


Theiefore from (17), p. 122, and (25), p 130, the volume rate 
at which the fluid passes through unit width of the noimal plane 
at the real end of the moving surface is 

n — - ^2) j_ 

o / 1 \ *> 

iz\h c\ai + ci^jCLi 2 


ca^i^f _ ^1 

3 N H- ai -h a. 


(36) 


The same result would be obtained by calculating the inflow at the 
front edge, and it may also be seen at once from the considciation 
that at the point of maximum piessure x = ;x?x, thcic being no flow 
due to late of change of pressure, the volume rate at which fluid 

tl 

passes the normal plane is entiiely due to the mean velocity \ 

2 

acting ovei the film thickness, which is 

2 ^CCl•\ (Zo 

CXi = 

«X + ^2 

Under the same assumptions as in Table III, p 136, the value 
of Q for the condition ^ = 2*2 is 2*78 X 10"”'^ c. c. per second 
per centimetre of the transverse dimension of the bearing. 
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Self-adjustment of the Positions of 
Bearing Surfaces 

The question naturally arises how it is possible to secure in actual 
larings the exact locations of the bearing parts shown to be necessary 
r the preceding calculations, and as illustrated in figs. 15-17, and 
)W it IS that so delicate an adjustment is not liable to be destroyed 
r inevitable wearing of the parts The explanation is that m suc- 
ssful types of beatings the paits are self-adjusting, their correct 
utual location being automatically brought about by their relative 
otion and continually corrected for any slight wear which may 
ke place. 

Take for instance the case of the infinite plane slipper illustrated 
fig. 15, of which fig. 19 is a sec- 
)n on any plane parallel to XZ. 

It has been seen from Table 
I that if the latio of ^2 is 

z the resultant piessuie of the 
lid acts at the point x = a. 
lere a — Ci = 0*4221 X [a^ ^1), 2 

id that with the value of 
v^en in the tabic and unit values 
jic and til resultant picssurc is i Kgm per unit 

insverse width. Conveisely, if a load of i Kgm per unit 
dth be applied to the slippci at the point x = a as indi- 
ted by the ariow in fig 19, and the shppei be moved with 
lit velocity and supplied with fluid of viscosity i C.G S , it will 
ke up the same position. Expeiience, moieover, shows that such 
[uihbnum is stable for the displacements which are liable to occur 
the operation of the bearings. In the case of plane slippers the 
ad must in practice be applied as shown in fig 19, that is to say, 
lOugh an actual or viitual pivot oi some kind with which the slippei 
provided at the correct point. Actual examples will be illustrated 
the descriptions of thiust bearings given in the later parts of this 
apter. 

In the case of cylindrical journal bearings, however, there is 
other mode of self-adjustment possible, which, though not so 
icient as the pivot method, is even simpler, and which undesignedly 
ok place in bearings of this class long befoie Reynolds’ principle 
IS discovered, and rendered them superior in efficiency to all other 
isses of bearings known at that time. 
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Self -adjustment in Journal Bearings 

This action is illustrated for the ordinary foim of fixed joiunal 
bearings in figs. 20a, b, c. We will assume that the bearing is one 
of a pair of journal bearings, as for the shaft of an electiic motor, 
consistmg of a cylindrical brass, or pair of semi-cylmdtical half- 
brasses, of which only the lower half cylinder is noimally effective. 
The radius of the bearing is, necessarily, gi eater than that of the 
journal. The load W is assumed to be the weight of the shaft and 
parts attached to it, acting vertically downwards 

Wlien the journal is at rest its position in the bearing is that 





Fig 20 


shown in fig The journal and bearing are then in contact along 
the lowest generating lines of their cylindrical surfaces When, 
however, the shaft begins to rotate, foi example, in the clockwise 
direction as indicated m the figures, the oil at the nght-hand side ol 
the journal is subjected to a traction directed fioin the wider to 
the narrower part of the interspace between the journal and the 
bearing* On the principles which have been explained, the oil in 
this space will consequently exert a fluid pressure. On the opposite, 
or left-hand side of the journal, on the contraiy, the inteispacc 
increases in thickness m the direction of motion, and consequently, 
as explained on p. 137, the pressure in the oil film will fall, becoming 
negative unless, as is sometimes the case, air is ficc to enter, when 
atmospheric pressure will tend to be established. The journal will 
consequently tend to move towards this left-hand side, the point of 
contact between journal and bearing shifting from the lowest gener- 
ating lines to some higher line towards the left hand. Oil under 
piessure will thus be admitted between the paits of journal and 
bearing, and this action will be progressive until the resultant up- 
waid piessure becomes equal to the load W on the bearing. At 
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Qiistanl speed a stable condition will be reached as shown in fig. 20b, 
'he point of closest approach, C, will be somewhere on the left-hand 
de of the vertical, with a portion of the interspace above and to 
le left of C still diverging in the direction of motion The oil in 
US latter space will in consequence exert a negative pressure on 
le journal, as indicated by the arrow Pg The resultant of this force 
tid the positive resultant pressure Pj, exerted by the oil in the 
ght-hand converging portion of the interspace, will be equal and 
pposite to W, the load on the journal. 

If the speed of the journal is increased, the amount of con- 
ergencc and divergence of the respective parts 
f the journal, for a given load W, will auto- 
latically dimmish, the limiting condition with 
ifimte speed (or zero load) being that illus- 
cited in fig 20^:, the journal becoming then 
Dncentnc with the bearing 
It may be noticed that in all cases the 
iverging portion of the film, and the neaily 
arallcl portions in the immediate neighbourhood 
f C, though of respectively negative and zero value for the support 
f load, are subject to sheai of equal or greater intensity than the 
ffective pressure-producing film on the right hand and lower 
II faces of the journal For this leason such journal bearings, with 
le bi asses embracing a semicircle or other relatively large arc, are 
ccidedly inefficient compared to a pivoted bearing of small arc such 
> that illustrated in fig 16, m which self-adjustment takes place 
i the same mode as that described m connection with fig 19 
It is also readily seen that, in all cases, the interspace between 
le journal and a segmental cylindrical bearing surface can only be 
invergent throughout its length if the arc of the bearing surface 
less than 90*^ It is indeed desirable, m order to secure a fairly 
Lpid rate of convergence thioughout, that the arc should be limited 
I 45° at most 

It will be seen that m such a case as that illustrated m fig 21, 
IS possible, without pivoting the brass, for the lesultant fluid 
ressuie to be vertical and thus in equilibrium with the load W, 
ithoiit the formation of any diverging interspace, and this even 
hen the radius of cuivature of the brass is the same as that 
the journal The latter is a convenient condition, as it 
Imits of the simplest and most accurate method of accurately 
»rmmg the bearing surface, namely by scraping or lapping it. 
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It is to be lemarked, however, that automatic self-adjustment in 
journal bearings with rigid (i.e. non-pivoted) brasses, as m fig. 206 
or 21, is only possible when there are not more than two bearings on 
a shaft, or if the shaft is flexible, as othei wise, since a thiid beaimg 
will be invariably out of alignment to an extent comparable with or 
greater than the thickness of effective oil-films, it is not possible for 
each of the journals to adjust itself to its correct position. With any 
number of pivoted bearings, however, if the pivots are appioxi- 
mately in the vertical plane through the axis of the shaft, each bearing 
will exert a vertical resultant piessure, and by providing adjustments 
for the pivots in the vertical direction only it is possible to divide 
the total load carried by the shaft equally between the beaiings. 


Exact Calculation of Cylindrical Journal 
and Bearing 


The mathematical solution of the viscous motion foi the case 
illustrated in figs. 20a, 21 was given by Reynolds (5, p 158) The 
solution was simplified by Sommerfeld (8, p. 158), of whose process 

a brief lesume will now be given. In 
fig. 22, O and O' are the centres and r 
and r -f S the radii of the cylindrical 
journal and semi-cylindrical bearing, 
both of infinite extension in the direc- 
tion of their axes. 

g 

Let 00 ' = £, and - == a, a having 

therefore different values in difleient 
cases, varying from i, when the journal 
and bearing arc in contact, to 00 when 
they ate concentric. 

Let ifj be the angle between 00 ' and the vertical and f/> an angulai 
co-ordinate measured from the direction 00', the co-ordinates for the 

ends of the bearing-biass being ^ and ijj 4* — as indicated in 

2 2 

the figure. Thus the linear co-ordinate, Xy in the direction of motion 
of the brass relatively to the journal is now constant — Then 
from (27), p, 131, 



dp , h hi 


•(37) 
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md since p = U. when <f> = ip — - , and when <j> = p + 

2 2 

C^idp 


z 


h- h- 


'Ucj> = O. 


A.lso, if p is the fluid pressure and q the circumferential traction per 
[init width at and P the total load on the bearing per unit width, 


P COSi/f — 


md 


-f - + ^ 

® — n) cos^r *—1 smj>rd^ = 0 , 

J z J ^ z 




P sin^ — ,r + 

But since 

I (p — U) cos(f>d(j} = (p — n ) smr/) — I 


-A 

md 


q cosj)rd^ 


dp 

l4> 


o. 








(p - n) sin^dp = - (j!) - n) cos<p % " - 

L — J 4 ,-^Z^ 


.dcP 


coscl)d(j), 


md since p ~ U, both when ^ ^ - and when ^ = ijj 

2 

30 that the terms not under integral signs vanish, 

f */' H 

^ / an \ 

■ - COSi/r, 


TT 
"■ > 
2 


ids ~ ^ ^ 


md 


L 

2 

I „i%~ "" "*'r 

t//-- 


•(38) 


Now from (33), p. 133, and (37), p. 142, 




?V 4 


A 3 


rA’ 


in which the second term on the right can be neglected on account 
of the smallness of A compared to r. 
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Thus the equations can be written 

/ i/f+tr/a '\ 

{(A — hi)jh^}sm(f>d<f> == —{Pjr) cost//, 

W. I (35) 

/ yjt-hirfz I 

{(h — hi)lk^}cos(f>d^ = (P/r) sin^, 

V/-ir/2 ^ 

or, since A = €(a + cos^), hi == €(a + cosf/S^), 


these equations become 

f dd> 

J (a + cos^J)^ 
r cos(j> 

(a + cosT^)^ 


e (a + cosc/yf' 

COSt^ 


1,. 




S^P cosi/f ] 

S^P sin^i 
(>yLo?rhii 


.(40) 


the integrals as before being from ifj 


— to l/f + 
z z 


These integrations can be effected by usual methods,* and from 
the results Sommerfeld calculated the following numerical table, 


and the “ coefficient of faction ”,/= 
r P/ 


Table IV, in which r]^ 
where M is the moment of the frictional tractions about O 


a® 


TABLE 

COb(^(, 

IV 


/ 

I 

90 ° 

— r*o 

0 


X I 00 

1*02 

120 ° 

— 0 998 


X 0 012 

X 0 94 

1*13 

129 “ 

— 0 98 

X 0*04 

X 0 93 

1-5 

i 3 S“ 

““ 093 


X 0 08 

X 0 92 

2*4 

133° 

— 0 88 


X 0*14 

X I 00 

63 

128 ° 

— 0 72 


X 0*29 

X I 34 

33 -9 

120 ° 

— 050 


X 0*62 

X 2 17 

00 

90 ° 

0 


X 00 

X 00 


If the coefficient of friction / be plotted with Ui as the variable, 

* f r’^ 7~d^ = -/> - 4-r -7 

J a -j- coi>f/» J a -|- cosf^ J a H- cosfji 

^ ^ — a tanL“^ ( tan ~ ) 

^ Va2-i \ 2 WaH-l/ 

Differentiate this with lesi^cct to a to get mtcgiah in second line of In- 

tegials in first line come at once, since d{a cos«5&) = —sint^d^. 
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P being constant, then for various values of tjq = - we have a series 

r 

of cuives, in which as % increases from zero, the coefEcient of 
friction falls at first to a minimum value about 8 per cent lower 
than Its initial value, then with further increase of % the coefEcient 
gradually rises and finally increases to an asymptotic approximation 

to the straight line/ = 

Po 

The value of % for which the coefficient of friction is a minimum 
is approximately 

m 

Uq • 

12-5 X 

In actual bearings the initial value of the coefEcient of friction 
will be much higher than that calculated, since with very low velo- 
cities, and values of ct only slightly greater than i, the journal and 
bearing will be, owing to minute roughnesses of their surfaces, in 
metallic contact instead of being separated by a very thin continuous 
film, as assumed in the theory 

It is to be observed that in these calculations of Sommerfeld’s 
the portion of the film between the point of closest approach, <f) = 

and ({> = ^ - is subject to a negative pressure. The possibility 

2 

of such a condition may leasonably be postulated in very wide 
beaiings, but can haidly be assumed in bearings of usual proportions 
unless special means are employed for preventing the entry of air at 
the sides 

Approximate Calculation of Cylindrical Bearings 

The method and results of Sommerfeld’s investigation given 
above apply to the case of a cylindrical bearing whose angulai length 
in the circumfeiential diiection is 180°. A similar process may be 
applied to bearings of smaller angulai length, as in fig 21, such 
bearings, as explained on p 141, being pieferable in practice In 
these cases, howevei, there is little value in the assumption that the 
suiface of the brass is a circular cylinder, and, especially in the 
pivoted type, it is usually sufficient to assume that the thiclmess of 
the mtei space is a lineai function of <[>, that is to say to apply in the 
case of a veiy wide bearing the method and results of pp. 131-133. 
If a closer approximation is desired, the form of the bearing may 
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be approximately represented by the equation h = = C(n/»)”' 

with an appropriate value of m differing from unity The solution 
of this case has been given by Rayleigh (20, p. 159), who, however, 
found that in the numerical applications which he made of it, the 
results did not differ very materially from those derived from the 
simpler formula, k = cx. 


Plane Bearings of Finite Width 


A more important modification of the Reynolds theory of bcaungs 
with uniformly varying interspaces, is that which it requires for its 
application to beaiings which are of limited width, and in which, 
consequently, there is a transverse flow of the fluid under pressure 


'z 



Fig 23 


to the sides, 1 e m the 
direction of Y, as well as 
flow m the direction of the 
relative motion X. 

The solution, as given 
^ by Michell (9, p 158), in- 
volves rather lengthy cal- 
culations, and w^e can give 
only an indication of the 
method and a few working 
formulae and constants 


In fig 23 (which corresponds to fig 15 for the case of infinite 
width), ABDC IS a rectangular plate m the plane z = cx (the length 
of the plate being — ai, and its width h) sliding in the diicction of 
X with velocity iq 

The pressure is assumed to be uniform eveiy where except m 
the inteispace between the plate ABDC and the infinite fixed plate 
in the plane ^ = o, i e the boundary conditions of the plate are 
^ = 11, when X = or x = values of y, and also when 

y = Oj or = i, for all values of x Between the two plates p 
must satisfy the differential equation (26), p 130, i.e 


dx 




7 j 

or, since h = cx^ and ™ == o, 

dy 


o; 




4. I 

X dx dy^ cV 



(41) 


o, 
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This equation may be written in the form 

I 39^ , ^ , ^4 X 

I r\ 1^0 I A o 


dx^ 


X dx dy^ 

(sinY + ^ 

\ b 'I 


C^X^ TT 

S.n22+... +1 sm:S+.,.) _ o. 


b '3 b ‘ b 

.ince the sum of the senes in brackets, for all the values of y with 

vhich we are concerned, viz. 3; = o to 3; = i, is ~ . 

4 

To solve this differential equation so as to give ^ as a function 
)f X and yj it is assumed that there is a solution of the form 

^ = n + A + + • • • + An + • • • inf. .... (42) 


in which = 


j. . mny 

) 

mTTX 

~F 


„ being a function of x only. 

The integer m can have only odd values, because p — II must be 
ymmetrical on both sides of _y = ^ 


Thus p — Ii = 2“ 


/here m is odd. 


. nmy 

THTTX 

b~ 


If for brevity we write 24^^ = k, and 




_ 

dx 

d^p _ 

dx^ 

d^p ^ 
3/ 


inn dp WZTT 

T 9^ “ 


m^n^ d^p 

92 


dj, 

di 

d'^p _ m‘n‘‘ (I 

9^ 


2„2 

dt^ 


fr”f- 

S’* d^ 








miry 

V’ 


. mny 

b^t b • 


Thus the coefEcient of sin in equation (41), p. 146, is 

b 
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Every such coefficient must vanish, and consequently the lactoi 
within the brackets may be equated to zero, of which equation the 
particular integrals are the BessePs Functions, and Ki( 0 , and 
the complete integral may be written in either of the foims 

= AMO + - ^(i + I + ^^ + . . .) (44) 

or Ayi(^) + B^„Ki(0-Mr^ + 3 r^ + S- 3 ^r^. 0 -.- 4 ^^ 

The second form, useful when ^ is veiy large, being “ asymptotic 
The coefficients B'„^ are to be deteimmed so as 

to make vanish for x = and ^ == ^2> hence vanish 
for all values of y on these two lines 

These coefficients can only be determined aiithmetically, numcii- 
cal values being given to the quantities and h. The steps of 

the calculation, with tables, aie given in the paper (9, p 158) 
The coefficients &c , having been calculated, the values of 
p for as many points a;, 3;, as may be desired aie also calculated aiith- 
metically, and when p is loiown the total fluid pressure supporting 
the block is determined by aiithmetical or graphical summation, 
from the relation 



The frictional traction by (33a), p 133, is F = — log^^, pei unit 
width, and ^ 


m 


mi 


-6 logl® 
c a-i 


mi 

c 




■(47) 


for the whole of the square shoe, of area A = ^(<3:2 ^1). 

The point of action of the resultant pressuie is found by an 
arithmetical summation of moments By way of examples, a lew 
numerical formulae will be given. 

The total pressuie on a square bearing in which 


^2 


== 6 IS 


p o-o669/xmiA* 


being, by comparison with formula (31), p. 132, only 0-421 of the 
total piessure on a portion of equal area, equal length and inclina- 
tion of a plane of infinite width, thus showing the effect of the 
escape of oil fiom the sides of the bearing. 
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The position of the centre of pressure for the finite square block 
is at a distance 0-42% from the rear edge, as compared with 
0 431%, in the infinite beaiing. (See Table III, p 136.) 

The coefficient of friction — is A further calculation 

P 

serves to show that of the total quantity of oil which enters the inter- 
space at the leading edge of the square shoe approximately one-sixth 
passes out at each of the sides and the remaining two-thirds at the 
rear edge. 

Similarly, in the case of a bearing whose width transverse to the 
motion is only one- thud of its length, so that 

^2 

the total pressure is 

p _ 0 ' 0 i 46 /xWiai o*o 253 /i-zqA^ 

’ 

ind the centre of piessure is 0 ' 29 ^iy ffom the rear end. 

These results, as already explained, are equally applicable to 
ournal bearings as to plane slide bearings provided that the foim of 
he beaiing surface and the position of the pivot are such that h = cXy 
ind <22 — 

Arithmetical evaluations of the pressures and frictional co- 
efficients given by the above theory have been calculated for an 
‘xtcnsive series of beaiing blocks of varying proportions by Torao 
iobayashi (30) 

Cylindrical Bearings of Finite Width 

Mathematical treatment of cylindiical bearings of finite width, 
oiiesponding to the theory given above for plane bearings, does 
lot yet exist This is unfortunate, since the limitation of width 
las an even gi eater cfiect in a cylindiical than in a plane bearing 
n reducing the pressures generated, and particularly so if the arc 
ubtended by the cylindrical bearing approaches a semicircle as it 
Lsually does in the conventional type of journal bearing. 

By way of illustration of this statement, we may take a journal 
earing in which the bcanng-shell subtends an arc of 120°, 
nd in which the thickness of the film at the inlet is double its 
hickness at the outlet (as in the plane bearing previously discussed). 

Such a bearing is illustrated m fig 24,* m which r is the radius 
Fiom (38), p 159. 
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of the journal, r S that of the bearing-shell, the distance between 
their centres being e, while zb is the width of the bearing. 



It is readily seen that in such a bearing the areas through which 
oil may escape at the sides of the bearing are much greater relatively 
to the areas at the front and rear (at which the oil would enter and 
leave in a two-dimensional bearing) than is the case in a plane 
bearing of similar length and width. 

In the particular case in which the width of the bearing is equal 
to the radius of the journal, and in which the radii of journal and 
bearing are equal, so that 

8 = 0 
zb = r, 

the respective areas of the leading, trailing and side openings are in 
the proportions 

2:1: 10*3. 

In other words, the oil which enters the interspace at the leading 
edge has more than 10 times greater area by which to leave at the 
sides than at the rear Piessures are consequently determined almost 
entirely by the conditions at the sides, and a two-dimensional solution 
would convey a very false idea of the actual conditions 

A more useful approximation m such a case can be obtained by 
treating the bearing as infinitely long in comparison with its width. 
On this assumption the pressures over the portion of the bearing 
near its trailing end (which is the only portion in which effective 
pressures will be generated) are given by 
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’ being the axial co-ordinate measured from the middle circum- 
srence, and h the varying thickness, determined by 

= S -j- £ COS 0 . 


Experimental Results 

The curves given in the right-hand half of fig are derived 
rom an extensive series of tests of a pivoted journal bearing of which 
be circumferential length was 6 98 cm. and the width was 6*35 
m , the block being thus not quite square From examination of 
bis diagram it will be found that for a given load the coefficient of 
action varies approximately as while for a given value of /x%, 

vanes nearly inversely as the square root of the load, both these 
esults being m accordance with the formulae above The facts 
tated are brought out more explicitly m the following table, which 
hows that the values of F, P and jiUi, as read off the right-hand 
art of fig 24a, make F'y/(P/^z/j) approximately constant. The 
fft-hand part of fig 24^ will be explained on p. 157* 

TABLE V 


F 

P//X//JL 


lo" FV(P/m»i) 

0 0008 

0 12 

035 

0 28 

0012 

067 

26 

31 

0016 

037 

19 

30 

0020 

023 

15 

30 

•0024 

017 

•13 

31 


Types of Pivoted Bearings 

The chief practical field of application of plane pivoted bearings 
, to thrust bearings These usually take tne form of an annular 
jrics of shoes or ‘‘ blocks ” pivoted upon fixed points in the 
ationary casing and presenting their plane working surfaces to a 
lane-surfaced annular collar fixed on the rotating shaft. Such a 
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rust bearing arranged for a vertical shaft is shown in fig. 25. In 
is bearing the thrust shoes, if, are fixed in the lower part of the 
sing of the bearing which also serves as the casing of a journal 
taring for the thrust shaft. (The journal bearing is of the flexibly- 
voted type desciibed on p. 155.) 

In order that the casing may form a reservoir for oil to 





ibiicate both bearings, the journal surface is formed not diiectly 
pon the shaft, but on the outer surface of a collar T, attached to 
le sleeve S, and forming also the thrust collar which revolves upon 
le annulus of thrust shoes t. This annulus is shown separately in 
26 (The flexible journal ring is shown in fig. 31, facing p. 154). 
In figs 27 and 28 is shown another type of thiust bearing, con- 
snient for application to horizontal shafts. In this form, which 
adapted to take thrusts in either axial direction, two pivoted thrust- 
loes R only are employed for each direction of thrust, each pair 
eing mounted in a common housing IT, which is itself pivoted on the 







\ 

.c ^ 

'c" ^ 
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)wer part of the fixed casing on an edge e at light angles to the 
ivoting ribs, rr, of the individual shoes. 

Fig 28 is a photograph of the parts of the bearing which is shown 
y longitudinal and cross sections in fig. 27. 

In fig, 29 aie shown two views of a pivoted journal bearing shoe, 
eing one of an annular series of four arranged for the journal bearing 
f a vertical shaft The pivoting edge e is clearly seen on the back 
f the shoe 


Flexible Bearings 

The comparatively small clearances and slight relative inclinations 
between coacting bearing parts, requisite to produce effective lubri- 
ating films, allow of a modified type of con- 
truction for achieving the same purposes as 
re attained by pivoted bearings It is evident 
hat in these a spring, or other continuous but 
leformablc connection, may be substituted for 
he rolling or rotating contact of a pivot. Such 
spring may be either a separate pait attached 
)Oth to the shoe and its supporting member, or 
nay be an integial part of one or both of these provided such part 
s made with the necessaiy degiee of flexibility to allow of the shoe 
leflecting under the load. Alternatively, as in a type of construction 
)roposed by Ferranti,^ a pair of springs may be used to connect the 
hoe and its suppoit, viz a comparatively stiff spiing at the rear and 
i lighter spring at the front of the shoe This construction, which is 
llustiated in fig 30, will evidently have the effect of appljnng 
he resultant load at a point P, behind the middle point of the 
ihoc, much as if it were applied to a iigid pivot at that point. 

The chief advantage of a flexible construction is that it enables 
,mall or relatively ummpoitant beaiings to be simplified, by con- 
itiucting a number of bearing shoes integral with, but flexibly con- 
lected to, a common suppoiting member. A serious disadvantage 
s that the flexibility involves more or less lisk of fracture of the 
lexiblc part, a danger which is to some extent oveicome by giving 
lexibility to a portion of the shoe itself. The large journal bearing, 
xlready mentioned on p. 153, is constructed in thp way, and is 
llustrated in fig. 31, and in fig. 25, p. 153. 

In the former the individual shoes, S, may be seen attached to the 
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British patent No. 5035/1910. 
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supporting ring R, by flexible necks N, and having also their leading 
portions, L, reduced in thickness for some distance from the leading 
edges. 


Limitations of the Theory 

As the shoes of such thrust bearings as are illustrated in figs 
to 28 are usually of small radial width compared to their mean 
radii, the formulae given for rectangular bearing slippers may usually 
be applied to them with sufScient accuracy for practical purposes 
in spite of their sectorial form. A more exact calculation can be 
made when required by a process which refers the co-ordinates of 
the sectorial shoe to those of the rectangular shoe.^ 

Of greater practical importance are the departures from the results 
of the calculations which m some cases arise from the insufficiency 
of the physical assumptions which have been made, especially as to 
the constancy of the coefficient of viscosity 

An experimental method of solution, imagined and applied by 
Kingsbury (29), is free from most, if not all, of these limitations 
This method utilizes the identity which exists between the equations 
connecting pressure and volume-flow in viscous liquids, and potential 
and current in an electrical conductor The conductor used is a 
conducting liquid contained within solid, non-conducting boundaries 
shaped to represent m correct proportion (though on an exaggerated 
scale as legards thickness of the conductor) the lubricating film to 
be investigated The results obtained by Professor Kingsbuiy agiee 
closely with those of the mathematical investigations, e g those of 
the plane bearing of finite width given on pp. 146 of the piesent 
chapter. The method has been applied to both plane and cylindrical 
bearings of various ratios of length to width 

It was shown in Table I, p. 118, that the viscosity of lubricating 
oils diminishes rapidly as the temperature rises. In a well-loaded 
pivoted bearing, carrying for instance a mean pressure of 70 Kgm 
per square centimetre, and with the product amounting to 2000 
C G S., and with usual dimensions, it can easily be deduced from 
calculations of the energy expended m overcoming the viscous 
friction, and of the heat capacity of the quantity of oil flowing through 
the lubricating film, that apart from conduction of heat through the 
metal, the oil would rise in temperature some 50° C. m passing 


* See (16, p. 158) Correspondence. 
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Liough tlie bearing. Conduction will diminish this rise of tempera- 
ire, but in most cases of heavily loaded bearings it is still sufficient 
► make the viscosity of the oil in the rear portion of the film much 
wer than in the leading portion. Thus, other conditions remaining 
lalteied, the outflow of oil at the rear will take place with a less 
pid fall of pressure m that direction, and the point of maximum 
‘essure will be shifted towards the front of the bearing. In fig. i8 
le dotted curve p\^ p. 135, Revue (19, p. 159), is figured 

I the assumption that the rise of temperature of the oil is such 
at Its viscosity at exit is reduced to one-half of its value at entry, 
le conditions being otherwise the same as those for the full-line 
irve as already explained on p. 135. 

The lower values of the fluid pressure throughout the film and 
e shift of the point of maximum pressure towards the leading edge 
e clearly seen. The point of action of the resultant pressure is 
30 moved forward relatively to its position with constant oil tem- 
Tature, and it may even happen that the centre of pressure is at, 
in front of, the middle point of the bearing block If, for example, 
c direction of motion of a pivoted bearing is reversed, so that the 
vot IS before instead of behind the centre of the bearing, it is 

II possible in many cases for a lubricating film to be formed and 
assures generated in it in equilibrium with the load Such an 
ect IS shown in the left-hand half of fig 24^2, which shows the 
suits of revel sing the bearing In such a case the oil film is neces- 
nly thinner, and the coefficient of friction higher than for the 
rrcct direction of motion, but neveithelcss the capability of being 
v^ersed in this manner, and of even then working with coefficients of 
ction lowci than those of non-pivoted bearings, is a valuable 
operty of the pivoted type When, however, pivoted bearings are 
iployed in this manner, it has always to be remembered that their 
ccess when running reversed depends upon the lubricant having a 
nsidciable rate of diminution of viscosity with rising temperature 
>r example, an experimental thiust bearing which ran very suc- 
ssfully in both diiections with water and with a mineral oil of low 
icosity as lubiicants, 01 with carbon bisulphide when running m 
3 noimal direction, completely failed to run in the reversed direc- 
n with the last-named fluid, doubtless on account of the peculiarity 
Its viscosity-temperature relation, which has already been men- 
nedonp 117 

Effects of the same nature, which arise in the use of air as a 
)ricant in pivoted thiust bearings, have been pointed out and 
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experimentally investigated by Stone * (24, p. 159). With air, owing 
to the viscosity of gases increasing with rising temperatures instead 
of diminishing as m liquids, pivoted bearings tend to be much less 
stable as to the inclination of the pivoted shoe than with liquid 
lubricants. 

On the other hand, as the same author has also remarked, the 
increase of the viscosity of the air film with temperature tends to 
increase the thickness of the film when a rise of temperature takes 
place owing to excessive load or undue resistance. The risk of 
direct contact of the bearing elements thus tends to become less as 
the bearing heats up, instead of greater as with liquid lubricants. 

Calculation and experiment agree in showing that the successful 
use of air as a lubricant demands the highest refinements of work- 
manship, with modeiate loads and relatively high speeds. 
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CHAPTER IV 

Stream-line and Turbulent Flow 


Stream “line Motion 

The motion of a fluid may be conveniently studied by con- 
sidering the distiibution and history of the stream lines, i.e the 
actual paths of the particles. If these paths or stream lines 
preserve their configuiation unchanged, the motion is called 
steady or stream-line motion. (See Chapter II, p. 57.) 

If the stream line be imagined 
to foim the axis of a tube of finite 
sectional aiea having imaginaiy 
boundaries, and such that its aiea 
at different points in its length 
is inversely proportional to the 
velocities at these points, this is 
termed a ‘‘ stream tube 

Such stieam lines must always 
have a continuous cuivature, 
since, to cause a sudden change 
in direction, an infinite foice acting at light angles to the diiection 
of flow would be necessary. It follows that in steady motion 
a fluid will always move in a curve around any sharp comer, 
and that the stieam lines will always be tangential to such 
boundaiies, as indicated in fig, i, which shows the gcncial foim 
of the stream lines of flow from a sharp-edged orifice. With a 
very viscous fluid, the effect of cohesion may introduce compara- 
tively large forces, and the radius or curvature may then become 
' very small. 

* See an alternative way of putting this idea, Cliaptei II, p, 57* 
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Stability of Stream -line Motion 

Several conditions combine to determine whether, in any parti- 
alar case of flow, the motion of a fluid shall be stream-line or tur- 
ulent. Osborne Reynolds, who first investigated the two manners 
r motion by the method of colour bands,* came to the conclusion 
lat the conditions tending to the maintenance of stream-line motion 
e 

(i) an increase in the viscosity of the fluid; 

(a) converging solid boundaries, 

(3) free (exposed to aii) surfaces; 

(4) curvature of the path with the greatest velocity at the outside 
the curve; 

(5) a reduced density of the fluid. 

he reverse of these conditions tends to give rise to tuibulence, 
does a state of affairs in which a stream of fluid is projected into 
body of fluid at rest. 

The effect of solid boundaiies in producing turbulence would 
pear to be due rather to their tangential than to then lateral 
flness One remaikable instance of this effect of a boundary 
•ssessing tangential stiffness is shown by the effect of a film of 
on the suifacc of water exposed to the wind The oil film 
eits a very small but appicciablc tangential constiamt, with the 
mlt that the motion of the water below the film tends to become 
stable This results in the formation of eddies below the surface, 
d the energy, which is otherwise imparted by the action of the wind 
form and maintain stable wave motion, is now absoibed m the 
ititution of eddy motion, with the well-known effect as to the 
lling of the waves. 

Where two streams of fluid are moving with different velocities 
5 common suiface of sepaiation is in a very unstable condition 
ynolds showed this by allowing the two liquids, carbon bisul- 
ide and water, to foim a horizontal surface of separation in a 
[g horizontal tube. The tube was then slightly tilted so as to produce 
dative axial motion of the fluids, when it was found that the 
•tion was unstable for extremely small values of the relative 
ocity. 

This also explains why diverging boundaries are such a cause 
turbulence. Experiment shows that in such a case as shown in 

^PhiL Tram, Roy, Soc.^ 1883 , 
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fig. z the high- velocity fluid leaving the pipe of small section is 
projected as a core into the surrounding mass of dead water, thereby 
giving rise to the conditions necessary for eddy formation. 

More recent experiments^ tend to show that the foregoing 
conclusions as to the effect of the curvature of the paths in affecting 
the manner of motion, are only true where the outer boundary of 


o- 



Fig z 
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the fluid is formed by a solid surface, and that in some cases — as 
shown at the impact of a steady jet on a plane surface, at the efflux 
of a jet from a sharp-edged orifice, and in motion in a fiec vortex — 
curved motion, with the velocity gieatest at the inside and not at 
the outside of the curve, tends to stream-line motion. Generally 
speaking, wherever the velocity of flow is increasing and the pressuie 
diminishing, as where lines of flow are converging, there is an ovei- 
whelming tendency to stability of flow In a tube with conveiging 
boundaries it is this which leads to stability, and it is because this 
effect is sufficiently great to oveicome the tendency to turbulent 
motion to which all solid boundaries, of whatever form, give rise, 
that the motion m such tubes is stable for very high velocities. 


Hele Shawl’s Experiments 

The fact that stream-line motion is possible at fairly high velo- 
cities between parallel boundaries if the fluid is viscous, and if the 
distance between the boundaries is small, has been taken advantage 
of by Dr. Hele Shaw,f who produced stream-line motion in the 
flow of glycerine between two parallel glass plates, and showed 
the form of the stream lines by introducing coloured dye solution 
at a number of points. By inserting obstacles between the 
glass plates the form of the stream lines corresponding to flow 

* Memoirs, Manchester Lit and Phil Soc,y 65 , 1911, No. 13. 
f Trans. Inst. Naval Architects^ 1898, p, 
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ough a passage or around a body of any required shape can 
IS be obtained (figs. 3 and 4). 



< «<« 


Fifi: 3 

The form of the lines to be expected in the case of two-dimensional 
V of a perfect non-viscous fluid around bodies of simple and 
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symmetrical shape, may be calculated,^ and an examination of the 


stream lines obtained in the Hele 
are identical in form with those 
spite of the fact that in one case 



Shaw apparatus shows that they 
thus obtained by calculation, in 
the forces operating are entirely 
due to ineitia, and in the othei 
to viscosity. It has been shown 
by Sir Geoige Stokcsf that this 
is to be expected, for if PQ and 
P'Q'(fig. 5 ) be two boundaries 
of a stream tube, and if PP' and 
QQ' be normals to one of the 
boundaiies, ultimately these will 
become elements of two con- 
secutive equipotential lines, and 
if produced will meet on the 
centre of ciuvatuie of the tube, 
so that if V and v -|- be the 
velocities at P' and P, and li r be 
the curvatuie and t the thickness, 


V + 8v ___ PQ _ r -i- 
V ^ WQ' 7~ ' 

, 8v ^ V 

t Y 


•( 1 ) 


Again consideiing the equilibrium of the element P'Q'QP, now 
imagined as part of a perfect non-viscous fluid, the centrifugal 
force will be balanced by the difference of noimal piessuics ( 8 ^) 
on the inner and outer faces, and by the resolved part of the diflei- 
ence of pressure due to the difference of level (8;^) between the two 
faces If directions towards the centre of curvature be called positive, 
on resolving normally, 

= _8p_pS;5 ( 3 ) 

r 

*vt 

On substituting for — from (i) this becomes 
r 

pv8v + + p8z = o 

pv^ 

or - — 4 - = constant, 

2 


* Hydrodynamics i Lamb, p 61, also Trans, Inst N, 1898, 
t British Association Reports ^ 1898, pp. 143-4. 
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hich IS Bernoulli’s equation of energy for a perfect non-viscous 
aid. It follows that the velocity relationship indicated in (i), p. 164, 
hich obtains when viscosity is the dominating factor, is also 
)nsistent with the stream-line flow of a non-viscous fluid. 

Critical Velocity 

The nature of the two modes of fluid motion was first demon- 
rated by Osborne Reynolds^ in a series of experiments on parallel 
ass tubes of various diameters up to 2 in. These were fitted with 
ell-mouthed entrances and were immersed horizontally in a tank 



Fig 6 


I water having glass sides (fig. 6) In these expeiiments the water 
i the tank was allowed to stand until motionless. The outlet valve 
was then opened, allowing water to flow slowly through the tube, 
little water coloured with aniline dye was introduced at the 
itrance to the tube through a fine tube supplied from the vessel B 
At low velocities this fluid is diawn out into a single colour 
and extending through the length of the tube. This appears to 
e motionless unless a slight movement of oscillation is given to 
le water in the supply tank, when the colour band sways fiom side 
) side, but without losing its definition. As the velocity of flow is 
Ladually increased, by opening the outlet valve, the colour band 
ecomes more attenuated, still, however, retaining its definition, 
ntil at a certain velocity eddies begin to be formed, at first inter- 
littcntly, near the outlet end of the tube (fig. 7). As the velocity 
still further increased the point of eddy initiation approaches the 

* Phil, Trans, Roy, Soc , 1883 , 
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mouthpiece, and finally the motion becomes sinuous throughout. 
The apparent lesser tendency to eddy formation near the inlet end 
of the tube is due to the stabilizing influence of the convergent 
mouthpiece. 

The velocity at which eddy formation is first noted in a long 

V 

^,r7rir<r&-2r2r3. 

r 

Fig 7 


tube in such experiments is termed the higher critical velocity 
There is also a “ lower critical velocity ”, at which the eddies in 
originally turbulent flow die out, and this is, strictly speaking, the 
true critical velocity. It has a much more definite value than the 
higher critical velocity, which is extremely sensitive to any distui- 
bance, either of the fluid before entering the tube, or at the entrance. 
Over the range of velocities between the two ciitical values, the 



fluid, if moving with stream-line flow, is in an essentially unstable 
state, and the slightest disturbance may cause it to break down 
into turbulent motion. 

The determination of the lower critical velocity is not possible 
by the colour-band method, and Reynolds took advantage of the 
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act that the law of resistance changes at the critical velocity, to 
ietermine the values by measuring the loss of head accompanying 
lifferent velocities of flow in pipes of different diameters. On plot- 
ing a curve showing velocities and losses of head (fig. 8) it is found 
hat up to a certain velocity, A, for any pipe, the points lie on a 
.traight line passing through the origin of co-ordinates. From A 
0 B there is a range of velocities over which the plotted points are 
;ery irregular, indicating general instability, while for greater velo- 
cities the points lie on a smooth curve, indicating that the loss of 
read is possibly proportional to 

To test this, and if so to determine the value of n, the logarithms 



)f the loss of head h and of the velocity were plotted (fig. 9) 

h = hv-, 

log A = log /e + 72 log z;, 

he equation to a straight line inclined at an angle tan”^ n to the 
ixis of log and cutting off an intercept log k on the axis of log h. 

On doing this it is found that if the velocity is initially 
turbulent the plotted points lie on a straight line up to a certain 
point A, the value of n for this portion of the range being unity. 
A.t A, which marks the lower critical velocity, the law suddenly 
changes and h increases rapidly. There is, however, no definite 
relationship between h and v until the point B is reached. Above 
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this point the relationship again becomes definite, and within the 
limits of experimental eiroi, over a moderate range of velocities 
the plotted points he on a straight line whose inclination varies witf 
the roughness of the pipe walls. The values of n determined in this 
way by Reynolds are- 


Mateiiai of Pipe. n 


Lead . 


I 79 

Varnished . . 

. . 

I 82 

Glass . . 


I 79 

New Cast lion 

. . 

I 88 

Old Cast lion 

.. 

2-0 


those for cast iron being deduced from experiments by Darcy 
When tested over a wide range of velocities, it is found that 
the value of n in the case of a smooth-walled pipe is not constant 
but increases somewhat as the velocity is increased 

Between A and B the value of n is greater than between B and C, 
and the inci eased resistance accompanying a given change in velocity 
is gieatei even than when the motion is entiiely tiubulcnt This 
is due to the fact that within this range of velocities eddies aic being 
initiated in the tube, and the loss of head is due not only to the 
maintenance of a moie or less uniform eddy regime, but also to 
the initiation of eddy motion. 

Messis Barnes and Coker-^ have determined the ciitical velocity 
in pipe flow by allowing water to flow through the given pipe which 
was jacketed with water at a higher temperatuic The tcmpeiatuie 
of the watei dischaigmg from the pipe was measured by a delicate 
thermometer. So long as the motion is non-smuous, tiansmission 
of heat through the water is entiiely due to conduction and is 
extremely slow, so that the theimometer gives a steady reading 
sensibly the same as that in the supply tank. Immediately the critical 
velocity is attained, the rate of heat tiansmission is increased due 
to convection, and the change from stream-line to tuibulent motion 
is marked by a sudden increase in the temperature of the discharge, 

*Proc. Roy, Soc, A, 74, 
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The law governing the relationship between the critical velocity 
I the factors involved was deduced by Reynolds from a considera- 
1 of the equations of motion: for if the state of motion be supposed 
depend on the mean velocity in the tube and on the diameter, 
acceleration may be expressed as the difference of two terms, 
5 of which is of the nature (Mvjd^ and the other of the nature f>v^. 
was then inferred that since the relative value of these terms 
bably determines the critical velocity, the lattei will depend on 
le paiticular value of the ratio [Mjpvd To test the accuracy of 
} conclusion experiments were made on pipes of diffeient dia- 
ters, and with different values of [i obtained by varying the 
iperature of the water between 5° C. and zz° C. 

The lesults of the expeiiments fully justified the foregoing 
elusions, and showed that the ciitical velocity m a straight 
allel pipe is given by the formula 

P 

= M’ 

tie b IS a numerical constant, and where P oc ^//), If the unit of 
jth IS the foot, b equals 25*8 for the lower critical velocity, and 
) for the higher velocity, while if ^ === tempeiaturc in degrees 

itigrade, t 

P == 

I +• o 03368^ O OOOZZlt^ 


Moie lecent expeiiments by Coker, Clement, and Baines* and 
^rs earned out by Elcmanf on the oiigmal apparatus of Reynolds, 
w that by taking the greatest care to eliminate all disturbance 
ntiy to the tube, values of the higher ciitical velocity considerably 
itei than (up to 3 66 times as great as) those given by the above 
Qula may be obtained. The probability is, in fact, that there is 
definite higher ciitical velocity, but that this always inci eases 
1 decreasing disturbances. 

A general expression for the lower critical velocity in a parallel 
i, applicable to any fluid and any system of units, is 




2300/X 

dp 


2300V 




* Trans Roy Soc , 1903, Proc» Roy. Soc A, 74 . 
f ‘*Arlav for Matematic Ast. Och. Fys , 1910, 6, No 12. 
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I'hus foi water at o° C., 
second units, so that 


I 92 X 10“*^ in foot-pou 


ft.-sec , wheie d is in feet. 
d 


While for air at o® C., 

V = 14-15 X 

<1), == ft.-sec. where d is in feet. 


In this connection fig. 10* is of interest, as showing the icsul 
of experiments on a number of pipes of diffeicnt diameteis, wi 
air and watei flow, in which values of ^jpv^ aie plotted as oidinat 
against the corresponding values of vdjv or o{log(vd/p) Ileie R 
the suiface friction per unit area of the pipe wall. The cuivc consis 
of two parts connected by a narrow veitical band correspondii 
to a value of vdjv of approximately 2300, over which the points f( 
the various pipes are somewhat irregulaily disposed This ban 
indicates the range of instability between stream ime and tiue tin 
bulent flow. The left-hand curve, coiresponding to speeds bclo 
the critical value, is calculated from the foimula 

p 


theoietically conesponding to stieam-lmc flow f It will be seen tin 
the points for both air and water flow he closely on this cuive, an 
that the break-down of the stream-line motion takes place in a 
cases at appioximately the same value of vdjv 

As may be shown by an application of the punciplc of dynamic! 
similaiity,J formula (3) is a paiticular case of the gencial foimul 



which is applicable to all cases of fluid motion. Heic / is the lengtl 
of some one definite dimension of the body The value of th 
constant k now depends only on the loan of the surfaces over whicl 
flow is taking place. Thus in flow past similar plates immeised 11 
water and in air, Eden § has shown by visual observation that th( 

* Stanton and Pannell, Phil Trans Roy Sac A, 21 * 4 ^ 

I Chap V, p 200 ] Chap V, p 193 

^Advisory Committee for Aeronautics^ T.R , 1910-11, p 48. 
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)e of flow, especially in the rear of the plate, is identical for identical 
ues of vljvy where / is the length of any particular side of the 
Lte. 


Critical Velocity in Converging Tubes 

In a converging tube the angle of convergence of the sides has 
arge effect on the critical velocity. At all ordinary velocities the 
tion in tubes or nozzles having moie than a few degrees of con- 
gence may be consideied as non-sinuous. Experiments on the 
V of water through circular pipes having sides converging uni- 
mly at an angle 6 gave the following approximate values for the 
^er critical velocity, at 14° 


0 

5 Deg 

7 5 Deg 

10 Deg. 

IS Deg 

'At large section (3 in \ 
diametei) . . , , J 

I 5 

I 94 

244 

3 25 

iitical throat (i4- in dia-l 

meter) ^ . 

“Sec ^ 

6 0 

776 

9 77 

129 

At mean section {2I in \ 

'w diametei) , . . . / 

27 

3 45 

4 34 

5 73 


i lower critical velocity in a i-J^-in. parallel pipe at this temperature 
20 ft. per second. Should the ratio of higher to lower critical 
cities have the same value in a conical pipe as in a paiallel pipe, 
would mean that m the case ol a i|-in jet discharging from a 
merging nozzle with steady flow m the supply pipe, the critical 
city would have the following values 


6 5 Degrees. 7 5 Degrees. lo Degrees 15 Degrees 

tical velocity, ft -sec 39 50 63 84 


n flow through a pipe bend, the velocity at which the resistance 
es to obey the laws of laminar flow is less than in a straight pipe, 
re IS now a considerable range of velocity over which the resis- 
e IS proportional to a power of the velocity higher than unity, 
n which turbulence is not developed. This is due to the develop- 
* Gibson, Proc, Roy» Soc, A, 83 , 1910, p. 376. 
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ment of a cross circulatory current superposed on the laminar flow. 
The critical velocity is not well defined but experiments * indicate 
that full turbulence is developed at a somewhat higher velocity than 
m straight pipes. 

The Measurement of the Velocity of Flow 
in Fluids 

Several methods are available for measuimg the flow of fluids 
in pipes. Of these, the use of the Ventun meter or of the Pitot 
tube are the most common Recent investigations into the possi- 
bilities of the hot-wire anemometer have shown that this is capable 
of giving excellent results, and that it is likely to be especially 
valuable for the measurement of pulsating flow. 


The Venturi Meter 


The Venturi meter, invented by Clemens I-Ieischel m i 88 i, affords 
perhaps the simplest means of measuring the flow of a liquid When 
fitted to a pipe line of diameter greater than about 2 in its indications 
are, under normal conditions, thoroughly reliable so long as the 



s_; 


Fitf. XI — Venturi Meter 


velocity in the pipe line exceeds i ft, per second, and the discharge 
may then be predicted, even without calibration, to within i or 2 
per cent. 

The meter is usually constructed of approximately the propor- 
tions shown in fig. 1 1 , and consists essentially of an upstream cone 
usually having an angle of convergence of about 20®, connected to 
* C. M. White, Proc, Roy. Soc, A, 123 , 1929, p. 645. 
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downstream cone whose angle of divergence is about 5^ 30', by 
asy curves. One annular chamber surrounds the entrance to the 
cieter, and a second surrounds the throat, the mean pressures at 
hese points being transmitted to these chambers through a seiies 
•f small holes in the wall of the pipe. The two chambers are con- 
lected to the two limbs of a differential pressure gauge which records 
heir difference of pressure h in feet of water. For this purpose a 
J~tube containing mercury may 
le used as in fig. ii. In this 
ase if the connecting pipes are 
ull of water it may readily be 
hown that the difference of 
ressure in feet of water is equal 
3 12*59 times the difference of 
wel of the tops of the mercury counter 
olumns By using an inverted 
J-tube with compressed air 
applied to the highest poition 
f the tube, the difference of 
lessure may be directly re- 
orded in feet of water When 
n automatic recoid is desiied, 
le type of mechanism shown in 
g 12 may be used. 

If P, A, V and p, v re- 
resent the pressures in pounds 
er square feet, the areas in 

quaie feet, and the mean velo- 13 —Recording MeUiamsm for Ventun Metci 
ities in feet per second respec- 

vely at the entrance and throat of a meter whose axis is hori- 
3ntal, neglecting any loss of energy between entrance and throat, 
ieinoullPs equation of energy becomes 

W 2g W 2g\a) ’ 



W 




or 


V, 


zgh 

/A\* ft.-sec. 

Q-- 


■ ■■(4) 


To Throat oF Meter 
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Actually owing mainly to fiictional losses the velocity is sliglitly 
less than is indicated by formula (4), and is given by 



wheie C varies from about 0-96 to 0-995,* usually increasing slightly 
with the size of meter. When used to measure pulsating flow, the 
value of C is reduced. The effect is, however, small for any such 
percentage fluctuations of velocity as are usual in practice, even with 
the discharge from a reciprocating pump. For accurate results the 
meter should be installed in a straight length of pipe removed from 
the 1 fluence of bends. Such bends set up whirling flow in the 
pipe, and this tends to increase the effective value of C. 

The Venturi meter may also be used to measure the flow of 
gases.f In this case, for air, the discharge is given by 

Q = CAj8n/2^P,Wi,. . ..(6) 

where is the pressure at entrance in pounds pei squat e foot, 

Wi is the weight per cubic foot at P and temperature T; 
and where, if is the pressure at entrance in pounds per square inch, 
p2 is the pressme at thioat in pounds per squaie inch, 
m is the ratio of areas at entiance and thioat, 
n IS the index of expansion (1*408 foi dry air 
expanding adiabatically), 



If Ti be the absolute tempeiature at entrance on the Fahrenheit 

scale, on wiiting ~ (the value for dry air) (6) 1 educes to 

'^1 

Q = lb. per second, (7) 

wheie is the aiea at entrance in square inches. 

*For a discussion of the vaiiability of the coefficient C, see ^‘Abnormal Co- 
efficients of the Ventun Meter Proc Inst C E.y 199 , 1914-5, Pait I 

I “Measurement of An Flow by Venturi Meter’*, Proc, Inst, Mech E,, 1919, 
P 593 » ‘‘ Commeicial Metering of Air, Gas, and Steam **, Proc, Inst, C, E*y i 9 i 6 - 7 » 
Part II, 204 , p. 108. 
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Experiments * indicate that the value of the coelEcient C is not 
nstant, but that it diminishes as the ratio is increased approxi- 
ately as indicated in the following table 

Pa/A 0-5 0 6 07 0-8 0-9 i-o 

C 0 98 0'975 0-97 0-96 0'94 0’9i 


Measurement of Flow by Diaphragm in 
Pipe Line 


The coefficients of discharge of standard sharp-edged orifices 
scharging freely are known with a fairly high degree of accuracy, 
d where such an oiifice can be used for measuring the steady flow 
her of a liquid or of air, the results may be relied upon as bemg 





Fig 13 






curate within i or 2 per cent, if suitable precautions are taken- 
nng to the convenience of the method and the simplicity of the 
paratus, much attention has recently been paid to the use of 
fices through diaphragms in a pipe line for measuring the flow. 

If D be the diameter of the pipe and d that of the orifice (fig. 13), 
)dgsonf states that the coefficient of discharge C for sharp-edged 

^Proc, Inst Mech E , Oct 1919, p. S93. 
fProc, InsU C,E.f 1916-17, Part II, p, 108. 
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orifice in a plate of thiclmess o^ozdy and for ratios of d\T> less than 
0 7 is o*6o8 for water or air when p^jpx is greater than o 98, and is 
equal to 0*914 — 0*306 p^jpx fojt' air, steam, or gas when ^^ss 

than 0 98, pressures being measured at the wall of the pipe immedi- 
ately on each side of the diaphragm. 

A rounded nozzle, if well designed, has a coefficient which varies 
fiom about 0*94 in small nozzles to 0*99 for large nozzles, either for 
water or air, if p^lpx is greater than o 6. Fig. 14* shows a form of 
nozzle in which the coefficient lies between o 99 and o 997. 


The Pitot Tube 


For measurements of the flow in pipes or in unconfined streams 
where the velocity is fairly high, the Pitot tube is capable of giving 
excellent results This usually consists of a bent tube tciminating 
in a small orifice pomtmg upstream, which is surrounded by a second 
tube whose direction is paiallel to that of flow. A senes of small 
holes in the wall of the outer tube admit water, at the mean pressiue 
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through outer wall diam 02 . 


Fig IS 


in their vicinity, to its mtciior, which is connected to one leg of a 
manometer. The other leg is connected to the cential lube carrying 
the impact oiifice. If v is the velocity of flow immediately upstieam 
from this oiifice, the pressuie inside the ouficc, wheie the velocity 
is zero, is equal to the sum of the statical picssuic at the point, 
plus kv^lzg ft of water, where k is a constant whose value approxi- 
mates closely to unity in a well-designed tube. It follows that the 
difference of level of the two legs of the manometer equals kv^jzg. 

Figs. 15, 16, and 17 show modern types of this instiument. 
Fig. 15 shows the type used for measuring the air speed of aeroplanes 

^ Engineering y ist Dec , ig^a, p, 690. 
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and for wind tunnel investigations. A lube of this type having 
the dimensions shown gave K = i*oo within i per cent.* 

The tube illustrated in fig. 16 gave a value of C == 0*926 when cali- 
brated by towing through still water, and 0*895 when calibrated in 
a 2-in. pipe. The low value of C in still water is probably due to 
the fact that the pressure orifices are too near the shoulder of the 
pressure pipe. If this 
wei e lengthened , with 
the orifices faither back, 
the coefficient would 
probably be higher. The 
difference between the 
:;alibration in still water 
md in the small pipe is 
o be expected, since 
he velocity at the sec- 
ion of the pipe contain- 
ng the pressure orifices 
s of necessity increased 
)y the presence of the 
ube, and the piessure 
s lecorded by the static 
)ressure column will 
onsequently be less than 
a the plane of the im- 
lact orifice. This effect 
/ill increase with the 
atio of the diameter of 
Libe to that of the pipe, 
nd unless this latio is 
mall, the tube should be calibrated in a pipe of approximately the 
ime dimensions as that in which it is to be used. It is prefer- 
ble, foi pipe woik, to use a simple Pitot tube having only an 
npact oiifice, and to obtain the static pressure from an orifice in 
le pipe walls m the plane of the impact orifice. Using the tube 
1 this way, the coefficient C may usually be taken as o 99, within 
per cent. 

In the type of Pitot tube shown in fig 17, and known as the 
Pitometer the pressure at the downstream orifice is less than the 

* “ The Theory and Development of the Pitot Tube ”, Gibson, The Engineer, 
^th July, I9i4> P* 59- 



Fig 16 — Details of Pitot Tube 
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statical pressure in the pipe and the coefficient is less than in tlie 
normal type. For the tube shown, calibrations in flowing water in 
pipes give a mean value of C = 0-916. Owing to eddy formation 
at the downstieam orifice the coefficient of such a tube fluctuates 
within fairly wide limits. 

The Pitot tube may be calibrated either in still water or in a 
current. In the lattei case the mean velocity is computed from 
readings taken at a large number of points in a cross section, and 


TO DIFFERENTIAL 
PRESSURE GAUGE 



the coefficient of the instiument is adjusted so as to make this mean 
velocity agree with that obtained fiom weir flow, current meter, ^ or 
gravimeter measurements on the same stieam. 

Without exception, obseivers have found that a still- water rating 
gives a somewhat higher value of C. The explanation would appear 
to be twofold. In the first place, the velocity of flow in a moving 
current is never quite steady, but suffers a series of periodic fluc- 
tuations, and since the Pitot tube is an instrument which essentially 
measures the mean momentum, or the mean (v^) of the flow and not 
its mean velocity, any such fluctuation superposed on a given mean 
velocity will give an increased head reading. In the second place, 
when metering a flowing current the average tube cannot be used at 
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Doints very near the boundary where the velocity is least, and for this 
eason also the mean recorded velocity tends to be too high. 

It follows that although a still- water or still-air rating represents 
he true coejSicient of the instrument, this requires to be reduced 
omewhat for use in a current, the effect increasing with the un- 
readiness of the current. Where a high degree of accuracy is 
equired, the rating should be carried out under conditions as nearly 
s possible resembling those under which measurements have after- 
guards to be made. 

For measurements of the flow in pipes, the instrument should 
e used if possible at a section remote from any bend or source 
f disturbance. For approximate work the velocity of the central 
lament may be measured. This when multiplied by a coefficient 
fiich varies from o 79 in small pipes to o*86 in large pipes gives 
le mean velocity Alternatively the velocity may be measured at 
le radius of mean velocity, which varies from o "ja in small pipes 
) 0‘75^ in large pipes, where a is the radius of the pipe.^ These 
dues, however, only apply to a straight stretch of the pipe, and 
It is neccssaiy to make measuiements near a bend, and in any case 
T accurate results, the pipe should be traversed along two dia- 
eters at right angles, and the velocities measured at a senes of 
dii If Sr IS the width of an elemental y annulus containing one 
lies of such measuiements whose mean value is e;, the discharge 
then given by 

Q = I ZTTYvdr 

j 0 

Scvcial methods are available for determining the mean velocity 
flow of a liquid in an open channel. This may be obtained: 

(a) by the use of current meteis giving the velocity at a seties 
points over a cross section of the channel; 

(b) by the use of a standard weir; 

(c) by the use of floats; 

(d) by chemical methods. This method is best adapted to rapid 
d iiiegular sticams, although it may be applied to the measure- 
mt of pipe flow. It consists m adding a solution of known strength 

some chemical for which sensitive reagents are available, at a 
iform and measured rate into a stieam,^ and by collecting and 

* For a descnption of the method of introducing the solution uniformly, refer- 
'e may be made to Mechamcal Engineering^ 44, April, 192:^, p. 253, or to 
dro-electric Engineering ^ Gibson, Vol. I, p. 29. 
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analysing a sample taken fiom the stream at some lower point wheic 
admixture is complete. The solution should be added and the 
sample talcen at a number of points distiibuted over the cross section. 
Various chemicals may be used Unless the water is distinctly 
blackish, common salt is suitable. If biackish, sulphuric acid or 
caustic soda may be used. With a solution consisting of i6 lb. of 
salt per cubic foot of water, a dilution of i in 700,000 will give, on 
titration with silver nitrate, a precipitate weighing i mgm. pei litre 
of the sample, and the gravimetiic analysis of such a sample will 
enable an accuracy of i per cent to be attained. 

If Q = discharge of stieam to be measuied in cubic feet per second, 
q =: quantity of solution intioduced in cubic feet per second, 

Cl == concentration of salt in the natural stream watei in pounds 
pel cubic foot, 

C2 = concentration of salt in the sample taken downstieam m 
pounds per cubic foot, 

C = concentration of salt in the dosing solution in pounds per 
cubic foot, 



and if Vi, V2, and V are the volumes ol silver nitiate solution lespec- 
tively necessary to titrate unit volume of noimal stream water, of 
the downstieam sample, and of the dosing solution, 



(e) By injecting colour and by noting the time lequlied for this 
to cover a measured distance. 

A close approximation to the tiue discharge may be obtained 
either by the use of a weir, of current meters, or by chemical methods 
if suitable precautions are taken.*^ The colour method would not, 
m general, appear to be so reliable, and float measurements cannot 
be relied upon for any close degree of accuracy. 

The Effect of Fluid Motion on Heat Transmission 

Apart from the effect of radiation, the heat transmission between 
a solid surface and a fluid in motion over it will, for a given differ- 
ence in temperature, be proportional to the rate at which the fluid 

♦See Hydraulics, Gibson, 1912 (Constable & Co ),p 346. 
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articles are carried to and from the surface, and therefore to the 
ifFusion of the fluid m the vicinity of the surface. Such diffusion 
epends on the natural internal diffusion of the fluid at rest, and 
n the eddies produced in turbulent motion which continually bring 
-esh particles of fluid up to the surface In stream-line flow the 
icond source of diffusion is absent; the heat transmission can only 
ike place in virtue of the thermal conductivity of the fluid; and 
le rate of heat transmission is very small. Assuming that H, the 
eat transmitted per unit time per unit of surface, is proportional 
) By the difference of temperature between surface and fluid, the 
Dmbmed effect of the two causes may be written 

H == A0 + BpvBy (8) 

here p is the density of the fluid, A and B are constants depending 
a Its nature, and v is its mean velocity 
As pointed out by Reynolds,* the resistance to the flow of a 
aid through a tube may be expressed as 

R = A'v + B'pv^, (9) 

id vaiious consideiations lead to the supposition that A and B 
i (8) are proportional to A' and B' in (9) For assuming, as is now 
sneially accepted, that even in turbulent flow theie is a thin layer 
f fluid at the suifacc which is m stream-line motion, the heat trans- 
ussion thiough this layer will be by conduction, and fiom the 
oundaiy of this layer to the mam body of fluid by eddy convec- 
on In stieam-lme flow the tiansfei of momentum which gives 
se to the phenomena of viscosity is due to internal diffusion, while 
1 tuibulcnt motion the tiansference of momentum is due to eddy 
invection, so that it would appear that the mechanism giving rise 
) lesistance to flow is essentially the same as that giving rise to 
eat transmission, both in stieam-hne and turbulent motion 
The following geneial explanation of the Reynolds law of heat 
ansmission is due to Stanton f Neglecting the effect of conduc- 
vity compaied with that of viscosity, the ratio of the momentum 
)St by skin faction between two sections m apart, to the total 
lomentum of the fluid, will be the same as the ratio of the heat 
:tually supplied by the surface, to that which would have been 
ip plied if the whole of the fluid had been carried up to the surface. 

* Reynolds y Mmichester Lit and Phil Soc,, 1834 

f Note on the Relation between Skm Friction and Suiface Cooling Tech^ 
eporty Advisory Committee for Aeronautics y 191:3-3, 
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Thus m pipe flow: 

if Sp IS the difference in pressure at the two sections; 

8T IS the rise in temperature between the two sections; 
W IS the weight of fluid passing per second; 

Vjjj is the mean velocity of flow; 

IS the mean temperature of the fluid; 

Tj is the temperature of the surface; 
a is the radius of the pipe; 


the above relationship becomes 
SpijTa^) 

W 

r- 


WST 

W(T„,-T,) 


.(lo) 


The heat gained per unit area of the pipe per second is 

At 

g 


ZrraSx 


wheie a is the specific heat. If R is the lesistancc per unit area, 


dp 

27ra dx^ 


so that if H is 




H 


MTs-TJ 




...(II) 


Since, as pointed out by Reynolds, the heal ultimately passes fiom 
the walls of the pipe to the fluid by conductivity, a correct expression 
for heat transmission should involve some function of the conduc- 
tivity, and for this reason expression (ii) can only be expected to 
give approximate results. In spite of this it enables some lesults 
of extieme practical value to be deduced. Thus if R == fe”, and 
if C7 be assumed constant, 

Hoc (12) 


so that if the lesistance be pioportional to and if T, — T,„ be 
maintained constant, the heat transmitted per unit area will be 
proportional to v, and since the mass flow is also proportional to 
Vj the change in temperature of the fluid during its passage through 
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the pipe will be independent of the velocity. Otherwise, the heat 
transmitted will be directly proportional to the mass flow. 

The general truth of this was demonstrated experimentally by 
Reynolds,* who showed that when air was forced through a hot 
tube, the temperature of the issuing air was sensibly independent 
of the speed of flow. 

In the case of the flow of hot gases through the tubes of a boiler, 
or of the water through the tubes of a condenser, n is usually less 
than 2 and has a value of about 1*85. Moreover, in the former case 
any increase in the velocity of flow will be accompanied by an 
increase in the temperature of the metal surface, so that for both 
reasons the heat transmitted is not quite proportional to the mass 
flow, and the issuing gases are slightly hotter with a high velocity 
than with a low velocity of flow. The difference is, however, not 
great, and it appears that by increasing the velocity of flow of the 
fluid, the output of a steam boiler, or of a surface condenser, may 
be considerably increased without seriously affecting the efficiency. 
This IS in general accordance with Nicholson’s f investigations on 
boilers working under forced draught. These showed that by increas- 
ing the mass flow, the heat transmitted to the water was increased 
in almost the same proportion, while the tempeiature of the flue 
gases was only slightly increased. 

Numerous other observers J have verified the general truth of 
the relationship expiessed in equation (12), p 182, for the flow of 
liquids and gases through pipes. Its more general application to other 
cases of heat dissipation in a current still awaits experimental proof. 

Experiments on the heat dissipation from hot wires of small 
diameter in an air current, show that this is proportional to 
which, if this relationship is correct, w^ould indicate that the resistance 
should be proportional to This is not m agreement with the 

generally accepted result that the resistance is proportional to 
An examination of the experimental data shows, however, that the 
product of vd in the wires on which the heat measurements were 
made, was small, and an examination of the curve showing 
plotted against vdjv (fig. 4, Chap. V), shows that in this part of the 

^ MemotrSy Manchester Lit and PhiL Society ^ 1872 

f “ Boiler Economics and the Use of High Gas Speeds Trans, Inst of Engi- 
neers and Shipbuilders in Scotland, 54 ; “ The Laws of Heat Transmission m 
Steam Boilers J T Nicholson, D.Sc , Junior Institute of Engineers, 1909. 

J Stanton, PhiL Trans. Roy Soc, A, 190 , 1897, Jordan, Proc, Inst. Mech. 
Engineeis, 1909, p 1317, Nusselt, Zeitschnft des Vereines deutscher Ingenieure, 
23rd and 30th Oct , 1909. 
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range the curve is very steep, indicating that the icsislance is pro- 
portional to a value of n much less than 2. Although the data are 
insufficient to indicate the exact value of n they do not, at all events, 
disprove the foregoing hypothesis 

The difficulty in foiming any definite decision as to the general 
validity of the hypothesis arises fiom the fact that in most icsistance 
experiments on cooling systems, it has been tacitly assumed that 
the resistance is propoitional to and the published data usually 
give the average value of the coefficient of resistance based on this 
assumption. Thus the resistance of honeycomb radiatois is known 
to be neaily proportional to while the heat tiansmission pci degiec 
difference of temperature is approximately proportional to if 

Experiments by Stanton and by Panneir^ show that while 
equation (ii), p. 182, gives modeiate results for air flow thiough 
pipes, the calculated results obtained with water as the fluid aie 
very different from those deduced expeiimcntally, as appeals fiom 
Table I. 


TABI.E I 


’ Pipe 
Dia , 
Cm 

Mean 
Vel ,Cm 
per Sec 

Mean Tem- 
peiatuie 

Surface, Fluid, 
Deg C Deg C 

Fiiction, 
Dynes 
per Sq 
Cm 

HeatTians- 
mittcd, 
Caloiies 
pel Sq Cm 
pci See 

Value ot 

0 736 

296 

28 2 

1593 

29 8 

4 43 

35 

0736 

296 

5^ 65 

39 65 

26 0 

5-08 

10 5 

139 

123 2 

47-2 

20 96 

50 6 

5 36 

10*8 

1-39 

69 0 

47 3 

21 21 

17 I 

3-28 

6-5 

CO 

CO 

940 

36 2 

227 

318 

00162 1 

0 0109 

CO 

CO 

1180 

37 4 

225 

5 14 

0 0205 

ooiss 

488 

1480 

43 5 

23 5 

8 15 

0 0300 

0*0266 

1488 

2188 

430 

26*2 

149 

0 0369 

0*0267 


It will be seen that in the case of air flow the heat transmission 
calculated from equation (ii) is about 76 per cent of that observed, 
while for water the calculated value is twice as great as that observed. 

*Phtl Trans. Roy Soc A, 190, Tech Report , Advisory Committee for Aero* 
nautteSf 1 9 12-3 
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Mr. G. I. Taylor* suggests that equation (ii), p. 18:3, may be 
modified to take into account the effect of conductivity by assuming 
that there is a surface layer of thickness having laminar motion, 
through which heat is conveyed by conduction; that the velocity 
It the inner boundary of this layer is U, and the temperature T^; 
ind that between the centre and this layer heat transmission is due 
'0 eddy convection. 

The temperature drop in the laminar layer, of conductivity k, 
s given by 



f R is the resistance per unit area at the surface, this will be equal 
0 the resistance to shear of the lamina. 

R 

t 

so that T,-Ti = M (13) 


>y analogy with (ii) the rate at which heat is transmitted from the 
lyer by eddies is 


TJ _ — T,„) 

ubstituting for 5 m (14) from (13) gives 


..(14) 


Ti-T, 

_ - U) 

T.- T, 

U a/jL 

Tf U 

If — = r. 




„ - U _ 1 - r. v„-U 

= x-.- 

U r ’ 





his equation is identical with (ii) if the quantity in brackets is 
* Advisory Committee for Aeronautics, Reports and Memoranda^ No. 272, 1916. 
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unity, i.e if fco- = k. For air this is very nearly the case, since 
k == where is the specific heat at constant volume, and 

C„ = — , so that =: 0* * * § 88. In the case of water, however, at 

1*4 k 

20° C., fjL = 0*01, k = 0*0014, 0 * = 1*0, and ^ = 7*i, 

k 


Stanton ^ has shown that the value of r necessary to biing the 
results as found from equation (15), p. 185, into line with the expen- 
mental results for water quoted in Table I, p. 184, is 0*29, and that 
similar expeiiments by Soennekei f require a mean value of 0*34. 
Taylor, from an examination of data by Lorentz,! concludes that 
the ratio is approximately 0*38. Some idea of its value in the case 
of air may be deduced from direct measurements by Stanton, 
Marshall, and Bryant, § of the velocities in the immediate vicinity of 
the pipe wall. These measurements would appear to indicate that 


U 

true laminar flow is instituted at a point where — is appioxi- 

mately 0*14. They show, however, that it is erroneous to assume 
that at this point the change to true turbulent flow is abrupt, but that 
the change is gradual over an appreciable ladial depth of the fluid. 
It follows that equation (15) has not a strictly rational basis, but that 
by assuming r = 0*30 it gives results which are, for piactical pur- 
poses, not seiiously in error. 

The ratio 


drop in temp in surface layer _ T^ ~ T^ _ / r \iia 
drop in temp, in rest of tube T^ — T,„ Vi — . y/ /e 


Thus, if the effective value of r = 0*30, the ratio is 3*0 for watci at 
20° C., and 0*38 for air. 

Reynolds || has shown by an application of the piinciple of 
dynamical similarity that in the case of pipe flow 

dp __ « B” 

S ~ A ’ 


* Dtctionaiy of Applied Physics, Vol I, p 401. 

t Komg Tech. Hochschule^ Munich, 1910 

t Abhandlung liber theoretische Physic^ Band, I, p, 343. 

§ In air flow R = o oozpVnP approximately, and Stanton’s experiments (Proc. 
Roy Soc. A, 1920) indicate that t is approximately o 005 cm. when p « o*oooi8 
and Vm ~ 1850 cm. per second This makes U = o*i4V;«. 

IJ Chapter V. 
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nd if this value of be used in (10), p. 182, on writing 
ox 

V = nr^pv, the expression becomes 


dx A p d?~’‘ 


C'(T.-T), 


(16) 


jrrt 

^here now T is the temperature of the fluid, and — is the tern- 
erature gradient along the pipe, 

If is sensibly constant along the pipe, integration of (j 6) 
ives 



— Ti ^ I ^ 

- T2 A p 



(17) 


here I is the length of the pipe, and and Tg are the temperatures 
' the fluid at inlet and outlet. 

Stanton,* from experiments on heat transmission from water 
• a cold tube and vice versa, deduced the expression, for small 
ilues of Tjl — Tg, 

here, in C G S units, a = o 004 and j 3 = o-oi It will be noted 
at this expression is identical in form with (17), except for the 
5t two factors, which were intioduced to take into account the 
Feet of the variation in conductivity, with temperatuie, of the suiface 
m of water. In those experiments in which the heat flow was from 
etal to water, k had a mean value of 0-0104 With flow in the other 
lection k was, however, distinctly less, having a mean value of 
proximately 0-0075. 


3plication of the Principle of Dimensional Homogeneity 
to Problems involving Heat Transmission 

The principle of dimensional homogeneity. Chap. V,f may leadily 
extended to problems involving heat transmission. In this case, 
addition to the three fundamental mechanical units, a thermal 
it is needed to define all the quantities involved. Taking tempeia- 
e T as this unit, the new quantities, heat flow H, conductivity k, 

♦ Trans, Roy Soc, A, 1897 

t See also a note by Lord Rayleigh, Nature^ 95 , 1915, p, 66, 
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and specific heat a which are now involved, may be expressed 
dimensionally as 

I heat flow perj ^ (energy peil ^ MLa^-s 
unit time J [ unit time 

li X length \ _ IT 


H 


I 


k = 


/ 


Uectional area X Tj 
__ I heat per unit mass 1 
\rise in temperature/ 


LT 


MLr^T-h 


= 

MT 


If attention be confined to the large class of problems of practical 
importance, involving the transmission of heat between a fluid and 
a surface moving with relative velocity, where temperature differ- 
ences are so small — not exceeding a few hundred degrees — that 
radiation is only of secondary importance, the only quantities in- 
volvedare H, T, k, a, v, I, p, 


We select /, v, p and cr as the four independent quantities, and 
combine them with the other four H, T, k and ft, in turn, so as to 
obtain 8 — 4 (=4) dimensionless quantities K, as explained at 
p 198; 1 e. we write H = l^v'^p^cr'^^ and similarly with T, k and /x 
We thus find 




whence 




H aT 


Ivpa 

k j^\ 


• K — ^ 

) — - — , 

Ivp 


Ivpa Ivp! 

O' » = 4). 

which, by combining the last two terms, becomes 
JJ ^ ^ A* 


o; 


4 f ) 

\ apb Ivp} 


(19) 


At such speeds as are usual in the case of air flow over air-cooled 
engine cylinders, of the flow of gases through boiler flues, or of 
heating or cooling liquids through pipes, experiment shows that the 
heat flow is sensibly proportional to ©", where n is between 0-5 and 
i-o, its value depending on the type of flow and the foim of surface. 
Expel iment, moreover, indicates that if radiation be neglected the 
heat flow is directly proportional to the difference of temperature 
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etween the fluid and the surface, in which case the function ^ in (19) 


lust be of the form 


\orf^ Ivp 
H 




and (19) becomes 

) 


pPvaT¥{ ii 

(T/Ub IVp 


.(30) 


in addition, H 00 F must be of the form /(—')> and 

1 \lvp^ \<JUi' 


;o) becomes 


k 


H: 




’ the fluid to which k, a and /n belong is a gas, — constant, 

/ k \ 

f the kinetic theory of gases. In this case, we may take for /( — ) 
k / k 

ther A — or B( — ) , these being constants; thus obtaining the 


ternative forms for H, 

Hoc 

or H oc /I { ^{vp<j)^k}~^"T .(22) 

F is the total resistance to the steady motion of the fluid, then 
ice the heat loss pei degree diflerence of temperature, per unit 
•ecific heat, is of dimensions 

aT T 

hiile F IS of dimensions ML/-^ the ratio is of dimensions 

It = ZJ, so that the index w in H oc should be less by unity than 
e corresponding index in F oc z;”' From this it appears that with 
)W so turbulent as to give the rfi law of resistance, n in equation 
2) becomes i, and 

H oc PvpaT, (23) 

iile with stream-line flow (n' = i and n == o), 

IlcclkT (24) 


)r example, in the case of flow through similar pipes, where the 
erm may be taken to represent the diameter, equation (23) indi- 
tes that in such circumstances H is independent of the conduc- 
dty of the fluid. Also since the weight of fluid W passing 
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a given section per second is propoitional to the product d^vp 

Hoc WaT 


It follows that in similar pipes the heat transmission per unit degree 
difference of temperature between wall and fluid is proportional 
to the weight of fluid passing, or in other woids, that with a given 
inlet temperature the outlet temperature is independent of the 
weight of fluid 

If, however, n is somewhat less than i , as is usually the case in 
practice, equation (23) shows that 


n'Li'-n 

HaW" , T 


oc 


so that with a given pipe and fluid, the heat transmission does not 
increase quite so fast as the mass flow, and the outlet temperature 
will increase somewhat as the flow is increased. 



CHAPTER V 


Hydrodynamical Resistance 

A body in steady motion through any real fluid, or at rest in 
moving current, experiences a resistance whose magnitude depends 
Don the relative velocity, the physical properties of the fluid, the 
ze and form of the body, and, at velocities above the critical, also 
Don its surface roughness. 

At velocities below the critical, where the flow is stream line 
e resistance is due essentially to the viscous shear of adjacent layers 
the fluid. It is directly proportional to the velocity, to the vis- 
isity, and, in bodies of similar form, to the length of corresponding 
mensions Thus the resistances to the motion of small spheres 
such velocities are proportional to their diameters ^ 

With stream-line motion there is no slip at the boundary of solid 
d fluid, and the physical characteristics of the surface do not 
ect the resistance. 

At velocities above the critical, wlieie the motion as a whole is 
finitely tuibulent, theie would still appear to be a layei of fluid 
contact with the surface in which the motion is non-turbulent f 
le thickness of this layer is, however, very small, and any increase 
the roughness of the surface, by increasing the eddy formation, 
:reases the resistance. At such velocities the resistance is due in 
rt to the viscous shear in this surface layer, but mainly to eddy 
•mation in the main body of fluid. This latter component of the 
dstance depends solely on the rate at which kinetic eneigy is being 
'•en to the eddy system, and is proportional to the density of the 
id and to the square of the velocity. 

Although the viscosity of a fluid provides the mechanism by which 
dy formation becomes possible, and by which the energy of the 
dies, when formed, is dissipated in the form of heat, it has only 
rery small effect on the magnitude of the resistance in turbulent 
>tion, and, as will be shown later, it can have no direct effect in 

* See H. S Allen, PhL Mag , September and November, 1900. 

t Stanton, Proc Roy, Soc, A, 97, 1930. 

191 
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a system in which the resistance is wholly due to eddy foiinatioi 
and in which the resistance is, in consequence, pioportional to 

Experiments carried out over a limited lange of velocities hav 
usually shown that with turbulent flow the resistance of any give] 
body is proportional to where n is slightly less than 2, althougl 
experiments on flow in rough pipes, on the lesistance of cylindeis 
of inclined plane surfaces, and of air-ship bodies, show that in suci 
cases the variation from the index 2 may be within the limits 0 
experimental error. With smooth pipes, however, n may be a{ 
low as 175, and with ship-shaped bodies of lair form in water u 
usually about 1 85. 

Moie recent experiments^ indicate that no one constant value 
of n holds over a veiy wide range of velocities, but that n inci eases 
with the velocity, and that a formula of the type 

R = Ae; + 

where A and B and C are constants depending upon the form and 
roughness of the body and on the physical propeities of the medium, 
more nearly represents the actual results Over a moderate lange 
of velocities a single value of n can usually be obtained which gives 
the resistance, within the errois of observation, and in view of the 
convenience of such an exponential formula it is commonly adopted 
in practice. 

At velocities above the critical, the direct influence of viscosity 
increases with the depaiture of the index n fiom 2 When n ^ z 
the resistance is proportional to the density of the fluid, and, in 
similar bodies, to the squaie of corresponding linear dimensions. 

Between the low velocities at which the motion is stieam-Ime, 
and the high velocities at which it is definitely tuibulent, there is 
a range over which it is extremely unstable, and in which the 
resistance may be affected considerably by small modifications in 
the form, piesentation, or surface condition of the body. Thus 
the resistance of a sphere, at a certain velocity whose magnitude 
depends on the diameter, is actually increased instead of being 
diminished by reducing its loughness. 

In problems occurring in practice, however, velocities are in 
geneial well above the critical point. One noteworthy exception 
is to be found in the flow of oil through pipe lines in which, owing 
to the high viscosity of the fluid, the motion is usually non-tuibulent. 

In hydrodynamical problems it is usual to assume that the 
'••‘N.P.L., Collected Researches ^ 11 , 1914, p, 307, 
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esistance depends solely on the relative velocity of fluid and body, 
nd that it is immaterial whether the body is at rest in a current of 
uid, or is moving through fluid at rest. Although there is not much 
irect experimental evidence on this point, it is probable that while 
dth stream-line motion the resistance is identical in both cases, in 
irbulent motion it is not necessarily so, and that it may be sensibly 
reater when the fluid is in motion than when the body is in motion. 

This is to be expected when it is realized that in a fluid in motion 
ith a mean velocity v, many of its particles have a higher velocity, 

) that the kinetic energy is greater than that given by the product 
f the mass and the square of the mean velocity. Any difference 
dsing from this effect will in general only be small, but compara- 
vely large differences may be expected over the range of velocities 
i which the motion is unstable, owing to the fact that, with a sta- 
onary body, the interaction occurs in a medium which has an initial 
ndency to instability owing to its motion. 

Thus the system of eddy formation in the rear of any solid body 
Ivancing into still water may reasonably be expected to differ 
om that behind the same body in a current of the same mean 
‘locity, owing to the instability in the latter case of the medium 
which, and from which in part, it is being maintained. 

Except in the case of stream-line flow, the -laws of hydro- 
mamical resistance can only be deduced experimentally Much 
formation can, however, be obtained regarding these laws from 
i application of the two allied principles of dynamical similarity 
id dimensional homogeneity. 

Dynamical Similarity 

Two systems, involving the motion of fluid relative to geometri- 
lly similar bodies, are said to be dynamically similar when the paths 
iced out by corresponding particles of the fluid are also geometrically 
nilar and m the same scale ratio as is involved in the two bodies 
The densities of the fluids may be different, as also the velocities 
ith which corresponding particles describe their paths If the 
msities in the two systems are m a constant ratio, and the velocities 
corresponding particles are also in a constant ratio, then the ratio 
corresponding forces can be determined. In fact, the scale ratio 
velocities and that of lengths being both given, the scale ratio of 
nes IS determined, and therefore also the scale ratio of accelerations 
f means of the fundamental relation, force == mass X acceleration, 
e ratio of corresponding forces can then be found. 

(d312) 


8 
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In two systems, denoted by (i) and (2), if k; be the weight of 
unit volume, p the density, v the velocity, I any definite lineai dimen- 
sion, and r the radius of curvature of the path, these forces are in 
the ratio 

Fa r-y PzVh 

El . 

Pz 4 ^ 


It follows that for dynamical similarity corresponding velocities 
must be such as to make the corresponding forces due to each 
physical factor proportional to pPv^. The velocities so related are 
teimed Coiresponding Speeds 

Where the only physical factor involved is the weight of the 
fluid, since the force due to this is proportional to pPy the required 

condition will evidently be satisfied if — = 'Jj* 

On the othei hand, if viscous forces are all important, since 

the force due to viscosity equals pei unit area, wheie pi is the 

dl 


coefficient of viscosity, 


and for this to equal 


Px M 


Pz Iz 


Ml k^ 4 

Mg ^2 k 

j^k ^ 

Mg k ^2 

it is necessaiy that 


or that 


P'iP2k _ 
P2Pll'l 


where v is the ‘‘ kinematic viscosity ” pijp. 

Generally speaking, whei ever the influence of gravity is involved 
in the interaction between a solid and a fluid, as is the case where 
surface waves or surface disturbances are produced, and where the 
direct influence of viscosity is negligible, corresponding speeds are 
proportional to the square roots of corresponding linear dimensions; 
while where gravitational forces are not involved and where the 
forces are due to viscous resistances, corresponding speeds ar^ 
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inversely proportional to corresponding linear dimensions, and 
directly proportional to the kinematic viscosities 

The flow of water from a sharp-edged orifice under the action 
of gravity is an example of the first type of interaction, while the 
resistance of an air-ship, or of a submarine submerged to such a 
depth that no surface waves are produced, is representative of the 
second type. 

The lesistance of a surface vessel is one of a series of typical 
:ases, of importance in practice, in which both gravity and viscosity 
are involved, and in which therefore no two corresponding speeds 
will satisfy all requirements. In other words, the speeds which give 
jeometiically similar wave formations around two similar ships will 
aot give similar stream-lines in those parts of the systems subject 
to viscous flow If, however, the influence of one of these factors 
s much greater than that of the other, approximately similar results, 
which may be of great value in practice, can be obtained by using 
corresponding speeds chosen with reference to the important factor. 
Thus m tank experiments on models of floating vessels the corre- 
jpondmg speeds are chosen with reference to the wave and eddy 
effects, and are proportional to the square root of coi responding 
inear dimensions. This involves a scale error for which a correction 
s made as explained on p 213. 

Dimensional Homogeneity 

In view of the value of the lesults which may be obtained by 
he use of the principle of dimensional homogeneity in problems 
nvolvmg fluid resistance, the method of its general application will 
low be outlined 

The principle of dimensional homogeneity states that all the 
eims of a correct physical equation must have the same dimensions 
That IS, if the numerical value of any one term m the equation 
Icpcnds on the size of one of the fundamental units, every other 
erm must depend upon it in the same way, so that if the size of 
he unit IS changed, every term will be changed in the same ratio, 
ind the equation will still remain valid 

The quantities which occur in hydrodynamics may all be defined 
n teims of three fundamental units The most convenient units are 
isually those of mass (M), length (L) and time (/) 

Example i. — Suppose some physical relationship to involve only 
our quantities, say a force R, a length /, a velocity v, and a density p. 
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Let it be assumed piovisionally that the relationship is of the forn: 

R oc 

Expressed dimensionally, this gives 

MLt-^ = 

and, on equating the indices of like quantities, 

I = -S', — —2 = —y; 

whence ^=1,3; = 2, x = 2 

It follows that R oc provided the initial assumption as to the 
form of R is correct. 

It is possible, however, to obtain the result without making this 
assumption. What we have really proved, in fact, is that the quantity 

R 

is dimensionless Also, since it is given that there is a relationship 
between R, /, Vy p, the quantity RjPv^p is certainly some function 
of /, Vy p, say f(ly Vy p). Now, since the units of /, Vy p are independent 
we can, by changing the unit of /, say, change the numerical value 
of I without changing the numerical values of z; or p This change 
does not change the value of /(/, Vy p), since it does not change the 
value of the dimensionless number KjPv^py to which /(/, Vy p) is 
equal. Plence the function / does not involve /, and similarly it does 
not involve or p; it is therefore a mere numciical consLint, so 
that R oc Pv^p 

Example 2 — If more than four quantities of diflerent kinds are 
involved, for example R, /, z;, p, ft, wheic ft is a viscosity (dimensions 
p. 28), the assumption R oc l^v'^p^pP would not allow us 
to determine the values of Xy y, 2*, p by considerations of dimensions, 
since there would be only three equations m four unknowns. It is 
possible, however, to obtain a new dimensionless number, not in- 
volving R, but of the form 

la^bpo' 

Equating the dimensions of ft to those of we find 

X Cy —I = a + b — 2<^y —I = —b; 
and <7 = I, 5 = I, == I. 

Thus ft/fop is dimensionless. 
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For brevity, we shall denote the two dimensionless numbers now 
found by K^, KaJ i-®- 


R 





(I) 


It will now be proved that if there is a relationship between R, /, 
p, fi It can be expressed in the form 

Kj=/(Ka), (a) 

ivhere the form of the function / remains undetermined. In fact, 
since R by assumption is some function of /, p, p, and since we 
lan substitute hp Kg for [jl, it follows that R/lVp is some function 
)f /, V, p, Kg, or say 

Ki = V, p, Kg). 

Then exactly the same argument as that given under Ex, i proves 
hat the function ^ does not involve / or or p, but only Kg, and 
his IS what was to be proved The relation = /(Kg) may of 
ourse be written in other forms, as for example Kg = F(Ki) or 
'<K„ Kg) = o. 


^he general theorem of dimensionless mimhers 

The geneial theorem, of which the two preceding results are 
'articular cases, may be slated as follows ^ 

(1) Let It be assumed that n quantities Qj, Qg, , which 
re involved in some physical phenomenon, are connected by a 
dation, 

F(Q]^, Qg, . . . , Qn) = 0, ..... (3) 

Dntammg these quantities and nothing else but pure numbers 

(2) Let k be the number of fundamental units (L, M, . .) 
‘quired to specify the units of the Q's 

(3) Let Qi, Qg, . . , Qfc be any k of the Q^s that are of independent 
nds, no one being derivable from the others, so that these k might, 
we so desired, be taken as the fundamental units 

(4) Let Qa, be any one of the remaining n — k quantities Q, and 

t , which we denote by 7 ^, be the dimensionless 

Qi«Q2^^ . . Q/ 

lanlity formed from Qa, and powers of Q^, . . . , Qfc. 

'••'E Buclangham, IV, 1914, p 34S> FM , Nov , 1931, 

696. 
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(s) 'I’hcn the theorem is that the equation 

F(Ql, Q2, . , Qn) - O 

is leduciblc to the foim 

^(Ki, Kg, . ,K^_7 ,)=:o, (4) 

or, alternatively, 

Kx-/(K„K3, ,IV.) is) 

Phc pi oof follows exactly the same lines as in the two particulai 
examples already given 

i he actual forms of the functions (f> and f can only be deduced 
fiom experiment 

Jn the most gcncial case of a dynamical relationship between 
any numbei of quantities, say there will be « — 3 quantities (K] 
of ^eio dimensions, composed of poweis of the n quantities, and 
deduced in the manner explained above The relationship between 
the n quantities originally considered reduces to a relationship be- 
tween the n — 2 quantities K^, Kg, . , Kn-3 Hence if all but 

one of the K’s are Ixnown, the last one is dcteimined 

Some ol the K’s may often be written down fiom inspection 
Suppose, loi example, that a certain phenomenon involves a time I 
and an acceleration g, in addition to the R, /, v, p, ^ of Ex 2 above. 
Then we sec at once that the new K’s are tv/l and gl/v^ The re- 
lation between the seven quantities is therefore of the form 


, / R a tv 

n 0 » r y ~jy 

N Ivp 1 


) 0, 

(6) 


tv 

T 

.... 

( 7 ) 


Tt is useful to I'cmaik that any product of poweis of the K’s is 
ciimcnsionless. Hence if we multiply the second and third of the 
aiguxncnts of </> in (7), we get a new dimensionless number tgjv^ 
which may peilcctly well leplace one of the two, tvjl in 

(6) and (7), 

If two 01 moic quantities of the same kind are involved, as, for 
example, in the case of the resistance of an aiiship body, where 
both the length and diameter of the body aflcct the result, these 
may he specified by the value of any one, and by the ratios of the 
others to this one. Thus, in the problem just considered, if besides 
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I, z;, p, /X, ^ and the length / of a body, there are also involved the 

ireadth b and the depth d of the body, the solution is 




V v^' V 1) 


( 8 ) 


It IS clear from the above examples that the actual arithmetic 
ivolved in working out an application of the principle of dimensions 
; of the simplest possible kind. The real difficulty is in making 
jre that all the essential quantities concerned in the phenomenon are 
emg taken into account. If this preliminary condition is not 
ilfilled, the result obtained will be quite erroneous 


Resistance to the Uniform Flow of a Fluid 
through a Pipe 

An examination of the factors involved m the non~accelerated 
lotion of a fluid through a pipe would indicate that the pressure 
rop pfl per unit length of the pipe may depend in some way on the dia- 
leter d, the velocity of flow, and the density and viscosity of the fluid 
1 a liquid where the ellect of elasticity is negligible, it is difficult 
> imagine any other factoi likely to aftect the pressure drop, except 
le roughness of the pipe walls, and, so long as we onlyconsidei pipes 
the same degree ol loughness, the gencial uni educed lelationship 
of the form 

F(rf, V, p, /X, pjl) = 0 (9) 


ere the number of dimensionless quantities K is 5 — 3 = 2 
uactly as in a former example (p 196) we find 


Ki 





JL, 

dvp 


leic IS some advantage m working with the kinematic viscosity, 
nch IS equal to /x/p, rather than with p. itself. Hence Kg = ^jdv 
The reduced relationship may therefore be written 


p 



(10) 


leie the form of the function c/> remains to be found from experi- 
mt. Note that the value of the function ^ for all values of its 
jument can be found by varying one only of v, d^ v. 
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With strcam-Iinc flow, experiment shows that - is proportion; 

/ i> \ kv ^ 

to V, It lollows that ) must equal and that 


P _ V® 
7 ~ 'S ’ 


where h is a numciical coefficient. This is Poiseuille’s expressio 
for the resistance to viscous flow, the coefficient k having the valu 
32* 

If the flow is turbulent the picssiire giaclicnt is approximate! 
proportional to v'\ where n is between 1-75 and 3-o In this cas 

^ must be such as to make J ) > so that 


P 

I 


d 



■z—n 


or 




(ii) 

.(12) 


where h is the diilercncc of head at two points distant I apar 
expressed as a length of a column ot the fluid This is tl 
Reynolds I foimuLi for pipe flow 

If the loiegoing assumptions aic coirect, on plotting observe 

values ()1 /f against simultaneous values of , in any series ( 
hrp dv 

cKperiments in which diflerent liquids oi pipes of dilferent diameter 
but ecjually lOUgh, are used, the points should he on a single cutv 
That this is the case foi fluids so widely diflerent as ai 
water, and oil, has been shown by vaiious observers, nolab 
by Stanton and Pannell 1 (sec fig xo at p. 170, where R === pdj^^l 
An example is given in fig. i, where expeiimental points fc 
both ail and water lie evenly about the two ciuvcs showi 
The agieemcnt m tlic case of air is only close where tl 
drop in pressuu* is so small that the effect of the change of densii 


Gibson, Hydraulics and it$ Applications (Conbtable Be Co., 1913), p. 69. 
■j Scimtilic PapCHf (Xsboine Reynolds, VoL H, p. 97. 
y Phil Tunis, Roy, iSoc, A, 214 , 191^, p 199. 
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is negligible. For large changes of pressure it may be shown* that 
formula (12) becomes 


I d^-” LCT. 


(13) 


Here T is the absolute temperature of the gas, C is the constant 
obtained from the relationship pY == CT,f and and are the 
mean velocity and pressure in the pipe. The results of experiments 
on the flow of air through pipes by several experimenters, with dia- 



meters ranging from 0*125 ^ 9^ velocities from 10 to 

40 ft -sec , confirm the accuiacy of this formula 

Below the critical velocity, n ^ i, and the formula becomes 

^ == 

I ’ 

showing that the pressure drop is now independent of the absolute 
pressure in the pipe, a result confirmed by experiment. 

Equations (10), p. 191, (ii), p,200, show that, with an incompres- 
sible fluid, if the resistance to flow varies as degenerates 

into a numerical constant. Viscosity ceases to have any direct 
influence on the resistance, J and true similarity of flow should 
be obtained in all pipes at all velocities. If n is less than 2, the 

• Gibson, Pint Mag , March, 1909, p 389. 

t In the case of air, if the mass is unity, and if p be measured m pounds 
weight per square foot, the value of C is 53*18 X 3a 2 =« while if p be 

measured in pounds per square inch C becomes 11-9. 

J See footnote on p. 209 

(d 812 ) 
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equations show that for similarity of flow in two pipes of cliff eiei 


diameters, or conveying different fluids, it is necessaiy that ~~ shou] 

vd 


be the same in both cases. 

This has been shown to be tiue over a moderate range ( 
diameters by Stanton.^ who measured the distribution of velocil 
with turbulent flow across the diameters of two rough pip( 
of different diameters and repeated the measurements for tv 
smooth pipes. In the rough pipes {n = 2) the velocity distribi 
tion (CC', fig. 2) was the same in both pipes and at a 



velocities. In the smooth pipes {n < 2) identical cuives wei 

obtained only when was the same in each pipe. Undei othe 
vd 

conditions the cui*ves were sensibly identical from the centre u 
to a radius of about 0*8 times "the radius of the pipe, but differei 
appieciably at larger radii (AA' and AB, fig. 2). 

In any type of pipe the “ critical velocity ” at which the type 0 
motion changes from stream-line to turbulent is obtained with 

constant value of — , and this is generally tme for fluid motion unde 
vd 

other circumstances. 

As already indicated, experiment shows that the resistance ti 
• Proc, Roy. Soc, A, 85 , 1911. 
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flow in a smooth pipe where n is less than 2 is not strictly propor- 
tional to any one power of the velocity, and Dr C. H. Lees* has shown 
that Stanton and PannelFs results for smooth pipes are very closely 
represented by the empirical relationship 



where a = 0*35 and a and h are constants, so that 




In the rough pipe the ratio of friction to increases with velocity, 
and Stanton and Pannell suggest, for both rough and smooth pipes, 
an expression of the form 

m which K depends only on the roughness of the pipe. It will 
be noted that this relationship is similar to the one obtained by 
Messrs Bairstow and Booth fiom expeiiments on the normal lesis- 
tance ot flat plates (p 213) 


Skin Friction 

The lesistcince to the endwise motion of a thin plane through a 
fluid IS usually termed ** skin friction ” Expressing the resistance 
by where A is the wetted surface, the values of / for 

vaiious sui faces in water weie detei mined by Mr Froude f In 
these expeiiments a senes of flat boards was suspended veitically 
fiom a carnage diiven at a uniform speed and was towed through 
the still water m a large basin The boaids were fV m thick, 19 
in deep, and varied in length fiom i ft to 50 ft The top edge was 
submerged to a depth of in., and the boards were fitted with a 
cut- water, whose resistance was dctei mined separately 

A short r&um6 of Mr Fioude’s icsults is given on the follow’’- 
mg page, these paiticular figures lefeirmg to a velocity of 10 ft -sec 
Here A refeis to varnished surfaces 01 to the painted surfaces 
of iron ships, B to surfaces coated with paraffin wax, C to surfaces 

*Proc Roy Soc A, 91 , 1914, p 46 

f British Assoctatmn Report^ 1872. 



204 the mechanical PROPERTIES OF FLUIDS 


o 


o 


|xh 

00 




O 

s 


=3 

I> 




00 

VO 

o 

oo 

lo 

o 

Th 


M 

o 

o 



CO 

CO 

Th 

CO 

oo 

M 

d 

H 

1 

0 

1 

0 

1 

1 

1 

o 

1 

VO 

CO 

lo 

d 

00 

M 

d 

H 

0 

O 


Th 

lO 

0 

co 

VO 

o 

lo 

Tj- 

CJ 

0 

0 

o 

« 

NO 

$ 

Ch 

N 

d 

H 

0 

0 


H 


CO 


CO 

CN 

N 

d 

w 

0 

o 


00 

o 

lO 



00 


d 

H 

0 

o 


»o 

00 

0 

d 

00 

o 

VO 



0 

o 


00 

CO 

o 

t> 

VO 

ON 

d 

d 

M 

o 

o 



o 

rf- 

H 

VO 

On 

CO 

d 

M 

o 

o 


»o 


IT) 

d 

vD 

oo 

CO 

d 


O 

O 

. 


0 

o 

O 

CO 

o 

' ON 

r^ 

cJ 

o 

0 




NO 

0 

On 

M 

CO 

d 

ot 

1 0 

0 

IT) 

[ 00 

0 

On 

CO 

CO 

M 

0 

0 

0 

H 

0 

C3N 

o 

Th 

CO 


0 

O 


Q 

O 


w 

Q 

O 

pq 

p 

o 

w 

C 

P 

o 


m 



HYDRODYNAMICAL RESISTANCE 


5S05 

coated with tinfoil, and D to surfaces coated with sand of medium 
coarseness. 

The results show that n decreases down to a certain limit, with 
in increase m length, but is sensibly independent of the velocity. 

decreases with an increase in length, becoming approximately 
‘onstant when the length is large. Owing to viscous drag, those 
)aits of the surface near the prow communicate motion to the 
vater, so that the relative motion is smaller over the rear part of the 
uiface and its drag per square foot is consequently less, as indicated 
)y a comparison of lines 2 and 3 of the foregoing table 

For the case of air, the most reliable work appears to have been 
lone by Zahm,* who has made observations m an air tunnel 6 ft. 
quare, on smooth boards ranging from 2 to 16 ft. in length, at 
elocities from 5 to 25 miles per hour The results are similar to 
hose obtained by Froude m water, in that the resistance per square 
dot diminishes with the length, and, for smooth surfaces, varies as 
* The following lesults, corresponding to a velocity of 10 
t -sec., show that the resistances under similar conditions with 
hort boards are approximately proportional to the densities of the 

Length (feet) 2 4 8 12 16 

Mean resistance,) I 

pounds pci 0000524 0000500 0000475 0000477 0000457 

square foot J 

VO fluids. Thus for a smooth boaid (Froude ’s surface A) the 
lisistance is 790 times as gieat in water as m air 

Foi strict compaiison, experiments carried out with the same 

allies of — should be consideied. Thus, taking the ratio of v for 

V 

11 to V foi water as 13 i, a velocity of 10 ft -sec with the 4-ft board 
1 water would coriespond to a velocity of 325 ft -sec with the 
6- It boaid in air Taking the lesistance in air as proportional to 
^ the icsistance per square foot of the i6-ft. board at this speed is 

R 0 000457 X ^ 0*00402 lb , 

and R--r ^ o 00000380 

'he value of R — for the 4-ft. board in water is 0*00325) the 
^ Phi 8, 1904, pp. 58-66. 
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ratio of the two being 855, a value only about 4 per cent greatei th, 
the relative density of water and air at 60° F. 

In view of the fact that one set of experiments was earned 0 
in still water, and the other in an air current whose flow was n 
perfectly uniform, the agieement between the two sets of resu] 
is very close. 

Resistance of Wholly Submerged Bodies 

Where a body is submerged in a current to such a depth th 
no surface waves are formed, gravity has no effect on the resistanc 
This will happen with a deeply oubmeiged submarine, 01 wil 
an air-ship. If the speed is constant ^ so that there is no accelen 
tion, and if the liquid is incompressible, or if in a compressib 
fluid the speeds do not approach the acoustic speed so that picssui 
changes arc so small that the compressibility may be ncglecte< 
the resistance R may evidently depend upon the lelative velocil 
of fluid and body, on the density and viscosity of the fluid, and on tl 
size and shape of the body. In a series of geomctucally simih 
bodies each is defined by a single linear dimension /, and the lesu 
tance R will be given by the relationship 

F(R, /, V, p, /a) = o 
As in the previous examples 


Inserting the dimensions of /, p, R, and fi, and detci mining th 
indices y, xr, c, so as to make and K2 dimensionless, give 
the values of and Kg These are 



R = pPv^ 

= (15) 


The value of the unlmown function ^ might be found by plottin 
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R Iv 

bserved values of against simultaneous values of — , and 

l^trp V 

ly finding an empirical equation to represent the curve joining the 
•lotted points. Moreover, it should be noted that since the values 
f both terms in the function are dependent on v, the form of the 
unction, for any liquid, can be determined from experiments on 
single body at different speeds in the same medium. 

In the case of model experiments, if the medium is the same 
3 r model and original, and if the suffix in denotes the model, then, 

F the speeds be chosen so that v„. 


we shall have 


Iv 

V 


KPm 


o that ) becomes a constant, and 


R 

R,„ 


Kf vj 


I. 


The speeds thus related are corresponding speeds ”, and at these 
peeds the model and its original are “ dynamically similar ” In 
his case the cot responding speeds are inversely pioportional to the 
ineai dimensions, and at these speeds the lesistancc of the model 
nd of the original are equal 

Unfortunately this relationship would involve such high speeds 
n the case of the model as to be of no practical value. If, however, 
he model cxpenments can be carried out in a medium whose lane- 
natic viscosity is less than that of the original, the corresponding 
peeds aie reduced Thus by using compressed air in a wind tunnel 
he corresponding speed is reduced in the same ratio as the density 
3 increased, since the kinematic viscosity of air varies inversely as 
ts density. Such a wind tunnel is in operation at Langley Field 
USA) 

Adopting a working pressure of 20 atmospheres 

JLI 

V zo 

0 that with a i/io scale model, the corresponding speed in the 
vmd tunnel would be one-half that of the oiigmal, and at these 
peeds 
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R pPv^ 

With bodies whose resistance is sensibly proportional to tb 
square of the velocity, the form of the function 0 must be such £ 

to make a constant whose value depends only on the shape c 

the body, and the resistance is given by 

R = kpPv\ 

It is now immaterial at what speed the model experiments are carriei 
out, so long as this is above the critical speed ’h 

This discussion applies equally well to any case of motion of 
totally immersed body in a medium whose compressibility may b 
neglected. 


Resistance of Partially Submerged Bodies 

When a body is paitially submeiged, or, although submerged 
is so near the surface that surface waves are produced, part of tin 
resistance to motion is due to this wave formation. The influenc< 
of gravity must now be taken into account, and we have the relation 
ship F(R, /, V, p, p., g) = o. 


Since there are now 6 quantities involved, 6 — 3 (= 3) K's 
are required. Taking /, and p as convenient independent quan 
titles and proceeding as before, 

Ko = UlPV^P^y 

K, = gltv^py 


Inserting the dimensions of R, /, v, p, /lc, and g, and deteimining the 
indices x, a, a, &c , necessary to make K^, K^y 1^3 dimensionless 
gives the values of K^, Kg, and Kg. These are 


so that 

or 


i 10 0 y 1 y ■*■^3 * 

IVp Ivp 

Oi)- (g)} - »■ 

* = (s)}- 
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[n the case of model experiments, it is necessary for dynamical 
similarity that each of the arguments of <j> shall have the same value 
For both model and original. But if, as is usual in practice, both 
are to operate in water, v is sensibly constant, whiles is also constant, 
50 that for exact similarity both Iv and would require to be 
constant In other words, neither v nor I can vary It follows that 
the lines of flow and the wave formation around a ship and its 
model in the same fluid cannot simultaneously be made dynamically 
similar It remains to be seen whether any of the arguments in- 
volved in the function may reasonably be neglected so as to give 
an approximation which is likely to be of use in practice 

Experiment shows that the resistance of a ship-shaped body at 
the speeds usual in piactice is proportional to e;”, where n is approxi- 
mately 1*83, and the nearness of this index to 2*0 indicates that 
the direct effect of viscosity is small If it be assumed that this 
influence of viscosity is negligible,^ the argument vjlv may be 
omitted from the equation, which now becomes, 

R = ^(^)- 

If now 4 , be made the same both for the model and the original, 

R__ pD 

Ptn Pm Pm ^ m 

where D is the displacement. 

In this case the “ coiicsponding speeds ” at which wave and eddy 
formation are the same for ship and model, are given by 



Model Experiments on Resistance of Ships 

In practice these corresponding speeds are used, but allow- 
ance IS made for the diffeient effects of viscous resistances in the 
two cases by the well-known “ Fronde ’’ method 

'^'This does not involve the assumption that skin friction is unimpoitant or that 
viscosity plays no pait in the phenomenon It is m effect assuming that slun 
friction, instead of being pioportional to z;” where n is slightly less than 2, is pro- 
portional to In this case the 1 csistance is due to the steady rate of formation 
of eddies at the surface of the body, and, once these have been formed and have 
left the immediate vicinity of the body, the rate at which they are damped out by 
viscosity has no effect on the drag. 
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In determining the lesistance of any proposed ship, a scale model 
is made, usually of paraffin wax, and is towed through still watei, 
the lesistance corresponding to a number of speeds being measuied 



by dynamometer. A curve AA, fig 3, is plotted showing lesistance 
against speed. 

The length and area of the wetted surface being known, the skin 
friction ) is calculated, the coefficient being taken from 

Froude’s results on the resistance of flat planes towed endwise.* 

• See pp 203, 204 
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'he curve BB of frictional resistance can now be drawn, and the 
atercept between AA and BB gives the eddy- and wave-making 
esistance of the modeL If now the horizontal scale be increased 
1 the ratio Vs : i, where S is the scale ratio of ship and model, and 
" the vertical scale be increased in the ratio D : i, this intercept 
ives the eddy- and wave-making resistance of the ship at the corre- 
ponding speed. If fresh water is used in the tank, the vertical 
cale is to be increased again in the ratio of the densities of salt and 
resh water The skin friction (fAv^) of the ship is next calculated 
nd set down as an ordinate from BB to give the curve CC. The 
itercept between the curves AA and CC now gives, on the large 
cales, the total resistance of the ship 

The resistance at any speed v may be calculated from model 
bservations at the corresponding speed as follows* 


Total resistance of modeh 
(observed) . . . . / 

Skin friction of models 
(calculated) . . 

/. Wave- + eddy-1 esist 
ance of model 


= lb. 


} = fnAm< lb. 


n = 


A Wave — |- eddy-1 csist-^ 
ance of ship in salt V 
water . . . ' 


R — f A 

J nr ^nr^m 


DF X lb. 
02 4 


Fib. 


Total 

ship 


resistance 



^ DF H-/A®" lb. 
62-4 


Scale Effects — Resistance of Plane Surfaces — of Wires 
and Cylinders — of Strut Sections 

From what has already been said, it will be evident that in 
lost model experiments some one of the factors involved tends 
5 prevent exact similarity and introduces some scale effect, 
t is only when this effect is small, and when its general lesult 
! known, that the results of model experiments can be used 
dth confidence to predict the performance of a large-scale 
rototype. 

The resistance of square plates exposed normally to a current, 
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affords a typical example of scale effects. Expressing the resistance 
of such plates as 

R = K' pzj^ in absolute units (British or C.G S ) 

= where R is in pounds weight per squaie 
foot, and v is in feet per second, 

experiments show the following values of K' and of K. 



K' 

K 

Size of Plate. 

Dines ^ 

•56 

00135 

I ft. squaie 

Canovetti f . . 

•56 

•00134 

3 ft diamctei (circular) 

Eiffel X 

55 

•00133 

10 in. square 


56 

00136 

14 » 

. . • 

•59 

•00142 

20 „ „ 


■61 

00147 

27 » 

), • . • 

•62 

•00150 

39 >> >> 

Stanton § 

•52 

00126 



•62 

00148 

5 ft squaie 

. . . 

•62 

•00149 

10 ft square 


Such experiments show that while is almost independent 

of V, it increases by about i8 per cent as the size of the plate is 
increased from 2 in. to 5 ft. square. 

As the compressibility of the air has been neglected in deducing 
expression (15), p. 206, it is impossible to say without further 
examination that this effect is not due to compressibility. Indeed 
if compressibility has any influence on R, a dimensional effect can 
occur which may be in accordance with a law of resistance, for, 
when this is taken into account, (15) becomes 

R = pi^ (16) 

wheie C is the velocity of sound waves in the medium. This may 
be written 

R == 

* Proc. Roy Soc , 48, p 252. 

t Soci^t^ d ’Encouragement pour Tlndustrie Nationale, BuIleUtif 1903, 1 , 
p. 189. 

X Eiffel, Resistance de VAxr 

§N.P.L, Collected Researches y 1 , p. 261. 
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ind since by hypothesis R is proportional to v^, this becomes 
R = 

\xi investigation of the possible effect of compressibility shows, 
lowever, that this is less than i per cent for speeds up to 
00 miles per hour, so that an explanation of the observed 
limensional effect based on this factor is not admissible. 

It has been suggested'’^ that since, as shown by Mr. Hunsaker’s 
ibseiTations on circular discs, there is a critical range of speed 
letermined by the form of the edge, and not dependent on the size 

R R 

>f plate, the apparent discrepancy between — = constant and -- = 

7^ L 

variable may be due to the results of vaiious observers having 
)een affected by such ciitical phenomena, which were not, however, 
ufEciently marked to attiact attention. To determine whether this 
‘xplanation is valid would require an experimental investigation of 
he forms of edge which have been used. 

The more piobable explanation would appear to be that while 
xperiments on any one plate have been taken as showing the lesist- 
nce to be pioportional to this is only appioximately true. 

An examination by Messis. Bairstow and Booth ,f of all reliable 
xperiments on squaie plates, leads to the conclusion that an empirical 
ormula of the type 

jives a close appioximation to the experimental results. For values 
>f vl ranging from i to 350, a and b have the values 0*00126 and 
)*oooooo7 lespectivcly Here v is in feet per second and R in pounds 

Neglecting compicssibihty this indicates that j of equation 

16), p 212, equals m + 7 wl, wheie m and n are constants for any 
)aiticular fluid under given picssure and tempeiature conditions. 

It may be noted that experiments by StantonJ show that the 
)ressuies on the windward side of a square plate are not subject to 
dimensional effect, but that the whole variation can be traced to 
hanges in the negative pressure behind the plate. 

* By Mr. E Buckingham, Smithsonian Miscellaneous Collections ^ 62 , No 4, 
an., 1916. 

f Technical Report^ Advisory Committee for Aeronautics ^ ipio-’i, p 21. 

%Proc» Inst, C* 171 ; also Collected Researches of the National Physical 
laboratory f 5 , p 193. 
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Resistance of Smooth Wires and Cylinders 


A somewhat similar scale effect is obtained from experi- 
ments on the resistance of smooth wires and cylinders. A series 
of such tests on a tange of diameters from o-ooz in. to i-zs in., with 


V ranging from lo to 50 ft.-sec shows that, on plotting 
against or log — , a narrow band of points is obtained which in- 

V V 



10 20 30 40 50 

Fig 4 

dudes all the experimental results (fig. 4). This shows that for a given 

value of ^ the value of — 5 — is the same for all values of v and of 

d. From this it appears that whereas experiments on a single wire or 
cylinder indicate that R is nearly proportional to tme similarity 

• • ^d 

of flow is only obtained when — is constant, 

V 

It becomes very necessary to satisfy this condition with low 

values of — , owing to the changes which may occur in the type 

^ Reports and Memoranda^ Advisory Com. for Aeronautics, No. 40, March, 
1911; No. 74, March, 1913, No 102, 
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of flow around such bodies at comparatively low velocities or 
with small diameteis. As in all other cases of flow, as this factor 
is reduced a critical value is ultimately reached where the type of 
flow undergoes a definite and rapid change, so that the function ^ 
ceases to be even approximately constant. 


For a given body in a given medium, this critical value of 


vd 


corresponds to a critical speed which may be calculated from the 


032 


0 28- 

024 


^020 


■xj 



0 04 




2 *4 6 8 10 12 14 16 18 2o 22 iM- 

Values of ud tn foot second units 
Fig 5 — Resistance of Strut Sections 


values of d and v, if its value has once been experimentally deter- 
mined for bodies of the given form by vaiying any one of the vari- 
ables V, and V, 

In some such bodies as spheies and cylinders the law of resistance 
may change widely with compaiatively small alteration in the con- 
ditions; thus, for example, at ceitain speeds the resistance of a sphere 
may actually be reduced by loughenmg the surface. In carrying 
out any such experiments, theiefore, it is of the greatest importance 
that the gcometiical similarity between a model and its prototype 
should be as exact as possible, and that where possible vd should be 
kept constant. 

The vaiiaiion in the type of flow at a definite critical velocity 
has been well shown in the case of flow past an inclined plate by 
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C. G. Eden*. By the aid of colour bands in the case of water, anc 
smoke in the case of air, photographs of the eddy formation in th< 
rear of the plates of different sizes were obtained. These show 



BLERJOT 





Fig. 6 — Strut Sections. 

that the types of flow were similar for both fluids and for all the 
plates so long as -- was maintained constant, and that the change 

V 

over from one type to the other took place at a critical velocity, 

defined by oc ~ , in each case. 

* Tech. Report of Advisory Committee for Aeronautics^ 1910-1, p. 48; also 
R, and M., No, 31, March, 1911. 
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R 

The curve of fig, 5*, p, ziKy shows the change in — — with a 

pdtr 


variation in vd in the case of a strut of fair stream-line form. Here 
R is the resistance per foot run of the strut. The curve shows that 
the resistance is very nearly proportional to for values of vd greater 
than 5, but that as vd is reduced below this value the law of resistance 
suffers a rapid change. Since, below the critical velocity, Rcc v, the 
ordinates of the curve to the left of the critical point will be pro- 


portional to and this part of the curve will be hyperbolic. 

The following tablef shows the resistance of typical strut sections 
of the types and sizes shown in fig. 6, 



Resistance of 100 Ft 

Type of Stint 

of Strut m Pounds 
at 60 ft -sec 

Cade, I in diametei 

430 

Ellipse axes, i m X 2 in 

22 Z 

Ellipse axes, i m X 5 m 
De Havilland 

15-2 

1 25 5 

Farman 

22 9 

Blcriot A 

237 

Bleriot B 

HS 

Baby 

79 

Beta 

69 

B F 34 

72 

B F 35 

63 

B F. 35, tail foiemost 

10 9 


* Applied Aerodynamics^ Baiistow (Longmans, Green, & Co , 1920), p. 392. 
f Tech Repoft of Advisory Committee for Aeronautics^ 1911-2, p 96 



CHAPTER VI 


Plienomena due to the Elasticity 
of a Fluid 


Compressibility 

Compressibility is defined (Chapter I, p i6) as the reciprocal 
of the bulk modulus, i e. by ~ 

The compressibility of water varies with the temperature and 
the pressure, the values of the bulk modulus, obtained by different 
observers, being as follows * These values are in pounds per 
square inch. 


Authority 


Temperature, Degrees C 
30° 40° 


303000 318000 333000 


Grass! f 


TaitJ 


293000 303000 319000 322000 — — — 

o f At low 

283000 301000 319000 334<^oo 347000 352000^ pressures 

- / At I ton 

292000 3 1 1000 328000 340000 347000 347000 1 persq in 

, / At 2 tons 

300000 321000 332000 346000 339000 339000I persq m 


The bulk modulus K of sea water is about 9 per cent greater 
than that of fresh water. 

♦See also Parsons and Cook, Proc, Roy Soc A, 85 , 1911, p 343 4° C. 

Parsons finds K = 306,000 lb. per square inch at 500 atmospheres, 346,000 lb. at 
1000 atmospheres, and 397,000 at 2000 atmospheres. Results of experiments by 
Hyde, Proc R 5 A, 97 , 1920, are m close agreement with these. 
f Annales da Chimie et Physique^ 1851, 31 , p 437 
j Math, and Phys Papers^ Sir W. Thomson, Vol. Ill, 1890, p, 517* 
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For purposes of calculation at temperatures usual in practice, 
e modulus for fresh water may be taken as 300,000 lb. per square 
ch, or 43*2 X 10® lb per square foot. 

The compressibility is so small that in questions involving water 
rest or in a state of steady flow it may be assumed to be an incom- 
essible fluid. In certain important phenomena, however, where a 
idden initiation or stoppage of motion is involved the compressi- 
lity becomes an important, and often the predominating factor. 

In such cases the true criterion of the compressibility or elasticity 
a fluid IS measured by the ratio of its bulk modulus to its density, 
nee It IS this ratio which governs the wave propagation on which 
Lch phenomena depend. In this respect air is only about eighteen 
mes as compressible as water 

For olive oil the value of K at 20° C is 236,000 lb. per square 
ch (Quincke) and for petroleum at 16-5° C is 214,000 lb per 
[uaie inch (Martini). The following are values of K for lubri- 
iting oils at 40"^ C * 


Piessure, 
Tons per 
square inch 

Castor Oil 

Sperm Oil 

Mobiloil 

“A” 

1 

291000 

242000 

287000 

2 

302000 

252000 

291000 

5 

330000 

285000 

315000 


Sudden Stoppage of Motion — Ideal Case 

If a column of liquid, flowing with velocity?; along a rigid pipe 
F unifoim diameter and ot length I ft,, has its motion checked by the 
LStantaneous closure of a iigid valve, the phenomena experienced 
'e due to the elasticity of the column, and are analogous to those 
btaining m the case of the longitudinal impact of an elastic bar 
jainst a rigid wall. 

At the instant of closure the motion of the layer of water in 
)ntact with the valve becomes zero, and its kinetic energy is con- 
srted into resilience or energy of strain, with a consequent sudden 
se in pressure. This checks the adjacent layer, with the result 
lat a state of zero velocity and of high pressure (this at any point 


^ Hyde, Proc, R, S» A^ 97 ^ 1920, 
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being p above the pressure obtaining at that point with steai 
flow) is propagated as a wave along the pipe with velocity Vp.* 
This wave reaches the open end of the pipe after t sec., whe 

I I I 

t 

p 

\ 

Statue. V Pnessiws. 


I P 

L @ 

Almo^ InstatO-tf Valve Closure, Pressure 


Static 




Pressure 


At mos ^ ^ ^ ^ ^ ^ _ Pressure 

Fig I — Ideal Case of Water-hammer in Pipe Line 

t I ^ Yp, At this instant the column of fluid is at rest and in a 
state of uniform compression. 

This is not a state of equilibrium, since the pressure immediately 

velocity of propagation of sound waves m the medium, and is equal 
where tv is the weight in pounds per cubic foot, and K is m pounds per 
square foot. 
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aside the open end of the pipe is p greater than that in the surround- 
ag medium. In consequence the strain energy of the end layer 
3 reconverted into kinetic energy, its pressure falls to that of the 
urrounding medium, and it rebounds with its original velocity v 
owards the open end of the pipe. This relieves the pressure on 
he adjacent layer, with the result that a state of normal pressure 
nd of velocity (— v) is propagated as a wave towards the valve, 
caching it after a second inteival I Yp sec. At this instant th^ 
v'hole of the column is at normal pressure, and is moving towards 
he open end with velocity v. The end of the column tends to leave 
he valve, but cannot do so unless the pressure drops to zero, or so 
Lear to zero that any air in solution is liberated. Its motion is con- 
equently checked, and- its kinetic energy goes to reduce the strain 
nergy to a value below that corresponding to normal pressure. 
The pressure d ops suddenly by an amount equal to that through 
vhich it originally rose, and a wave of zero velocity and of pressure 
► below normal is transmitted along the pipe, to be reflected from 
he open end as a wave of normal pressure and velocity towards the 
^alve When this wave reaches the valve 4/ — sec aftei the 
nstant of closure, the conditions are the same as at the beginning 
►f the cycle, and the whole is repeated. 

Under such ideal conditions the state of affairs at the valve would 
)e represented by fig i a At any other point at a distance from 
he open end the pressure-time diagram would appear as in fig. i b 
If the velocity were such as to make p greater than the normal 
bsolute pressure in the pipe, the first reflux wave would tend to 
educe the pressure below zero. Since this is impossible, the pressure 
ould only fall to zero, and the subsequent rise in pressure would 
)e correspondingly reduced. Actually, at such low pressures any 
lissolved air is liberated and the motion rapidly breaks down. 

Effect of Friction in the Pipe Line 

The effect of friction in the pipe line modifies the phenomena 
n a complex manner. In the first place the pressure, with steady 
low, falls uniformly from the open end towards the valve, and the 
)ressure at the valve will be represented by such a line as AB (fig. 2). 
)n closure the pressure here will rise by an amount as before. 
When the adjacent layer is checked its lise in pressure will also 
)e p, but since its original pressure was higher than that at the 
^alve, its new pressure will also be higher. It will therefore tend to 
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compress that portion of the column ahead of it, and will lose some 
of its strain energy in so doing. This will result in the pressure 
at the valve increasing as layer after layer is checked, but since this 
secondary ejffect travels back fiom each layer in turn with a velocity 
Yp, the full effect at the valve will not be felt until a time 2 / -r Yp 
after closure. At this instant the pressure will have risen by an 
amount which to a first approximation may be taken as dp — \/ 2 ,^ 
where dp is the pressure- difference at the ends of the pipe under 
steady flow. 

When reflux takes place the end layer, having transmitted part 



AJirtos * Pressure 

Fig 2 — ^Water-hammer as Modified by Friction 


of its energy along the pipe, can no longer rebound with the original 
velocity V. Moreover, smce at the instant when the distuibance 
again reaches the valve, and the column is moving towards the open 
end, frictional losses necessitate the pressure at the valve being dp 
greater than at the open end, the pressure drop will be less than in 
the ideal case. 


* With steady flow the pressure distant x from the valve will be greater than 
that at the valve by an amount dpj. Therefoie excess strain energy of a layer 
of length 5x at this point, due to this pressure oc 

Assuming this excess energy to be distiibuted over the length x between this 

layer and the valve, it will cause a use in pressuie p'^ where (p'^x = dx( ^ ^ — j , 
Integrating to obtain the effect of all such layers from oto x gives \ * / 

(^/)2 _ j and when x ^ I, p ^ 


This IS only a first approximation, since the equalization of piessures will be 
iccompamed by surges which will introduce additional frictional losses. 
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If the velocity of the first reflux be kv^ where k is somewhat less 
lan unity, the pressure diagram will be modified sensibly as in 

. 

Friction thus causes the pressure wave to die out rapidly, with- 
Jt affecting the periodicity appreciably. 

Magnitude of Rise in Pressure, following 
Sudden Closure 

Assuming a rigid pipe, on equating the loss of kinetic energy 
2r pound of fluid to the increase in its strain energy or resilience; 

2g 2 Kw 

, ^ IKw ^ 

.. p == — == 

^ g g 

here p is the rise in pressure, and v the velocity of flow in feet per 
cond. 

Putting K == 43-2 X 10® lb -sq ft., 

,, w ^ 62*4 lb -c ft , 

)) g 32 ^ ft -sec .2, 

this becomes p = gi6ov lb,-sq ft. 

= 63*7^^ Ib.-sq in 

Effect of Elasticity of Pipe Line 

Owing to the elasticity of the pipe walls, pait of the kinetic 
lergy of the moving column is expended in stretching these, with 
resultant increase in the complexity of the phenomena, a reduction 
the maximum pressure attained, and an increase m the rate at 
liich the pressure waves die out. The state of affairs is then 
dicated in figs. 3 a and i, which are reproduced from pressure- 
ne diagrams taken from a cast-iron pipe line 3*75 m. diameter and 
;o ft. long f 

Fig. 3 a was obtained from behind the valve and fig. 3 & at a point 
; ft. from the open end of the pipe. 

The elasticity of the pipe line may modify the results in two 

* If a cube of unit side be subject to a pressure increasing from o to p, the 
ange in volume will be — K, and since the mean pressure during compres- 
nis p 2, the work done is — 2K 

t Gibson, Water Hammer in Hydraulic Pipe Lines (Constable & Co., 1908). 
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ways. If the pipe is free to stretch longitudinally, at the insta 
of closure the valve end of the pipe and the water column w 
move together with a common velocity «,* less than v, and a wa 
of longitudinal extension will travel along the pipe wall. T1 
instantaneous rise in pressure at the valve will now be equal to 

{v - 

Since the velocity of propagation is much greater in metal tha 



Fig 3 — ^Water-hammer in Experimental Pipe Line 


in water, this wave will be reflected from the open end of the pipe 
and will reach the closed end again before the reflected wave in the 
water column. At this instant the closed end of the pipe will 
rebound towards the open end with velocity ti, and will produce 
an auxiliary wave of pressure equal to 

IKw 

— 

^ s 


• It may readily be shown that m = where Wnn and Vm 

J . 

refer to the weight per cubic foot, the cross-sectional area, and^ the velocity oi 
propagation in the metal, and w, a, Vp, to the corresponding quantities for water. 
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in the water column. This will increase the pressure to the value 

iKw 

W , 

^ g 

ivhich would obtain if the pipe were anchored. So that the effect 
Dn the maximum pressure attained during this first period 2/ 

LS zero. The effect on the subsequent history of the phenomenon 
s complex The net effect, however, is to superpose on the normal 
Dressure wave a subsidiary wave of high frequency ~ 4/, 
vhere is the velocity of propagation of waves in metal) and of 
nagnitude 

1 ^ 

± — . 

^ g 

If, as is usual in practice, the pipe is anchored so that no appreci- 
ible movement of the end is possible, this effect will be small. 

The second effect of the elasticity of the pipe line is due to the 
act that, since the walls extend both longitudinally and circum- 
erentially under pi assure, the appaient diminution of volume of 
he fluid under a given inclement of pressure is gi eater than m a 
igid pipe 

The effect of this is to reduce the virtual value of K to a value 
i', where ^ 



vhere r is the ladius of the pipe, t is the thickness of the pipe walls, 
I IS the modulus of elasticity of the material, i /o- is Poisson’s latio for 
he material (approximately 0*28 for iron or steel) 

If the pipe is so anchored that all longitudinal extension is pre- 
ented, but that circumferential extension is free, this becomes 

I _ I , 2r 

I? “ K 

""he use in pressure due to sudden stoppage of motion is now equal 

3 



• Hydraulics and its Applications ^ Gibson (Constable & Co , 1912), p. 235. 

CD 812) o 
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Valve Shut Suddenly but not Instantaneously 


If the time of closure t, while being finite, is so small th£ 


t < 





the disturbance initiated at the valve has ti availed a distance c 
and has not arrived at the open end when the valve teaches il 
seat. In this case, if each part of the column is subject to th 
same retardation (a), the relationship 

force == mass x acceleration 


gives 

^ Wax 

^ “ T' 


and since 

V 

a = - =2 

vj. 


t 

X 

this makes 

p = 

0 

~ lb. per square foot, 

^ Cf 


the value obtained with instantaneous stoppage Whatever the la^ 
of valve closure then, if this is completed in a time less than 
the pressure rise will be the same as if closure were instantaneous 


Sudden Stoppage of Motion in a Pipe Line of 
non -Uniform Section 

In such a case the phenomena become veiy complicatec 
Let 4 , 4 , 4 , &c., be the lengths of successive sections of a rigi 
pipe, of areas Following sudden closure of a valve a 

the extremity of the length 4? a wave of zero velocity and of pressur 
63-7 lb. per square inch above normal is transmitted to the June 
lion of pipes i and 2. Flere the pressure changes suddenly to 63*7^ 
above normal. This is maintained in the second pipe during th 
passage of the wave, and is followed by a change of pressuic to 63*7^ 
at the junction of 2 and 3, and so on to the end of the line. Bl 
immediately the pressure at the junction of i and 2 attains its valu 
63*7^2> wave in pipe i is leflected back to the valve as a wave c 
pressure and of velocity to be reflected from the valve £ 

a wave of zero velocity and pressure } above norma 

This wave then travels to and fro along pipe i, malang a complel 
journey in time 4 “F sec., until such time as the wave in pipe : 
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lected from the junction of 2 and 3 with pressuie above 

rmal and with velocity again reaches the junction of 

nd 2 At this instant it takes up a velocity and pressure depending 
that at the junction end of pipe i, and as this depends on the latio 
the lengths of the branches i and 2, it is evident that after the 
it passage of the wave the phenomenon becomes very involved. 
Where a pipe is short the period of the oscillations of pressure 
xny point becomes so small that the pencil of an ordinaiy indicator 
unable to record them, and simply records the mean pressure 
the pipe. Thus where a short branch of small diameter is used 
the outlet from a long pipe of larger bore, the pressure as recorded 
an indicator at the valve will be sensibly the same at any instant 
in the large pipe at the point of attachment of the outlet branch. 
Moreover, where a non-uniform pipe contains one section of 
)reciably greater length than the remainder, this will tend to 
DOse Its own pressure- change on an indicator placed anywhere 
the pipe. 

These points are illustrated by the following results of expeii- 
Qts by S B Weston ^ In each case the outlet valve was on the 
1. length. 


Details of Pipe Line Piessures, Pounds per Squaie Inch. 


II ft 

of 6-in pipe 

Calc 

Obs 

Calc 

Obs 

Calc 

Obs 

58 

>) 2 ji 

154 

73 

69 

71 

— 

— 

99 

4 

)) )) 

jj ^ 

322 

129 

143 

127 

89 

14-5 

II ft 

58 

of 6-in. pipe 

>) 2^ >) 

I St ij-in 

pipe 

3-in pipe 

2nd ij- 

in pipe 

48 


71 5 

75 

18 0 

65 

71 5 

6i 

3 

)» 3 yj 

142 

126 

35 5 

I 2 I 

H 3 

114 

48 

)> 5 ) 

180 

150 

45 

150 

180 

139 

4 

>j ^ jy 

268 

203 

67 

207 

268 

196 

82 ft 
66 

of 6-in pipe 
n 4 

i^-in 

pipe 

2i-in 

pipe 

6-in 

pipe 

4 

»/ )> 

120 

49 

52 

22 

90 

4*8 

I 

,, 2 ,, 

149 

62 

64 s 

36 

II 2 

6*6 

7 
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82 

97 

52 

16 7 

15 8 

6 

» ^ yj 

466 

122 

201 

99 

350 

36-8 


^ Am* Soc, C. Ey 19th Nov, 1884 
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Sudden Initiation of Motion 

If the valve at the lower end of a pipe line be suddenly opened, 
the pressure behind the valve falls by an amount p lb. per square 
inch, and a wave of velocity v towards the valve 

and of pressuie jp below statical pressure is propagated towards the 
pipe inlet. 

The magnitude of^ depends on the speed and amount of opening 
of the valve, and if the latter could be thrown wide open instan- 
taneously the pleasure would fall to that obtaining on the discharge 
side. In experiments by the writer* with a z\ -in. globe valve on 
a 3|-in. main 450 ft. long, with the valve thiown open through o 5 
of a complete turn, the diop in pressure was 40 lb per square inch, 
the statical pressure in the pipe being 45 lb. per squat c inch^ 
and on the discharge side zero With the valve opened through 
o-io of a turn the drop was 20 lb. per squaie inch, while with 0*05 
of a turn it was ii lb. per squaie inch In each case the time oi 
opening was less than 0*13 sec (/ — V^) 

With a pipe so situated that the original statical picssiuc is 
everjrwhere greater than^, this pressuie wave 1 caches the pipe inlci 
with approximately its original amplitude, and at this instant tin 
column is moving towards the valve with velocity v and picssuic l 
below normal. 

The pressure surrounding the inlet is howevci maintained noimal 
so that the wave letuins from this end with normal picssiuc anc 
with velocity zv relative to the pipe. At the valve the wave 1 
reflected, wholly or in part, with a velocity which is the diflcienc 
between zv and the velocity of efflux at that instant, and since th 
velocity of efflux will now be greater than the wave velocity wil 
be less than and the lise in pressure less than p above noimal 
This wave is reflected from the inlet to the valve and hcie the cycl 
is repeated, the amplitude of the pressure wave diminishing lapidl 
until steady flow ensues. Fig. 4 shows a diagiam obtained unde 
these circumstances. 

Where the gradient of the pipe is such that beyond a ccitai 
point in its length the absolute statical picssuic is less than tf 
drop in pressure at the valve, the motion becomes partly discontinuoi 

^ Gibson, Water Hammer in Hydraulic Pipe Lines (Constable & Co., 1908). 




PHENOMENA DUE TO ELASTICITY OF A FLUID 229 


this point on the passage of the first wave, which travels on to the 
let with gradually diminishing amplitude. The amplitude with 
hich it reaches the inlet determines the velocity of the leflected 



Fig 4, — Diagram of Piesauie (per squaic inch) obtained on Sudden Opening of a Valve 


ave, which will be less than in the preceding case, and under such 
rcumstances the wave motion dies out rapidly. 

As the valve opening becomes greater, the efficiency of the valve 
a reflecting surface becomes less, so that with a moderate opening 
e pressure may never even attain that due to the statical head 


Valve opened 



Fig 5 — Sudden Opening of Valve 


— — Closed 
Steady fiouf 


his is shown in fig. 5, which is a diagram obtained from the experi- 

ental pipe line when the valve was opened suddenly (time < X) 
rough half a turn. ^ 

Wave Transmission of Energy 

In the systems in common use for the hydraulic transmission 
energy, water under a pressure of about 1000 lb. per square inch 
supplied from a pumping-station and is transmitted through pipe 
les to the motor. This method mvolves a continuous flow of the 
orking fluid, which in effect serves the purpose of a flexible coupling 
jtween the pump and the motor. 
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It is, however, possible to supply energy to a column of flui 
enclosed in a pipe line, to transmit this in the form of longitudim 
vibrations through the column, and to utilize it to perform mechanicj 
work at some lemote point. Such transmission is possible in virtu 
of the elasticity of the column.^ 

If one end of a closed pipe line full of water under a mean pres 
sure be fitted with a reciprocating plunger, a wave of alternat 
compiession and rarefaction is produced, which is piopagated alon 
the pipe with velocity V^. If the plunger has simple harmoni 
motion, the state of affairs in a pipe line so long that, at the give 
instant, the disturbance has not had time to be i effected from il 
further end, is represented in fig 6 The pressure at each poir 



will oscillate between the values ± p, and the velocity betwee 
the values ± where v is the maximum velocity ol the pistoj 
At the instant in question, particles at A, C, E, and G aic oscillatir 
to and fro along the axis of the pipe through a distance r on eac 
side of their mean position, while paiticlcs at B, D, F, and H ai 
at lest. If n be the number of revolutions of the ciank pci sccom 
the wave-length X = ft 

In a pipe closed at both ends such a state of vibiation is leflectc 
from end to end, forming a seiies of waves of pressure and veloci 
whose distribution, at any instant, depends on the latio of the lengi 
I of the pipe to A. 

In the cases where I is lespectivcly equal to A/4, A/2, and 
stationary waves are produced as indicated in fig y.*! The cxce 

A number of applications of this method have been patented by Mi . ' 
Constantmesco. 

fThe pressme and velocity oscillate m a stationaiy ” manner, i e there £ 
definite points called ** nodes ” wheie theic is no change m piessutc and hkewi 
points where the water does not move See any textbook on Sound, o.g. Datt 
Sound (Blackie), p 63, Watson’s Physics ^ Poyntmg and Thomson’s Sotmd^ & 
wheie the subject is fully explained for sound waves. 

This distribution, where I = X/4, is only possible wheie oscillation at the e 
A is possible, as where the pipe is fitted with a free plunger* 
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ressure at a given point oscillates between equal positive and 
egative values, the range of pressure being given by the intercept 
letween the two curves. The velocity at the points of maximum 
nd minimum pressure, as at A, D, and B in fig. 7 c, is zero, while 
t the points C and E, where the variation of pressure is zero, the 
elocity varies from to —v. 

In the case where I = A/4, the plunger, if free, would continue 





B ('o; 


) oscillate in contact with the end of the column without the appli- 
ition of any external force. 

In a pipe fitted with a reciprocating plunger at one end and 
losed at the other, the wave system initiated by the plunger will be 
iperposed on this reflected system. Thus if / = A/z or A, the 
we initiated by the plunger will be reflected, and will reach the 
lunger as a zone of maximum pressuie at the instant the latter is 
Dmpletmg its in-stroke and is producing a new state of maximum 
ressure. The pressure due to the reflected wave is superposed 
a that due to the direct compression, with the result that the pres- 
ire is doubled. The next revolution will again increase the pres- 
ire, and so on until the pipe either bursts or until the rate of dis- 
pation of energy due to friction, and to the imperfect elasticity of 
le pipe walls, becomes equal to the rate of input of energy by the 
lunger. 
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On the other hand, if the length of the pipe be any odd multiple 
of A/4, the pressure at the plunger at any instant, due to the reflected 
wave, will be equal in magnitude but opposite in sign to that primarilj 
due to the displacement of the plunger, and the pressure on the 
latter will be constant and equal to the mean pressure m the pipe 
Except for the effect of losses in the pipe walls and in the fluic 
column, reciprocation may now be maintained indefinitely withou 
the expenditure of any further energy. For any intermediat( 
lengths of pipe, the conditions will also be inteimediate and th( 
wave distribution complex. 

Instead of closing the end of the pipe at B (fig. 8), suppose j 
piston to be fitted to a crank rotating at the same angular velocity 
in the same direction, and in the same phase as the ciank at A 
If the column were continued beyond B, the movement of th( 



Fjg 8 


piston would evidently produce in the column a sciics of wave 
forming an exact continuation of the wave system between A an( 
B. There will now be no reflection from the surface of the piston 
and if the latter drives its crank and if the resistance is, at ever 
instant, equal to the force exerted on the piston by the wave system 
it will take up the whole energy of the waves pioduced by piston A 
It is to be noted that the piston B may be placed at any point in th 
pipe so long as its phase is the same as that of the liquid at the poin 
of connection. 

If more energy is put in by the piston A than is absoibed by P 
reflected waves will be formed, and the continuation ol the motio 
will accumulate energy in the system, increasing the maximur 
pressure until, as in the case of the closed pipe, the pipe will buisi 

This may be avoided by fitting a closed vessel, filled with liquic 
having a volume large in comparison with the displacement of th 
piston, in communication with the pipe near to the piston. Altei 
natively this may be replaced by a spring-loaded plunger. In eithc 
case the contrivance acts as a reservoir of energy. If the piston 
is not absorbing the whole of the energy supplied from A, the liqui 
in this chamber is compressed on each instroke of the piston i 





PHENOMENA DUE TO ELASTICITY OF A FLUID 233 

re-expand on the outstroke, and by giving to it a suitable volume, 
e maximum pressures, even when the piston B is stationary, 
ay be reduced to any requited limits If perfectly elastic, the 
servoir will return as much energy during expansion as it absorbed 
iring compression, so that the net input to the driving piston is 
ly equivalent to that absorbed by piston B. 

In the case of a pipe (fig. 7 c) whose length is one wave-length, 
d which is provided with branches at C, D, E, and B, respec- 
ely one-quarter, one-half, thiee-quarteis, and one wave-length 
)m A, if all the branches are closed, stationary waves will be 
oduced in the pipe as pieviously described. 

If now a motor running at the synchronous speed be coupled 
the branch at D, this will be able to take up all the energy given 
the column The stationary half-wave between A and D will 
niish, being leplaced by a wave of motion, while the stationai7 
ve will still persist between D and B 

Since there is no pressute vaiiation at C and E, motors coupled 
these points, with the remaining branches closed, can develop 
energy. 

If a motor be connected at any intei mediate point, part of the 
mt of energy can be taken up by the motor The stationary 
ve will then persist, but be of reduced amplitude between A and 
motor, the wave motion ovci this region being compounded of 
s stationary wave and of a travelling wave conveying eneigy 
With a motor at the end B of the line, not absoibmg all the energy 
cn by the generator A, there is, in the pipe, a system of stationary 
\rcs superposed on a system of waves travelling along the pipe, 
that there will be no point in the pipe at which the variation of 
ssuie is always zero It follows that under these conditions a 
tor connected at any point of the pipe will be able to take some 
rgy and to do useful work 

In practice a three-phase system is usually employed, as giving 
re uniform torque and ease of starting A three-cylindei gener- 
", having cranks at 120°, gives vibrations to the fluid in thiee 
es, which are received by the pistons of a three-cylinder hydraulic 
tor having the same crank angles The mean pressure within 
system is maintained by a pump, which returns any fluid leaking 
t the pistons. 


(d 812 ) 


9* 
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Theory of Wave Transmission of Energy 


The simple theory of the process is outlined below, on th< 
assumption that the friction loss due to the oscillation of the columi 
in the pipe is diiectly proportional to the velocity. Where such { 
viscous fluid as oil is used this is true, but where water is used i 
may or may not be true, depending upon the velocities involved 
If the resistance is equal to per unit length as with tuibulen 
motion, an approximation to the true result may be attained b] 
choosing such a frictional coefficient k' as will make k'v = a 


the mean velocity. At velocities below the critical, k' = i] 

pounds per squaie foot of the cioss section (Poiscuillc) per um 
length of the pipe. 

Consider the fluid normally in a plane at .t, displaced fiom tha 

0 // 

plane through a small distance ii^ so that its velocity v ^ ~ Th 

dt 


difference of pressure on the ends of an element of length §x, du 
to the variation in compression along the axis oi the pipe, is equal t 


dx\dx/ 


and the equation of motion becomes 


d^u 'ndK 
d^u 


or 


where 


dx^ 4 4 dt ’ 


= /ll2 


dhi 

dx^ 


du 

"'dt' 


(I) 


4 


— and b = 

P pd^ 


If 6 is small compared with 47r«, wheie ?t is the ficquency of tl 
vibration, a solution of equation (i) is 

u = u^e « sin27rrz(^if — - j, ....( 2 ) 

which represents an axial vibration throughout the column, of maj 
mum amplitude % at the end where a; == 0 . 

At any other point the maximuna amplitude is ii^e , grad 
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ally diminishing along the pipe owing to the friction term repre- 
sented by the term h. 

The excess pressure p, at any instant and at any point, is equal 
to — Iw, ne. 

dXr t 

27 r« / x\ 

p = — « X — cos2^^/ *— -) approx., 
a \ a/ 

md the maximum excess pressure, , at any point, 

ZTTflKdlr. -i-A: , . 


The velocity of a particle at x is equal to 




ind the maximum velocity, 


Zunu^e ^ 


The eneigy transmitted by the excess pressure — the mean 

)ressure conveys no energy on the average — across a given section 

if the pipe m time 8^ is equal to 

. o . TrdKr 

— pvot = — ■ — K — 8;^. 

4 dx dt 

The mean rate of transmission of eneigy per second over each stroke 
if the plungei is thus given by 

Trd^ K r du 
4 rJgdx 8 t ^ 

Inhere r is the duration of a stroke, i e. of a half-cycle. 


Wilting 27 rn^t — - 


this becomes 


= a, dt T 

27m 

Kd^ r du 9 ^/^^ 

4 J Q dx dt 


ZTTtl Zil 




1 . Trd^ 

'Z X max ®^max ~ " 

2 4 
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and the horse-power transmitted, if the foot be the unit of length, 
is obtained by dividing expression (5) by 550. 

The loss of energy per unit length of the pipe, due to friction, 
and converted into heat, is 

aE 

— L, 

ox a 

and the efficiency of transmission through a pipe line of length I is 

It should be noted that in any application of these results, if th< 
calculations are in English units, 

_ _ 63*4 

^ g 32-2 

for water, while the value of fz is to be taken m pounds per squar 
foot, and the pipe diameter in feet. 

For a more detailed investigation of the theory, which become 
complex when a complicated pipe system is used, Mi Constant 
nesco’s original papers should be consulted*. 

There is an exceedingly close analogy between wave tianj 
mission by Constantinesco^s system and alternatmg-cuirent clectr 
power transmission; in fact, in the ‘‘ thrce-pipe system ’’ tl 
known facts of three-phase electrical cngmccimg can be appln 
with scarcely any except verbal changes. 

* The Theory of Somes (The Piopnetois of Patents Conti oiling Wave Tiar 
mission, 132 Salisbury Square, E.C , 1920) 

Note — The foiegomg theory of wave tiansmission is due to li Moss, D.S 
See also Proc Inst Mech Eng , 1923. 



CHAPTER VII 


The Determination of Stresses by Means 
of Soap Films 

When a straight bar of uniform cross section is twisted by the 
application of equal and opposite couples applied at its two ends, 
it twists in such a way that any two sections which are separated by 
the same distance are lotated relative to one another through the 
same angle. The angle through which sections separated by a unit 
length of the bar are twisted relatively to one another is called the 
“ twist ”, and it will be denoted by the symbol % throughout this 
chapter. If the section is circular, particles of the bar which originally 
lay m a plane perpendicular to the axis continue to do so altei the 
couple has been applied 

The couple is transmitted thiough the bar by means of the shearing 
force excited by each plane section on its neighbour. The shearing 
stress at any point is, in elastic materials, propoitional to the shear 
strain, or shear In the case where a bar of circular cross section 
is given a twist the shear evidently increases from zero at the 
axis to a maximum at the outer surface of the bar; at a distance r 
from the axis it is in fact r% If two series of lines had been drawn 
on the surface of the untwisted bar so as to be parallel and peipen- 
dicular to the axis, these lines would have cut one another at light 
angles. After the twist, however, these lines cut at an angle which 
difteis from a right angle by the angle r£, which measures the shear 
at the point in question. The shearing strain at the surface of any 
twisted bar can in fact be conceived as the difference between a 
right angle and the angle between lines of particles which were oiigm- 
ally parallel and peipendicular to the axis. 

In the case of bars whose sections are not circular, the particles 
which oiiginally lay in a plane perpendicular to the axis do not 
continue to do so after the twisting couple has been applied; the 
cross sections are warped in such a way that the shear is increased 

287 
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in some parts and decreased in others. In the case of a bar of elliptic 
section, for instance, the point on the suiface of the bar where the 
shear is a maximum is at the end of the minor axis, while the point 
where it is a minimum is at the end of the major axis If the sections 
had remained plane, so that the shear at any point was proportional 
to the distance of that point from the axis of twist, the leverse would 
have been the case. 

The warping of sections which were originally plane is of funda- 
mental importance in discussing the distribution of stiess in bent 01 
twisted bars. It may give rise to very large increases in stress In 
the case where the section has a sharp internal corner, tor instance, it 
gives rise to a stress there which is, theoretically, infinitely great. 

The method which has been used to discuss mathematically the 
effect of this warping is due to St. Venant.’^ If co-ordinate axes 
0 :v, Oy be chosen in a plane perpendicular to the axis of the bai , 
and if (f) represents the displacement of a paiticle from this plane 
owing to the warping which occuis when the bar is twisted, then 
St. Venant showed that <[> satisfies the equation 


dx^ dy^ 


..(I) 


and that it must also satisfy the boundaiy condition 

^ z=: y cos{xn) — X cos(y/z), . {z) 

on 

wheie — represents the rate of change of ^ in a diiection perpcndiculai 
dn 

to the boundary of the section, and {xn)y {yn) icpiescnt the angles 
between the axes of x and y respectively and the normal to the 
boundary at the point (a?, j). 

Functions which satisfy equation (i) always occur in palis. li 
i/r is the function conjugate to i e. the other mcmbci ol the pan 
i/f is related to ^ by the equations 

^ djfs H ^ 

dx dy dy dx 


and ip also satisfies (i). In the case under considciation it turns oui 
that it IS simpler to determine ip and then to deduce ^ than to attempi 
to determine (p directly. From (i), (2), and (3) it will be seen thal 
to determine ip it is necessary to find a function ip which satisfies 

* See Love, Mathematical Theory of Elasticity ^ second edition, Chap. XIV. 
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i) at all points of the cross section, and satisfies the equation 

y cos(xn) — x cos{yn) (4) 


di/j 

ds 


dip 


t points on the boundary, where ^ represents the rate of variation 

as 

f ip lound the boundary. 

0v dx 

Now cos(xn) = ^ and cos(yn) = so that (4) reduces to 

ip d / \ 

- ^ boundary condition reduces 


ifj = + constant. 


.( 5 ) 


"’he advantage in using ip instead of ^ is that the boundary condition 
5) is more easy to satisfy than (3). 

The problem of the torsion of the bar of any section is therefore 

educed to that of finding a function ip which satisfies = o 

OX 

nd (5) There is an alternative, however If a function IF be de- 
ned by the relation W -== j/f ~ + y^)i then W evidently must 

atisfy the equation 

^ + 0^2 + 2 = o, (6) 


t all points of the section, and 

W — constant (7) 

t the boundary 

This function besides having a very simple boundary condition, 
las also the advantage that it is simply related to the shear, m fact 
he shearing strain at any point is proportional to the rate of change 
1 W at the point in question in the direction in which it is a maximum. 


Prandtl’s Analogy 

It has only been possible to obtain mathematical expressions for 
), ip, and W in very few cases The stresses in bars whose sections 
le rectangles, ellipses, equilateral triangles, and a few other special 
hapes have been lound, but these special shapes are of little mteiest 
0 engineers. There is no general way in which the stresses in 
wisted bars of any section can be reduced to mathematical terms 
The usefulness of equations (6) and (7) does not cease, however 
\rhen W cannot be represented by a mathematical expression. It has 
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been pointed out by various writers that certain other physica 
phenomena can be represented by the same equations In some 
cases these phenomena can be measured experimentally fai mou 
easily than direct measurements of the stresses and strains in j 
twisted bar can be made. Under these ciicumstances it may b< 
useful to devise experiments in which these phenomena are mcasuiec 
in such a way that W is evaluated at all points of the section Th< 
values thus found for W can then be used to dcteiminc the stiessei 
in a twisted bai. 

Probably the most useful of these analogies ” is that of Piandtl 

Considei the equations which lepicsent the suilace of a soaj 
film stretched over a hole in a flat plate of the same size and shap 
as the cioss section of the twisted bar, the film being slightly dis 
placed from the plane of the plate by a small picssuic p. 

If y be the surface tension of the soap solution, the equation o 
the surface of the film is 


dx^ 2y 


..( 8 ) 


wheie z is the displacement ol the film Iiom the plane o( .ry and 
and y are the same co-oidmalcs as bcfoic. Round the boundan 
i e the edge of the hole, z = o. 

It will be seen that if z is measiued on such a scale that /i.yz/j 
then equations (6) and (8) aic identical I'he boundaiy conditioi 
are also the same. It appeals thcrcioie that the value ol com 
sponding with any values of x and can be lound by mcasiuing ll 
quantities pjy and z on the soap film. 

In other woids the soap film is a giaphical lepicsentation of tl 
function W for the given cioss section. Actual values ol W can I 
obtained from it by multiplying the oidinatcs by ^yjp 

To complete the analogy it is necessary to bung out the due 
connection between the measurable cpiantitics connected with tl 
film and the elastic properties of the twisted bar 

If N is the modulus of rigidity of the matci lal and % the twi 
of the bai, the shear stress at any point of the cross scetk 
can be found by multiplying the slope of the W surface at tl 
point by N$, so that, if a is the inclmalion ol the bubble to tl 
plane of the plate, the stress is 

P 


( 9 ) 
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The torque on the bar is given by 

T, = dy, 

or T, = ^NSV, (10) 


where V is the volume enclosed between the film surface and the 
plane of the plate. 

The contour lines of the soap film in planes paiallel to the plate 
correspond to the ‘‘ lines of shearing stress in the twisted bar, that 
is, they run parallel to the diiection of the maximum shear stress at 
every point of the section. 

It IS evident that the torque and stresses in a twisted bar of any 
section whatever may be obtained by measuring soap films in these 
respects. 

In order to obtain quantitative results, it is necessary to find the 
value of ^ in each expeiiment. This might be done by measuring 

P 

y and p directly, but a much simpler plan is to determine the curva- 
ture of a film, made with the same soap solution, stretched over a 
circular hole and subjected to the same piessure difference, be- 
tween Its two surfaces as the test film. 

The curvature of the circular film may be measured by obseiving 
the maximum inclination of the film to the plane of its boundary 

If this angle be called ^ then 


p sin^’ 


(II) 


where h is the radius of the circular boundary 

The most convenient way of ensuring that the two films shall 
be under the same pressure, is to make the circular hole m the same 
plate as the expeiimental hole. 

It is evident that, since the value of 4y//> for two films is the 
same, we may, by comparing inclinations at any desired points, find 
the ratio of the stresses at the corresponding points of the cross 
section of the bar under investigation to the stresses in a circular 
shaft of radius h under the same twist. Equally, we can find the 
ratio of the torques on the two bars by comparing the displaced 
volumes of the soap films. This is, in fact, the form which the 
investigations usually take. 
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As a matter of fact, the value of — can be found fiom the test- 

P 

film itself by integrating round the boundary, a, its inclination to the 
plane of the plate If A be the area of the cross section, then the 
equilibrium of the film requires that 

fzy sinads = pA (12) 


This equation may be written in the foim 
4y area of cross section 

^ (perimeter of cioss section) X (mean value of sina) 


(13) 


By measuring a all round the boundaiy the mean value of sina 
can be found, and hence ^ may be deteimined This is, however, 

P 

more laborious in practice than the use of the ciiculai standaid 

It is evident that if the radius of the ciicular hole be made equal 
2A 

to the value of wheie A is the area and P the pciimctcr of the test 

hole, then sinjS = mean value of sina It is convenient to choose 
the radius of the ciicular hole so that it satisfies this condition, in 
Older that the quantities measuicd on the two films may be of the 
same oidei of magnitude. 


Experimental Methods 

It is seen fiom the mathematical discussion given above that, 
in ordei that full advantage may be taken of the mfoimation on 
toision which soap films are capable of fuimshing, appaiatiis is ic- 
quired with which three kinds of measuiements can be made, namely: 

{a) Measurements of the inclination of the film to the plane of 
the plate at any point, for the deteimination of stresses. 

{b) Deteimination of the contour lines of the film. 

(c) Comparison of the displaced volumes of the test film and 
circular standard for finding the corresponding torque latio. 

The earliest appaiatus designed by Dr. A. A Griffith and G. I. 
Taylor for making these measurements is shown in fig. i (see 
Plate).* The films are formed on holes cut in flat aluminium plates 

* From Froc. hist, Mcch, En^,, 14th December, 1917, 
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the icquired shape. These plates are clamped between two 
Ives of the cast-iron box A (fig. i). The lower part of the box 
:es the form of a shallow tray J in. deep blackened inside and 
pported on levelling screws, while the upper portion is simply 
iquare frame, the upper and lower surfaces of which are machined 
rallel. Arrangements are made so that air can be blown into the 
ver part of the box in order to establish a difference in pressure 
tween the two sides of the film. 

In Older to map out the contour lines of the film, i.e. lines of 
ual Zj or lines of equal W in the twisted bar, a steel point wetted 
th soap solution is moved parallel to the plane of the hole till it 
5t touches the film. The point being at a known distance from the 
me of the hole marks a point on the film where z has the known 
lue. The requiied motion is attained by fixing the point (shown 
C in fig, i) to a piece of plate glass which slides on top of the 
3t-iion box. The height of the point C above the plate is adjusted 
fixing it to a micrometer screw B 

In Older to record the position of the point C when contact with 
e film is made, the micrometer carries a lecordmg point D, which 
ints upwards and is placed exactly over C The record is made 
a sheet of paper fixed to the hoaid E, which can swing about a 
iizontal axis at the same height as D To maik any position of 
c scicw it IS mciely necessary to puck a dot on the paper by 
inging It down on the lecoidmg point The piocess is repeated a 
gc number of times, moving the point to diflcient positions on the 
m but keeping the setting of the miciometer R constant In this 
ly a contour is piicked out on the papci. To puck out another 
ntour the setting of B is altered. The photogiaph shows an actual 
:ord in which foui contouis traced in this way have been filled 
with a pencil. The section shown is that of an aeroplane pro- 
ller blade. 

To measure the inclination of the film to the plane of the plate 
e ‘‘ auto-colhmatoi ’’ shown in figs za and zb was devised. Light 
)m a small electiic bulb A is reflected fiom the surface of the 
m thiough a V-neck B and a pin-hole eyepiece C placed close 
the bulb. 

Diiect light fiom the bulb was kept away from the eye by 
small screen. The inclinometer D, which measuies the angle 
iich the line of sight makes with the vertical, consists of a 
irit level fixed to an aim which moves over a quadrant graduated 
degiees. In using the auto-collimator the soap-film box is 
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adjusted till the plane of the hole acioss which the film is sti etched 
is horizontal. 

The volume contained between the film and the plane of the hole 
can be measured m a variety of ways. One of the most simple is to 
lay a flat glass plate wetted with soap solution over the test hole in 
such a way that all the air is expelled from it. The volume contained 
between the spherical film and plane of the circular hole is then in- 
creased by an amount equal to the volume lequired. This increase 
in volume can be determined in a variety of ways, one of the simplest 
being to make measuiements with the auto-collimator of the inclina- 
tion of the spherical film at a point on its edge. 


Accuracy of the Method 

Strictly speaking, the soap-film surface can only be taken to 
represent the torsion function if its inclination a is everywhere so 
small that sina = tana to the required older of accuiacy This 
would mean, however, that the quantities measuied would be so 
small as to render excessive experimental enois unavoidable A 
compronuse must therefore be effected. In point of fact, it has 
been found from expeiiments on sections for which the toision 
function can be calculated, that the ratio of the stiess at a point m 
any section to the stress at a point in a circular shaft, whose ladius 
sAl. 

equals the value of — for the section, is given quite satistacloiily by 

the value of where a and are the respective inclinations of the 

corresponding films, even when a is as much as 35° Similaily, the 
volume ratio of the films has been found to be a sufficiently good 
approximation to the corresponding torque ratio, foi a like amount 
of displacement. 

In contour mapping, the greatest accuracy is obtained, with the 
apparatus shown in fig. i, when is about 20*^. That is to say, 
the displacement should be rather less than for the other two methods 
of experiment 

In all soap-film measurements the experimental eiror is natuially 

greater the smaller the value of — . Reliable results cannot be 
zA . ^ 

obtained, in general, if — is less than about half an inch, so that a 
shape such as a rolled I beam section could not be treated satis- 
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^torily in an appaiatus of convenient size* As a matter of fact, 
wever, the shape of a symmetrical soap film is unaltered if it be 
dded by a septum or flat plate which passes through an axis of 
nmetry and is normal to the plane of the boundary. It is there- 
e only necessary to cut half the section in the test-plate and to 
ice a normal septum of sheet metal at the line of division. An 
beam, for instance, might be treated by dividing the web at a 
stance from the flange equal to two or three times the thickness of 
^ web It has been found advisable to carry the septum down 
rough the hole so that it projects about J in. below the under side 
the plate, as otherwise solution collects in the corners and spoils 
5 shape of the film. 


TABLE I 

Showing Experimental Error in solving Stress Equations 
BY Means of Soap Films 



Radius 



a 

Sina 

TPtuc 

Error, 

Error, 

Section 

of 

Circle 

a 


P 

Sin /3 

Value 


sina 

sin^ 


In 

Deg 

Deg 




Ptr 

Cent 

Pel 

Cent 

Equilateral tiiangle ) 
height, 3 in j 

I 00 

32 5-5 

21 19 

I 536 

I 490 

I 500 

+ 2 4 

-07 

Square side, 3 in 

I 5 

29 II 

21 34 

I 3 (H 

I 337 

I 350 

'h I 0 

— I 0 

Ellipse semi - axes, 1 

2 X I in , . f 

I 296 

30 71 

24 32 

I 263 

I 240 

I 234 

+ 2 4 

4-0 5 

Ellipse 3 X I in 

I 410 

31 10 

24 00 

I 296 

I 270 

I 276 

+ i 6 

-0 5 

Ellipse 4X08 in 

I 196 

35 35 

26 58 

I 331 

I 293 

I 286 

+ 3 5 

-ho 5 

Rectangle 4X2 in 

I 333 

31 70 

22 36 

I 418 

I 380 

I 395 

+ i 6 

— I I 

Rectangle 8 X 2 in 

I 60 

34 83 

27 23 

I 279 

I 247 

I 245 

+ 2 7 

4o 2 

Infinitely long rec- 1 
tangle i in wide / 

I 00 

3642 

36 19 

I 006 

I 005 

I 000 

-}- 0 6 

40 s 


The values set down in Table I indicate the degree of accuracy 
itamable with the auto- collimator in the determination of the 
aximum stresses in sections for which the toision function is Imown 
hey also give an idea of the sizes of holes which have been found 
Lost convenient in practice. The angles given are a, the maximum 
Lclination at the edge of the test film, and j8, the inclination at the 


* On 4-m. length. 
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edge of the circular film of radius 


zA. 

Y 


They are usually the means 


of about five observations and are expressed in decimals of a 
degree. 

The last two columns show the errors due to taking the ratio of 
angles and the ratio of sines respectively as giving the stress ratio. 
The error is alwaj^s positive for a/j8, and its mean value is I'qS 


per cent. In the case of the average error is only 0*62 per cent. 

In only two instances does the error reach i per cent, and in both 
it is negative The presence of sharp corners seems to introduce a 
negative error which is naturally gieatest when the corneis aic neatest 
to the observation point Otheiwise, theie is no evidence that the 
error depends to any great extent on the shape Nos 4, 5, 7, and 8 
in the table are examples of the application of the method of noimal 
septa described above in which the film is bounded by a plane per- 
pendicular to the hole at a plane of symmetiy. 

Table II shows the results of volume determinations made on 
each of the sections i to 8 given in the picvious table. 


TABLE II 


Showing Experimental Error in determining Torques 

BY Means 


OF Soap Films 





Maximum 

Obseivcd 

Calculated 


No. 

Section 

Inclina- 

Volume 

T’oi que 

El 101 



tion 

Ratio 

Ratio 




Deg 



Pei cent 

■{ 

Equilateral triangle 1 
height, 3 in. J 

|- 33 0<J 

I 953 

1 985 

-I 6 

2. 

3 { 

Square side, 3 in 
Ellipse semi - axesl 

30 39 
|- 30 50 

1 416 

1 432 

— I I 

-1 09 

2 in X I in J 

1 143 

1 133 

, 4 

Ellipse* 3 in X I in 

31 01 

2 147 

2 147 

— 

5 - 

Ellipse* 4 in X 0 8 m 

36 12 

3041 

3 020 

-to 7 


Rectangle* sides, 4I 
in. X 2 m . . J 

^ 31 33 

1456 

1 475 

-I 3 


Reactangle 8 in. X 1 
2 in. . . J 

^ 3528 

1-749 

1 74-1 

+03 

*8. 1 

Infinitely long rec-I 
tangle . . , J 

36 00 

0858 

0-848 

+ I 2 


* On 4-m length. 
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The average error is 0 89 per cent. In four of the eight cases con- 
idered the error is greater than i per cent and in three of these it 
} negative. One may conclude that the probable error is somewhat 
reater than it is for the stress measurements, and that it tends to 
e negative. Its upper limit is probably not much in excess of 2 
er cent. The remarks already made regarding the dependence of 
ccuracy on the shape of the section apply equally to torque measure- 
rents 

When contour lines have been mapped, the torque may be found 
Lom them by integration. If the graphical work is carefully done, 
hie value found in this way is rather more accurate than the one 
btamed by the volumetric method. Contours may also be used 
r find stresses by differentiation, that is, by measuring the distance 
part of the neighbouring contour lines; but here the comparison 
5 decidedly m favour of the direct process, owing to the difficulties 
rseparable from graphical differentiation. The contour map is, 
eveitheless, a very useful means of showing the general nature of 
be stress distribution throughout the section in a clear and corn- 
act manner. The highly stressed parts show many lines bunched 
Dgether, while few traverse the regions of low stress, and the direc- 
Lon of the maximum stress is shown by that of the contouis at eveiy 
lOint of the section. Furtheimore, the map solves the torsion pro- 
blem, not only for the boundary, but also for every section having 
be same shape as a contour line 

Example of the Uses of the Method 

The example which follows serves to illustrate the use of the 
oap-film apparatus in solving typical problems in engineeiing 
lesign. 

It is well Icnown that the stiess at a sharp internal corner of a 
msted bar is infinite or, rather, would be infinite if the elastic equa- 
tons did not cease to hold when the stress becomes veiy high. If 
he internal corner is rounded off the stress is reduced; but so far 
LO method has been devised by which the amount of reduction in 
train due to a given amount of rounding can be estimated. This 
►roblem has been solved by the use of soap films. 

An L-shaped hole was cut in a plate. Its arms were 5 in. long 
►y I in wide, and small pieces of sheet metal were fixed at each end, 
lerpendicular to the shape of the hole, so as to form normal septa. 
The section was then practically equivalent to an angle with arms of 
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iafinite length. The radius in the internal corner was enlarged step 
by step, observations of the maximum inclination of the film at the 
internal corner being taken on each occasion. 

The inclination of the film at a point 3*5 in. from the corner 
was also observed, and was taken to represent the mean boundary 
stress in the arm, which is the same as the boundary stress at a point 
far fiom the corner The ratio of the maximum stress at the internal 
corner to the mean stress in the arm was tabulated for each radius 
on the internal corner. 

The results are given in Table HI. 

TABLE III 

Showing the Effect of rounding the Internal Corner on the 
Strength of a Twisted I.-shaped Angle Beam 


Radius of Internal 
Cornel 

Inches 
o 10 
o 20 
030 
o 40 
0*50 
o*6o 
o 70 
o 80 
r 00 
^ SO 
2 00 


Ratio Maximum Stress 
Stress in Arm 


I 890 
I 540 
I 480 
1*445 

1430 

I 420 

1*415 

I 416 
I 422 
I 500 
I 660 


It will be seen that the maximum stiess in the mtcinal corner 
does not begin to increase to any great extent till the ladius of the 
corner becomes less than one-fifth of the thickness of the aims 
A curious point which will be noticed in connection with the table 
is the minimum value of the ratio of the maximum stress to the stiess 
in the arm, which occurs when the radius of the corner is about 0 7 of 
the thickness of the aim. 

In fig. 3 IS shown a diagram representing the appearance of these 
sections of angle-irons. 

No. I is the angle-iron for which the radius of the corner is one- 
tenth of the thickness of the arm. This angle is distinctly weak at 
the corner. 
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In No. 2 the radius is one-fifth of the thickness. This angle-iron 
is nearly as strong as it can ^ 

be. Very little increase in 
strength is effected by round- 
ing off the corner more than 1 
this. No. 3 is the angle with 
minimum ratio of stress in 
corner to stress m arm. 

A further experiment was ^ 

made to determine the extent 
of the region of high stress m ^ 

angle-iron No. i For this 3 

purpose contour lines were 

mapped, and from these the 

slope of the bubble was found 

at a number of points on the Fig 3 

line of symmetry of the 

angle-iron. Hence the sti esses at these points were deduced, 
The results are given in Table IV. 


TABLE IV 


Showing the Rate of Falling-off of the Stress in the 
Iniernal Corner of the Angle-iron 


Distance fiom 
Boundaiy 


Ratio 


Stiess at Point 
Boundary Stiess m Arm' 


Inches 
o 00 
0 05 
o 10 
0*20 
0-30 
0 40 
o 50 


1*89 
1 36 

I 12 

077 

049 

0*24 

O 00 


It will be seen that the stress falls off so rapidly that its maximum 
value is to all intents and purposes a matter of no importance, if 
the material is capable of yielding. If the material is brittle and not 
ductile a crack would, of course, start at the point of maximum 
stress and penetrate the section. 
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Comparison of Soap -film Results with those obtained 
in Direct Torsion Experiments 

As an example of the order of accuracy with which the soap- 
film method can predict the toisional stiffness of bais and girders 
of types used in engmeering, a comparison has been made with 
the experimental results of Mr. E. G. Ritchie.* The toisional 
stiffness of any section can be represented by a quantity C such that 
torque = CNS), wheie N is the modulus of rigidity. C has dimen- 
sions (length)*. In Table V column 2 is given the value of C found by 
soap-film methods, while in column 3 is given the coricsponding 
experimental results taken from Mr. Ritchie’s papci . 


TABLE V 


Section 


C (Soap Film) 


C (pnect Toision 
Experiments) 


Angle: 1*175 X 1*175 m. 

0-01234111 

Angle. I -00 X i 00 in. 

0 0044 in 

Tee* 1-58 X 1*58 in. 

0 01451 m 

I-beam: 5-01 X 8-02 in. 

I 1 60 in 

I-beam. 3-01 X 3*00 in. 

0 1179 m ^ 

I-beam: 1-75 X 4*78 in 

0-0702 m.^ 

Channel* 0 97 X 2 00 in. 

0-0175 m ^ 


o 01284 m ^ 

0- 00455 m ^ 
o 01481 in ^ 

1- 140 in 

o 1082 in ^ 
o 0635 in ^ 
o 0139 m ^ 


Torsion of Hollow Shafts 

The method desciibed above must be modified when it is desiicd 
to find the torsion function ioi a hollow shalt In this case the lunc- 
tion satisfies the equation (6) and the boundaiy conditions aic W ^ 
constant on each boundary, but the constant is not nccessaiily the 
same for each boundary. In order to make use of the soap-film 
analogy it is therefore necessaiy to cut a hole in a flat sheet ol metal 
to lepiesent the outer boundary, and to cut a metal plate to leprc- 
sent the inner boundary. These are placed in the coricct relative 
positions in the appaiatus shown in fig. i, and they arc set so that 
they lie in parallel planes. The soap film is then stretched acioss the 
gap between them. 

The planes containing the two boundaries must be parallel, 

Study of the Circular Arc Bow Girder ^ by Gibson and Ritchie (Constable & 
Company, X914). 
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it they may be at any given distance apart and yet satisfy the con- 
tion that y = constant round each boundary. On the other hand 
le contour lines of the film, and hence the value of Wy will vary 
eatly according to what particular distance apart is chosen. The 
ilution of the torsion problem must be quite definite, so that 
ust be possible to fits on the particular distance apart at which the 
anes of the boundaries must be set in order that the soap film 
retched on them may represent the requned torsion function, 
o do this it is necessary to consider again the function which 
presents the displacement of a particle from its original position 
ving to the warping of plane cross sections of the twisted material, 
his function (j> is evidently a single-valued function of x and y, 
it can have only one value at every point of the material. In 
neral the values of W found by means of the soap-film apparatus 
) not correspond with single-valued functions On the other hand, 
ere is one particular distance apart at which the planes of the boun- 
iries can be placed so that the W function does correspond with 
single-valued function (j). To solve the torsion problem we must 
id this distance. 


If ^ is single- valued, o when the integral is taken lound 

C/O ^ t r\ t 


ds 

her boundary; and since 

ftds 

on 


^ this condition reduces to 

ds ds 

o. Substituting = ijj — remem- 


rmg that 




dn dy\ 2 / dn dx\ 2 / 


06 


0 / 


will be seen that 

it‘‘‘ = 


lere A represents the area of the boundary. The condition that 


shall be single-valued is therefore 

(-5) 

jferring again to the soap-film analogy, and putting W iy^/py 
will be seen that (15) is equivalent to 

2S fsinads = Ap (16) 
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Equation (i6) applies to either boundary; it may be compared with 
equation (12), which there applies only to a solid shaft. Taking the 
case of the inner boundary, it will be noticed that Ap is the total 
pressure exerted by the air on the flat plate which constitutes the 

inner boundary. 2 yjsmads^ on the other hand is the vertical 

component of the force exerted by the tension of the film on the 
inner boundary. Hence the condition that ^ shall be single-valued 
gives rise to the following possible method of determining the posi- 
tion of the inner boundary. The plate representing it might be 
attached to one arm of a balance. The film would then be stretched 
across the space between the boundaries, and if the outer boundary 
was at a lower level than the inner one the tension in the film would 
drag the balance down. The pressure of the air under the film 
would then be laised till the balance was again in equilibiium. The 
film so produced would satisfy condition (16). 

As a matter of fact this method is inconvenient, and another 
method based on the same theoretical principles is used in practice, 
but for this and further developments of the method to such 
questions as the flexure of solid and hollow bars the reader is 
referred to Mr. Griffith’s and Mr. Taylor’s papers published in 
1916, 1917, and 1918 in the Reports of the Advisoiy Committee 
for Aeronautics, 


Example of the Application of the Soap -film Method 
to Hollow Shafts 

As an example of the type of research to which the soap-film 
method can conveniently be applied, a brief description will be given 
of some work undertaken to determine how to cut a keyway m the 
hollow propeller shaft of an aeroplane engine, so that its strength 
may be reduced as little as possible. These shafts used to be cut 
with sharp re-entrant angles at the bottom of the keyway, and they 
frequently failed owing to cracks due to torsion which started at 
the re-entrant corners. It was proposed to mitigate this evil by 
putting radii or fillets at these corners, and it was requiied to know 
what amount of rounding would make the shafts safe. 

The shafts investigated were 10 in external and 5-8 In. internal 
diameter. This was not the size of the actual shafts used in aero- 

♦ The factor 2 comes m owing to the fact that 7 is the surface tension of one 
surface md the him has two surfaces. 
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)lanes, but it was found to be the size which gave most accurate 
esults with the soap-film apparatus. 

Some of the results of the experiments are shown graphically in 
he curve in fig. 4.^ In this curve the ordinates represent the maximum 



The maximum stress is given as a multiple of the 
maximum stress in asimilar shaft without heyway 

(A) When the two shafts ai e twisted through the same angle 

(B) When they are suiyected to the same torque, ^ 
The radius of the fillet is given as a fraction af\ 

the depth of the Hey way 
The dotted curves show the respective stresses 
in the imiddle of the key way 


01 02 03 04 05 06 07 

RADIUS OF FILLET IN 
CORNER OF keyway 

Fig 4 — Toraional Strength of Hollow Shaft with Keyway 


jhear stress, on an arbitrary scale, while the abscissae lepresent the 
•adius of the fillet, in which the internal corners of the keyway were 
'ounded off It will be seen that the shaft begins to weaken rapidly 
vhen the radius is less than about 0*3 in . 

♦This diagram and also that shown in fig 5 aie taken from Messrs. Griffith 
ind Taylor’s report to the Advisory Committee for Aeronautics, 1918, 




CHAPTER VIII 
Wind Structure 


During the present century great advances have been made in 
i field of aviation, and problems, some of them entirely new, others 
der a new guise, have presented themselves. Among the latter 
ly be included the problem of wind structure Slight changes of 
5 wind, both in direction and in magnitude, are of little account 
some problems where only the average effect of the wind is of 
f moment On the other hand, for the aviator these small changes 
‘ often of far greater moment than the general drift, especially 
en his machine is either leaving or approaching the ground. Now 
s just at this point that the irregularities are often greatest. 

Before proceeding to deal with the cause of these vaiious irregu- 
[ties, let us consider what are the governing factors in the move- 
nt of a mass of air over the surface of the globe. 

Apart from the difficulties of dynamics, the general problem is 
3 of much complexity. In the first place, the surface of the earth 
not at all uniform. It consists of land and water surfaces, and a 
d suiface and a water surface behave quiet differently towards 
ar radiation, so that air over one area becomes more warmed up 
n that over another. Further, the land areas are divided into 
erts and regions rich in vegetation, flat plains, and mountain ranges, 
am, water vapour, to whose presence in the atmosphere nearly all 
teorological phenomena are due, while being added at one place, 
not subtracted simultaneously at another, so that the amount 
sent in the atmosphere varies veiy iriegulaily. These and other 
tors tend to render an exact mathematical solution of the problem 
ctically impossible. 

An approximate determination, however, of the effect of the 
th’s rotation on the horizontal distribution of pressure when the 
moves over the surface of the globe in a simple specified manner, 
I be found. 

To obtain this approximate solution of the problem, we shall 

250 
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assume that the air is moving horizontally* with constant linear 
velocity i.e. that a steady state has been reached. The forces 
acting on a particle of air, in consequence of its motion, under these 
conditions at a place P in latitude 0 arise from two causes, (i) the 
rotation of the earth, and (2) the curvature of the path in which the 
particle is moving at the instant, relative to the earth. The problem 
before us therefore is (i) to find the magnitude of the accelerations 
arising from these causes and (2) to show how the forces required 
for these accelerations in the steady state are provided by the pressure 
gradient. 

Consider first the effect of the rotation of the earth on great-circle 
motion. We shall suppose the particle is constrained, by properly 
adjusted pressure gradients, to move in a great circle through P with 
uniform velocity. The particle is therefore supposed to move in a 
path which is rotating in space about an axis passing through its 
centre. 

The rotation of the earth takes places about its axis NS, fig. i. 
The great circle QTQ is the specified path of the paiticle. The 
earth's rotation may be resolved by the parallelogram of rotations into 
two rotations about any two directions in a plane containing NS 
Let these two directions be the two perpendicular lines OP and OW', 
where O is the centre of the earth and P the point in latitude 
referred to above. If the angular velocity of the earth about SN be 
o), then the component angular velocities are co cos^ about OW' and 
0} sin^ about OP. As the two axes are mutually perpendicular, it 
follows that any particle in the neighbourhood of P is in the same 
relation to OW' as a particle on the equator is to ON. But a particle 
on the equator moving with uniform horizontal velocity has an 
acceleration directed only perpendicular to the axis ON, and therefore 
its horizontal velocity is not affected by the rotation about ON. 
Similarly the horizontal velocity of a paiticle near P is affected only 
by the component ct> sin<;fi about OP, and not by the perpendicular 
component o) cos^ about OW'. We need consider therefoie only the 
effect of the component oi sm<^. 

When the particle crosses the point P, it will travel a distance 
PA = vdt (see fig. id) in time dt^ as the velocity is v. In the same 
interval of time, the line along which the particle started will have 
moved into the position PA', so that the element of arc ds = A A 
= PAoi Bm<j}dt. 

• I e. m a plane perpendicular to the direction of the force compounded of the 
force of gravity and the centrifugal force. 
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Also d$ or AA', which, is described in a direction perpendicular 
to PA, may, by the ordinary formula, be expressed in the form 



s 

f 

Fig I 

where /is an acceleration in the direction perpendicular to the 
direction of motion Hence 

\f{dtY = PAco shij)dt — VO} sincMdty^ 

PA == vdt; 
f = 2VO) sin<^. 


since 

i.e. 

(d 812 ) 


10 
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Hence the transverse force (F) necessary to keep a mass (rn) of ai 
moving along a great circle, in spite of the rotation of the eaith, ii 
given by 

Y z=z mf ^ zmvo) sm(^, (i) 


acting, in the northern hemisphere, towards the left, in the southerr 
towards the right, when looking along the direction of th( 
wind. 

This expression, which is very nearly correct, shows that th€ 
deflective force due to the rotation of the eaith* on a mass of moving 
air is (i) directly proportional to the mass, to the horizontal velocity 
to the earth^s angular velocity, and to the sine of the latitude of the 
place; {z) independent of the direction of the great circle, i.e. of 6 
(fig. i); (3) always perpendicular to the instantaneous direction ol 
motion of the air and therefore without influence on the velocity 
with reference to the surface; (4) opposite to the direction of the 
earth’s rotation. 

When the air moves, as specified, in a great circle, the acccleiation 
zvcx) sin^ is the only transverse acceleration in the hoiizontal plane, 
for the acceleration arising from the curvature of the path relative to 
the earth (which exists even if o) were zero) is radial and theiefoie 
has no appreciable component in the horizontal plane. 

Now suppose that the path is not a great circle but a small one, 
RT (fig. i) In addition to the term zvco sm^ there will now be a 
term arising from the curvature of the path This term is inde- 
pendent of o). Let fig. 2 be a section of the spheie through a diameter 
of the small circle, PR' being the diameter. The path of the air at 
P is now curved, and if r is the radius of curvature of the path at P, 


in the horizontal plane, — is the acceleration in the horizontal plane 

r 

arising from the curvature of the path. But this acceleration is also 


the horizontal component of — where r' is PM, i.e. the radius of 


curvature of the small circle. If a is the angular radius of the small 
circle it is also the inclination of the horizontal plane to the plane 
of the small circle (see fig. 2), hence 


— cosa; 

r r 

r cosa, 


•I.e the force F, reversed. 
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e. N (fig. 2) is the centre of curvature of the path in the horizontal 
lane. 

It is also clear from fig. 2 that R sina = /, hence 


^2 ^2 

— = — cosa = _ . cosa — 
r r R sma 


— cota. 






Fig 2 — Relation between Radn of Curvature of the Path on the Earth 
and the Path in tiie Horizontal Plane PM == r' PN = r'/cosa == i PO = P 


the air is moving freely in space, i e if the barometric pressure 
unifoim, the resultant horizontal acceleiation is zero, i.e. 


2^10) sm<j> + — cota 


o. 


[ence ‘‘ free ” motion is only possible when oivl of these accelera- 
ons has the opposite direction to the other, and 
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numerically, i.e, when the acceleration due to path curvature 
balances that due to the earth’s rotation. 

When the barometric pressure is not uniform, we proceed 
tlius: 

If the particle or element of air at P occupies the volume of a 
small cylinder, of length Sn in the direction of the outward drawn 
normal at P to the path of the air in the horizontal plane, and of unit 
cross-sectional area, the force on the air in the inward direction 


due to variation of pressure is • The mass of air is p 6 n where 
p is the density at P, hence 


dp 

dn 


■dn == phi zvo) sin«^ + ^ 


dn 


^ . • / r cota 

2pvo> sinp ”r 


(2) 


The formula is true for positive and negative values of Vy lemem- 

bering that ^ is the gradient of pressure in the outward direction 

of the normal, and that the rotational term in the acceleration is 
towards the left hand when looking along the direction of the wind in 
the northern hemisphere. The two cases of cyclonic and anticyclomc 
wind (i.e. and — v) are shown in fig. 3, The forces indicated 
in this figure are those required to keep the air in its assumed path, 
relative to the earth. These forces are provided by the pressure 
gradient. If we take the numerical value of the pressure gradient 
and the wind speed, then 

^ sm<f> + ^ cota (3) 


for the cyclone y where ^ is the rate of rise of pressure outwards. 
For the anticyclone, 

dp , . 

^ = ^pvco sin^ - cota, (3^2:) 

dp • 

— is the rate of rise of pressure inwards. Both cases are 
included in (2) without ambiguity. 
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These expressions give a value of the wind velocity called the 
^adient wind velocity. The direction of this gradient wind according 
) the previous reasoning is along the isobars, and is such that to one 
Loving with it in the northern hemisphere, the lower pressure is 
1 the left hand. It must be distinctly understood that in the above 
cpressions for the gradient wind a steady state has been reached; 
id further, it is assumed in arriving at these expressions that there 



no n n o n 


Fig 3 

Pa =» 2 ptia) 8in</» 

tfrm aiising from rotition of the earth 
pr ^ cota 
R 

= terra arising from the angul ii radius of the path 

ao friction between the air and the surface of the earth ovei which 
s passing. 

Under actual conditions the relation cannot be satisfied exactly 
there is always a certain amount of momentum absorbed Irom the 
earn of air by the friction at the surface. This absorption of 
trgy is manifested by the production of waves and similar effects 
water surfaces, on forests, and on deserts. Yet under the most 
favourable conditions this relation between wind and pressure can 
recognized, and therefore it must be an important principle in the 
Licture of the atmosphere. Also when we ascend into the at- 
sphere beyond the limits where the influence of surface friction 
ikely to be felt, we find very little difference in the velocity of the 
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wind for hours on end. According to Shaw,* “ pressure distribu- 
tion seems to adjust itself to the motion of the air rather than to speed 
it or stop it. So it will be more profitable to consider the strophic 
balance between the flow of air and the distribution of pressure as 
an axiom or principle of atmospheric motion.” This axiom he has 
enunciated as follows :f In the upper layers of the atmosphere the 
steady horizontal motion of the air at any level is along the horizontal 
section of the isobaric surface at that level, and the velocity is in- 
versely proportional to the separation of the isobaiic lines in the level 
of the section.” 

Throughout this short study of wind structure we shall follow 
Shaw therefore, and regard the wind as balancing the pressure 
gradient. It may be argued that this assumption strikes at the root 
of the processes and changes in pressure distribution one may desire 
to study. The results of investigation appear to indicate, however, 
that in the free atmosphere, at all events, the balance is sufficiently 
good under ordinary conditions for us to take the risk and accept the 
assumption. Under special circumstances and in special localities 
there may occur singular points where the facts are not in agreement 
with the assumption, but the amount of light which can be thrown 
upon many hitherto hidden atmospheric processes, appears to justify 
our acceptance of it. 

In the expression for the calculation of the gradient wind the 
right-hand side consists of two terms The first term, 2pvw sin^, 
is due as we have seen to the rotation of the earth, and in consequence 
has been called the geostrophic component of the pressure gradient. 


The other part, cota, arises from the circulation in the small 


circle of angular radius a, and so has been termed the cyclostrophc 
component. With decrease in i.e. the nearer we approach the 
equator, a remaining constant, the first component therefore be- 
comes less and less important, the balance being maintained by the 
second term alone practically. On the other hand, with increase 
in a, i.e. the nearer we approach to the condition of the air 
moving in a great circle, p remaining constant, the second term 
becomes less and less important, until finally with the air mov- 
ing on a great circle the gradient and the geostrophic wind are 
one and the same. Consequently in the pressure distributions in 
mean latitudes where the radius of curvature of the path is 


* Manual of Meteorology y Part IV, p. 90 
t Proc. Roy Soc. Edin.y 34 , p. 78 (1913). 
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lerally very large, the geostrophic wind is commonly taken as 
! gradient wind. 

Having obtained expressions indicating the connection between 
! pressure gradient and the theoretical velocity of the wind, we 
ill now consider some of the reasons for the variations of the wind 
ocity from this theoretical value. 

In the equation for the gradient wind and in the statements made 
;arding the effects of friction on the wind, there is nothing to 
licate that the flow of air is not steady But it is a perfectly well 
20 

a 



!L 

N N , 

Lower irKtt j in - 2 m 

Fig d. — Anemometer Record at Aberdeen Observatory, 36th September, 1933 


iwn fact that the air, at all events near the surface, does not flow 
h a constant velocity even for a very short interval of time. This 
iteadiness in the wind velocity is exhibited very well by the records 
self-recording anemometers Fig. 4, which is part of the record 
26th September, 1922, at Aberdeen, exhibits this moment- to- 
ment vaiiation. Not only does the velocity vary but the direction 
> shows a similar variation, as indicated by the lower trace in the 
ire. As a rule the greater the variation in velocity, the greater also 
variation m direction. 

The variations both in velocity and direction are very largely 
lendent upon the nature of the surface over which the air is 
sing, i.e. the nature of the records is greatly affected by the 
osure of the anemometer. A comparison of figs. 4 and 4a reveals 
i very plainly The first, as stated above, is {i record from the 
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anemometer at King's College Observatory, Aberdeen. The head of 
the instrument is 40 ft. above the ground, the instrument itself being 
housed in a small hut * in the middle of cultivated fields and placed 
about I* mile from the sea. The second is a record from an ane- 
mometer situated about 5 miles inland from the first, at Parkhill 
Dyce, and belonging to Dr. J E. Crombie, The exposure in this 
case is over a plantation of trees, and though the head of the instru- 
ment is 75 ft. above the ground, it is only 15 ft above the level of 


20 



" <2 15 '10 17 18 t9 * ' 20 



Fig 4a — ^Anemometer Record at Parkhill, Dyce, sOth September, i gzz 


the tree-tops. The two records refer to the same day, and the 
anemometers are situated comparatively close the one to" the other, 
yet the “ gustiness " as indicated on the second is much greatei 
than that on the first. At the same time the average velocity of 
the wind in the second case is considerably reduced by the geneial 
effects of the nature of the exposure. 

Other factors which affect this variation of the wind are to be 
found in the undisturbed velocity of the wind m the upper air 
and in the temperature of the surface of the ground, i.e. in the time 
of day and in the season of the year. A great deal of light has been 
thrown on these variations of the wind near the surface by G. I. 
Taylor through his investigations of eddy motion in the atmosphere.f 

*The position of this hut is about a quarter of a mile directly eastwards fiom 
the position of the anemometer shown in fig 6 Fig 6 is compiled from lecords 
taken in the old position 

t “Phenomena connected with Turbulence m the Lower Atmosphere ”, Prof. 
Roy Sof. A, 94, p 137 (1918), 


WIND STRUCTURE 


265 


From the aviator’s point of view these variations are often ot 
prime importance. Beginning therefore at the surface, we shall 
endeavour to asceitain how the actual wind is related to the 
geostrophic or gradient wind for various exposures, and after- 
wards determine how these relations alter as we ascend higher into 
the atmosphere. 

When the hourly mean values of the surface wind velocities 
are examined for any land station, it is found that there is a diurnal 

6 ^ 6 



K O Z 4 €) 8 10 IZ 14 16 20 22 24 hour 

Aberdeen. Kejuu 

Fig 5 — ^Diumal Variation in Wind Velocity for January and July, 
for the period 1881-1910 

and also a seasonal variation in the velocities. Fig 5 represents 
this diurnal variation for the two stations, Aberdeen and Kew, for 
the months of January and July. On the other hand, no correspond- 
ing diurnal variation of the barometric gradient is to be found for 
these stations. The diurnal variation of the wind is evidently 
(d 812 ) 


10 * 
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dependent upon the diurnal and seasonal variations of temperature, 
and therefore the i elation of the suiface wind to the geostrophic 
wind is also dependent on these quantities. The curves in fig 5 
show a maximum corresponding closely with the time of maximum 



Fig. 6 — Relation between Geostropluc and Observed Surface Winds of Force 4 at Aberdeen 

Central circle shows position of the c.ty of Aberdeen with reference to the two 
nver valleys and the sea Stippled area shows high ground Hatch ng orsa 
shows town buildings 

The outer circle represents the grad ent wind The inner circle represents 43 per cent 
of the gradient wind The dotted line represents the observed wind 

temperature. Therefore if W represent the surface wind and G the 
geostrophic wind, the ratio W/G increases with increase of tem- 
perature, and vice versa. If then the surface layers be warmed 
or cooled from any cause whatsoever, we always find this effect on 
the latio W/G. 

The exposure of a station also has its effect on the ratio W/G. 



The Relation of Surface Wind to Geostrophic Wind W/G expressed as a Percentage 
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Note — ^The observations m every case refer to winds of force 4, and extend over 8 years. The highest and lowest percentages 

are indicated respectively by black type and italic figures. 
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Fig, 6 shows this effect on winds of force 4 at Aberdeen. The 
geostrophic wind is represented by the outer circle, while the 
dotted irregular curve gives the percentage which the suiface wind 
is of the geostrophic wind. An idea of the exposure of the station 
is ajforded by the circular poition of the ordnance map of the dis- 
tiict placed at the centre of the figure. On the west side there is 
land, on the east, sea. To the south-west of the station lies the 
city, and we find that in this direction the surface wind has the 
lowest percentage, while in the north-easterly directions the pei- 
centages are largest. Towards the north-west lies the valley of 
the Don, and a fairly open exposure, the effects of which aic also 
well brought out in the figure. 

The effect of different exposures on winds of the same geo- 
strophic magnitude will be understood readily from an examination 
of Table 1. 

It is evident, therefore, that no general lule can be given with 
regard to the value of the ratio W/G. It may have a wide lange 
from approximately unity downwards, depending on the time of day, 
the season of the year, and the exposure of the station. In the 
same way the deviation a of the surface wind fiom the diiection of 
the geostrophic wind is found to vary over a wide range. 

An example of this is afforded by Table 11, wherein are set out 
the values for Pyrton Hill and Southport, as given by J S Dines in 
the Fourth Report on Wind Structure to the Advisoiy Committee 
on Aeronautics. 

It is necessary, therefore, in giving an estimate from the baiometric 
gradient of the probable surface wind, as regaids either direction or 
velocity, that due attention be paid to the details mentioned above 

Occasionally the surface wind is found to be m excess of the 
gradient. This probably aiises from a combination of a katabatic * 
effect with the effect of the pressure distribution, the katabatic effect 
more than compensating for the loss of momentum m the normal 
wind due to friction at the earth’s surface. 

Data for the purpose of examining the ratio W/G over the sea 
are very limited. The following table, as given m the Meteoro- 
logical Office report for moderate or strong winds over the Noith 
Sea, will serve to show the deviation of the surface wind from the 
gradient wind, both in velocity and direction. 

* I e Katabatic or Gravity Wind when the suiface au ovei a slope cools at 
night or from any othei cause it tends to flow down the slope, this is especially 
pronounced on clear nights In ravines, if snow-coveied and devoid of forests, 
this wind often reaches gale force. Such a wind is known as a katabatic wind. 
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Here again we see that no definite rule can be given for estimating 
le surface wind from the geostrophic wind. It will be observed, 
iwever, that each quadrant exhibits certain dominant features and 
ust be considered therefore by itself. In this way a considerable 
nount of guidance is obtained by the forecaster in estimating the 
ind over the sea from a given pressure distribution. 

We now pass to consider the actual wind in relation to the 
jostrophic wind in the first half-kilometre above the surface. 

li. Dines, in his investigation on the relations between pressure 
id temperature in the upper atmosphere, has found a high correla- 
m between the variations of these elements from their normal 
lues for heights from 2 Km upwards. Below the 2-Km. level 
e coi relation coefficients gradually diminish until at the surface 
actically no connection at all is found. Above the 2-Km. level 
3 may regard the air as in an undisturbed ” condition, 1 e free 
Dm the effect of the friction at the earth’s surface In this un- 
sturbed region the velocity and direction of the wind at any given 
ight are governed by the pressure and the temperature gradients 
ling at that height, while in the lower layers we find considerable 
viation from this law, evidently due to the effects of the surface 
the earth on the air m contact with it 

Several empirical foimulas have been given whereby the velocity 
the wind at any height in the lower layers of the atmosphere may 
‘ calculated fiom that at a definite height, say 10 m , above the 
rth’s surface Fiom observations, up to 32 m , over meadow- 
id at Nauen, Hellmann* confirmed an empirical formula v 
iich agrees very nearly with a formula v = kli^ suggested by 
xhibaldf from kite observations m 1888. The results of observa- 
ms up to 500 m., carried out in 1912 with two theodolites, aie 
ven by J. S. Dines in the Fourth Report on Wind Structure already 
feried to Here he has represented his conclusions by a series 
curves, and m doing so has grouped the winds into three sets: 

) very light, wheie the velocity at 500 m. is less than 4 m. per 
cond, (2) light, with velocity between 4 m per second and 10 m. 
r second; and (3) strong, with velocity greater than 10 m per 
cond The curve for very light winds (see fig 7) shows that in 
IS class the surface wind approaches the geostrophic value, which 
also marked for each group at the top of the diagram, much more 
osely than in any of the other groups. Cuives of this type enable 

* Meteor Zeitschnft, 1915. 

'[Nature, 27 , p. 243. 
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one to judge of the aveiage behaviour of the wind in the lowest 
half-kilometre according to the pressure gradient at the suiface. 
When, however, curves are drawn for different hours of the day, 
7 hr., 13 hr., 18 hr , these show differences among themselves even 
for the same surface gradient, A whole series of curves for various 
hours of the day and different seasons of the year would be necessary, 
therefore, before a complete solution of the problem could be obtained. 

As these formulae and curves just referred to are applicable 
under certain conditions only, and as the constants used differ for 



2 4 6 8 10 12 14 16 18 

VSUOCITY IN METRES PER 8ECONO 
Fig 7 — Change of Wind Velocity with Height within 500 metres above the suiface 


20 


different tunes of the day and different seasons of the year, though 
they supply a rough working rule, yet a more exact solution of the 
problem is desirable. This has been supplied by the investigations 
of G. I. Taylor.* In his solution he regards the wind m the un- 
disturbed layer as equivalent to the geostrophic wind at the surface, 
while the region between the surface and the undisturbed layer is 
considered as a slab through which the momentum of the undis- 
turbed layer is propagated, as heat is conducted through a slab of 
material the two faces of which are kept at different temperatures. 
The momentum is propagated, according to the theory, by eddy 
motion, the surface of the earth acting as a boundary at which the 
momentum is absorbed The equation representing the propaga- 
tion is given as 0 ^ 0^^. 

(4) 


,3u/S, = -(„£), 


* “ Eddy Motion in the Atmosphere ”, Trans, A, 215, p. i (1915) 
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lere p = the density and k = the ‘‘eddy conductivity^’ of the 
. For small heights up to i Km or thereby, p and k are approxi- 
Ltely constant. Therefore the equation, representing the distri- 
tion of velocities with height and time within this region, may 
written as 

pdujdt = Kpd^u/dz^ ( 5 ) 

The value of /c is, according to Taylor,* roughly ^wd where 7 v 
the mean vertical component of the velocity due to the turbulence, 
i d represents approximately the diameter of a circular eddy. 

The value of k differs, however, according to (i) the nature of 
5 surface over which the air current is passing, (2) the season 
the year, and (3) the time of day. As both heat and momentum 
i conducted by the eddies, the value of k will be the same for 
th Values of /c have accordingly been determined by Taylor as 
lows. 

[i) Over the sea (determined fiom temperature ob-\3 X 10® C,G S 
seivations over the Banks of Newfoundland ) j units. 

2) Over grassy land (determined from velocity ob- 

servations by pilot balloons over Salisbury 
Plain) . 

3) Over land obstructed by buildings (detei mined 1 ^^4 CGS 

from the daily range of temperature observa-V nnitci 
tions at dilfeient levels on the Eiffel Tower); 

The eflect of the season of the year on the value of k is seen by 
mparing the values obtained from the Eiffel Tower observations 
January and June. 

Whole range, 18 to 302 m.: 

(1) January . . . 4 3 X CGS. units 

(2) June . . . . . 18 3 X lo'^ „ 

(3) Whole year . . . . 10 X 10^ ,, 

That K IS also to a certain extent dependent upon the height 
ly be understood by comparing the values for the first stage, 
to 123 m., with those for the last, 197 to 302 m 

Mean value for the whole year, 

(1) Lowest stage . . . , . 15 X 10^ C G.S units 

(2) Highest stage . . . . . ii X 10^ „ 

The reason for this variation is to be found in the method used 
calculating k. The nearer the ground the greater the daily 

*Proc Roy, Soc A, 94 , p 137 (1917) 


s X 10^ e.G.S. 
units. 
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variation of temperature, and therefore the error arising from the 
method used in the calculation is proportionately greater for the 
lower stages than for those higher up. The value of k for the lowest 
stage is therefore not likely to be so accurate as that for the highest 
From wind measurements Alceiblom^ has deduced the value 
of K for the whole range of the Eiffel Tower The value found, 
76 X 10^ C.G.S. units, is m fairly good agieement with Taylor’s 
mean value, and the agreement is sufEcient to show that k is the 
same both for heat and for momentum 

This theory of eddy conductivity has been applied by Taylor 
in order to furnish an explanation of the diurnal variation of the 
velocity of the wind at the surface and in the lowei layeis of the 
atmosphere. Two important conclusions have been reached He 
has shownf that when once the steady state has been reached, a state 
which previous theories claiming to explain this diurnal variation 
took no account of, a relation can be found between the undisturbed 
wind (1 e. the geos trophic wind), the surface wind, and the angle 
between the direction of the isobars and that of the suiface wind. 
This relation takes the form 

W/G = cosa-- sina, . (6) 

where W represents the suiface wind, G the geostrophic wind, and 
a the angle between their directions The accuracy of this 1 elation 
has been tested by comparing values of a observed by G. M. B. 
Dobson J with the calculated values for certain winds over Salisbury 
Plain. Some of these results are given in Table IV 


TABLE IV. 


W/G 

= cos a — 

Sin a. 



Light 

Winds 

Moderate 

Winds 

Stiong 

Winds 

Observed value of W/G 

0*72 

065 

0 61 

a observed 

13 deg 

2 ii deg. 

20 deg 

a calculated 

^ u 

18 „ 

20 „ 


* Recherches sur les courants les plus bas de Patmosph&ie au-dessus de Pans 
Upsala Soc. Sclent Acta , 2 (Ser 4), 1908, No 2. 

t'^EddyMotion in the Atmosphere Trans A, 215(1915), See note, p, 285. 

XQuar.Jour Roy Met. Soc,^ 40 , p 123 (1914), 
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The table shows that the agreement between observed and cal- 
lated values is very close; with a greater than 45°, the equation, 
►wever, no longer holds. 

The other conclusion, as shown by Taylor,* on the assumption 
at the lag in the variation in wind velocity behind the variation 
turbulence which gives rise to it is small, is that the daily 
nation in turbulence is sufficient to explain qualitatively, and to 
[certain extent quantitatively, the characteristics of the daily varia- 
►n in the wind velocity If the geostrophic wind G be reduced 
surface friction so that the direction of the surface wind is inclined 
an angle a to the ‘‘undisturbed’' wind, then it is found that the 
xe of the surface friction, or the rate of loss of momentum to the 
t'face, IS given by s/epBG sma, where B == Va)sin(^//<r. As before, 
is the angular velocity of the earth and ^ the latitude The 
ation between this force of friction F and the velocity of the 
rface wind has also been examined by Taylor, f and found to be 

F = 0-0023 pW^. 
o 0023 = 2/cBG sma. 


If now numerical values be given to co and ^ in /c ™ c^sin^/B^ 
find that 


I 


(cos a — sina)2, 

sma 


•(7) 


CO = 0000073, and smA ~ 077, since for Salisbury Plain 
= 50° N The values of i/BG can therefore be found for a series 
values of a. Also fiom the same equation we see that k/G^ is 
unction of a If we tabulate the values of /c/G^ foi the same senes 
values of a, we can find then the relations between a and k These 
nous values are given in Table V (p. 276). 

Basing his discussion upon these values of the constants, 
ylor has constructed the curves given in fig 8. The abscissae 
Dresent the latio of the wind velocity at any height to the geo- 
ophic wind, while the ordinates give the ratio of the height to 
5 geostrophic wind. If the geostrophic wind be 10 m per second, 
m the numbers for the ordinates will give the heights in dekameties, 
d those for the abscissae the velocities in dekametres per second, 
le shape of each curve is determined by the value of a chosen, 
curve having its a value attached to it. Consequently where 

*Proc Roy Soc. A, 94, p 137 (1917) 
fProc, Roy, Soc, A, 92, p. 198 (1916). 
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TABLE V 


Degrees 

i/BG, 

C G.S. Units 

*/G», 

C.G.S. Umts. 

4 

252 

3-54 

6 

ISS 

1-35 

8 

106 

0-635 

10 

77 ‘S 

0-338 

iz 

S8*S 

0-192 

14 

44-8 

O-II6 

16 

34-9 

0 069 

18 

27-3 

0-042 

20 

21-9 

0-027 

22 

i6 7 

0-0156 

24 

12 9 

0-0094 

26 

99 

00055 

28 

7-4 

0 0031 

30 

SS 

0 0017 

32 

3'7 

0-00085 

34 

2-6 

0 00038 


1-7 

0 00016 


the geostrophic wind and the deviation at the surface are known, 
the curves enable us to deteimine the wind velocity at any desired 
height. 

The curves may also be used to find the variation in velocity 
at a particular height under varying conditions of k The value 
of K for the open sea, for Salisbuiy Plain, and for Pans we saw to 
be 3 X 10®, 5 X 10^, and lo X lo^ C G S. units respectively. If 
we take a = io°, then /c/G^ = 0-338, which means that undei these 
tlmee conditions G must have the values 09,3-8, and 5-4 m per second 
respectively Therefore the same geostrophic wind will suit dif- 
ferent curves if the value of k be altered, which it will be accoidmg 
to the exposure of the station, the season of the year, and the time 
of day. 

From the foregoing we see how the wind at the surface and in 
the lowest layers differs considerably from the geostrophic value. 
As we ascend above the surface, a nearer approach is made to the 
geostrophic values, for the effect of surface friction diminishes with 
height. Turbulence also diminishes as we ascend, its influence 
being on an average very little felt at 1000 m., though on occasions 
it may reach to 2000 m. 
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RATIO OF WIND VELOCITY TO CE05TR0PHIC VEL0CITY(V^) 

Fig 8 — Curves showing Variation of Wind Velocity with Height according to the Theory 
of the Diffusion of Eddy-motion. (Taylor) 


RATIO OF HEIGHT TO GEOSTROPHIC WIND (Z/G) 
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The spiral of turbulence affords another method of representing 
the variation with height of wind velocity in magnitude and diiec- 
tion In this method, first introduced by Hesselberg and Sverdrup * 
in 1915, when lines representing the wind velocity are drawn from 
the point at which the wind is measured, then their extremities lie 
on an equiangular spiral having its pole at the extremity of the line 
which represents the geostrophic wind. Thus in fig 8^, if O be 
taken as the origin and O^X the direction of the Aj~axis, represents 
the geostrophic wind G, OS the surface wind and Z SO^ the angle 
a between the two. The wind at any height Z is represented by 
OP, and is the resultant of the geostrophic wind G and of another 
component represented by of magnitude y^ 2G and 

acting in a direction which makes an angle (a + — — B^) with the 

P 


X 

Fig Sa — Equiangular spiral representing velocity and direction of wind at any height 

geostrophic wind. B has the same meaning as previously. An 
analysis of this method has been given by Brunt, f on the assumption 
that the coefficient k is constant and that the geostrophic wind is 
the same at all levels. In a note added to the paper, Brunt also 
deals with the case where k vanes inversely as the height or in- 
versely as the square of the height. The problem of k varying as 
a linear function of the height has been considered by S. TakayaJ 
in a paper ‘‘ On the coefficient of eddy- viscosity in the lower atmo- 
sphere The solution enables the components of the wind to be 
calculated. The relations are equivalent to those found by Taylor 
(see Note i). It must not be concluded, though the mathematical 
analysis appears to indicate it, that whenever a test is made on the 
wind that the results will produce an equiangular spiral. The 
gustmess of the wind prevents this, so that only when the mean 
of a large number of ascents is dealt with may one expect the wind 
values to form the equiangular spiral 

* “ Die Reibung in der Atmosphare Verqff d Geophys Inst d XJniv Leipzig ^ 
Heft to, igi5 J Roy, Meteor Soc , 46, 1920, p 175 

J Memoirs of the Imperial Marine Observatory^ Kobe, Japan, Vol IV, No. i, 1930 
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The next region to be considered stretches from the surface to 
leight of approximately 8000 m. 

Observations with pilot balloons indicate that the geostrophic 
ocity is^reached on an average below 500 m., while the direction 
lot attained until about 800 m. above the ground.^ Each quadrant 
ms its own peculiarities, however. Thus Dobsonf finds that for 
rth-east winds the gradient velocity is reached at 915 m., for 
ith-east below 300 m , for south-west about 500 m., and for 



th-west below 300 m Also the winds in the north-east and 
Lth-east quadrants show little or no increase after reaching the 
>strophic value, those in the north-east often showing a decrease, 
lie those in south-west and north-west quadrants are marked by 
ontmual increase beyond the geostrophic value, the velocity in 
north-west being at 2500 m., 145 per cent of this value. The 
iation in direction also differs according to the quadrant. In 
north-east quadrant, even at 2500 m., Dobson finds that the 
ection is 6*^ short of the direction of the isobars On the other 
id, in the south-east quadrant the direction of the isobars is 
ched at 600 m , and above this level the wind veers still farther, 
e south-west winds behave somewhat similarly, only the gradient 

*** For theoietical tieatment, see Note 11 , p 285^ 

iQ.y R Met Soc^ 4 : 0 ,p 123(1914). 
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direction is not attained until 800 m. is reached, while in the north- 
west quadrant the direction follows the isobars at 600 m. In this 
last quadrant, however, no further veer occurs until 1200 m. is 
reached, when a further veer begins. On the average the deviation 
of the surface wind from the gradient decreases from north-east to 
north-west, passing clockwise, Dobson’s mean values being 27°, 
24°, 19°, and 11° respectively. 

These results refer to an inland station. When we come to 



VELOCITY IN METRES PER SECOND 
Fig. 10 — S to N Component of Wind Velocity on East Coast 


deal with a station on the coast we find even greater complications. 
Figs, 9 and 10, which represent the component velocities of a number 
of observations canied out with the aid of two theodolites at Aber- 
deen by the author,* serve to show the irregularities of these veloci- 
ties. A greater variation is shown in the west-east component than 
in the south-north, as is to be expected from the exposure of the 
station. On the whole, the west-east component shows a tendency 
to increase with height, while any east-west velocity gradually dies 
out. The south-north diagram gives mainly negative values, 

*Q.J. i?. Met. Soc.^ 41 , p. 123 (1915). 
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e. the winds observed had mainly a north-south component. This 
)mponent changes comparatively little in the first 4000 m., though 
igher up there is a tendency to increase indicated both for south- 
orth and north-south winds. This is in general agreement with 
le results arrived at by Dobson. 

Cave, in his Structure of the Atmosphere in Clear Weather^ has 
Lven the results of observations carried out at Ditcham Park, 
/hen we consider his lesults for heights between 2500 m. and 
500 m., we find that there is a decided increase with height m 
le westerly components, the easterly components tending to die 
Lit. On the other hand, both southerly and northerly components 
low an increase, the range at 7500 m being much greater than 
2500 m., the actual values being from — 20 m per second to 
-20 m. per second at the higher level, to —6 m. per second to 
-9 m. per second at the lower. 

As the result of investigation, Cave has divided his soundings 
L the troposphere * into five different groups, and has added a sixth 
>r winds in the stratosphere f These are: 

{a) I. “ Solid ” current; little change in velocity or direction. 

2. No current up to great heights 
(b) Considerable increase m velocity. 

(r) Decrease of velocity in the upper layers, 

{d) Revel sals 01 gieat changes in direction 

{e) Upper wind blowing outward fiom centres of low pressure: 

frequently reversals at a lowei layer. 

(/) Winds m the stratosphere. 

In gioup {d) the giadient diiection and velocity are reached 
irly, and thereafter the wind remains nearly constant. There is 
Tactically no temperature gradient, and the pressure distribution 
t different heights is similar to that at the surface. 

Group (6) IS mainly due to a westerly or south-westerly type, 
ad represents the average conditions where depressions are passing 
istwards over the British Isles. There is here a marked tempera- 
ire gradient over the area. 

In group (c) are included mainly easterly winds, the pressure 

* Troposphere, 1 e the part of the atmosphere in which the temperature falls off 
ith inci easing altitude In latitude 55® it extends from the surface up to about 
Kjn , m the tropics it extends to about 17 Km. 

t Stratosphere, i.e the external layer of the atmosphere m which theie is no 
►nvection It lies on the top of the troposphere, and the height of its base above 
le suiface varies from equator to poles (see troposphere). The temperature 
langes withm it are m a horizontal direction. 
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distribution showing an anticyclone to the north. The gradient 
velocity is reached at about 500 m., the gradient direction at a point 
a little higher. Thereafter decrease in velocity takes place and 
occasionally a hacking of the wind, though the latter does not invari- 
ably occur. 

With “ reversals which are placed in group (J), the surface 
wind is almost always easterly; the upper, westerly or south-westerly 

Here we have a warm current passing over a colder, and the 
result is generally rain. Very often in summer theie is found 
a south-west current passing over a south-east, the two being 
associated with shallow thunderstorm depressions, the south-west 
current supplying the moisture to form the cumulo-nimbus clouds. 

From an examination of the winds in group (^), it is almost 
always found that the depressions from which the winds come 
advance in the direction of the upper air current. This is par- 
ticularly the case with north-westerly upper winds. With south- 
westerly upper winds we have very often conditions similar to 
those mentioned under (<i), with corresponding results. 

Observations within the stratosphere are comparatively few, but, 
in general, they show that the wind within this region tends to fall 
off with increase in height, and that the direction is almost mvaiiably 
from some point on the west side of the north-south line. 

Several models, which show at a glance how the air currents 
change with height, have been constructed by Cave For a desciip- 
tion of these and a full account of his investigation the reader is 
referred to his book already mentioned. 

Let us now examine the wind structure in these upper legions 
of the atmosphere from the theoretical standpoint. 

We have already noted that the variations in the distribution of 
pressure in the upper atmosphere are closely correlated with the 
variations in the temperature distribution. Starting with the 
ordinary equation for the diminution of pressure with height and 
combining it with the characteristic equation for a permanent gas, 
we are able to find an equation giving the variation of pressure 
gradient with height. These equations are: 



( 8 ) 


and pfT = Rp, 


p p r 


the latter giving 


(9) 
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Iso if the horizontal pressure and temperature gradie: 
0 /) 0 T 

3 ^ and — = q, respectively, then we have 
ox ox 

ds _ d^p 

9^ 9^c9^’ 


e. from equation (8) 


9 ^ _ __ dp 
0 ^ ^dx 


(lo) 


'herefore combining (9) and (10) we have for the change with 
eight in pressure gradient, 


^ 

^ “ sp[- ^ T r 



(lO 


To find numerical values we must substitute for p its value 
/RT. For dry air R = 2-869 X 10® C.G S. units, while for air 
Unrated with water vapour at 273^3: its value is, 2 876 X 10® C.G S. 
nits This differs only slightly from the value for dry air Also 
le uncertainties which arise in connection with the determination 
f the wind velocity in the upper air are greater than the variations 
1 R, and therefore the value for dry air may be used on all occasions 
ithout any appreciable eiror With this value, and with g as 
81 cm /sec.^, we have 

I _ 3 --(^ X - f} (i.») 


F now we express the variation in pressure in millibars per metre 
f height and take the giadients in pressure and temperature over 
00 Km., the rate of increase of pressure gradient per metre of 
eight in millibars per lOO Km. is 


3-42 X 10-“^ “ p}’ 


Q 

T 


and S being expressed in millibars, T and Q in degrees absolute 
The variation in pressure gradient depends therefore on the 
ifference of the quantities Q/T and S/P. Now T falls from about 
8 o( 7 at the surface to approximately 220a at 9 Km., whereas P 
banges from 1010 millibars to nearly 300 millibars within the 
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same lange We see, therefore, that S/P runs thiough a consider- 
able range of values, while Q/T I'emains comparatively constant. 
The variation in pressure difference is therefore not constant within 
the region considered, but is likely to show positive values at first; 
then change through zero to negative values higher up. If the 
pressure difference remained constant up to 9 Km., then Yp would 
be constant, and the velocity of the wind would increase in inverse 
proportion to the density of the air as we ascend. Now Egnell 
believed that he found by observation of clouds that Yp actually 
was constant, and in consequence this law, Vp = a constant, has 
been termed EgnelPs Law. We have seen, however, that the 
observations by pilot balloons do not confirm the law. The wind 
very often shows an increase in velocity with increase in height, 
especially winds with a westerly component, but this increase is 
generally less, even in the latter case, than in accordance with a 
uniform gradient. Equation (ii) is theiefore much more m agi ce- 
ment with the behaviour of the actual winds than a constant piessure 
gradient would be. 

The variation of wind with height can now be obtained by 
combining equation (ii) with the relation 

s = 2vpco sin^, or, vp = s/zco sin^ (12) 


Let V be the component of the wind velocity paiallel to they- axis 
drawn towards the north, the A;-axis being drawn towards the east. 
Then 

jzco sin^, 


dv , dp 

p — 4 - ‘dJl 

dz 


i.e. 


dz 

j dv dp __ 
V dz p dz 


01 


I dv 
V dz 


9 ^: 

I 9^ 
s dz^ 

s dz p dz s dx p dz 

— itfl ^ ^ 1 ^ (I 

dx T dx) \p dz 

-SPfi- i\ + iP + l 

7 ^ ^ T dz 


£ 

T a 




^ \p T, 

Tl j ^ dz)' 
. s dv I / , 0 T\ 
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and as sjv = pzco sin^, 

dz pTzo) sin^jS I ^dz dzf 

= I ?Z\ 

20 ) sin(])pT \9;xj dz dz dx f 

)ng the A?-axis the corresponding value will be 

du I {dp 3T dp 0T) 

dz 2o)mi<l>pT\dy dz dz dy) 


re the negative sign must be used because if the piessure 
rease towards the north then the wind will be from the east. 
If then the wind be observed at vaiious levels it is possible from 
se equations to calculate the separation of the isobars and iso- 
rms at the different levels. For this purpose it is necessary to 
)w the values of p and T for each level considered. In any parti- 
ar case the normal values of these quantities for the month in 
ich the observation takes place may be taken without any very 
LOU6 error. We may then proceed to calculate the separation of 
isobars and isotherms at intervals of a kilometre in the following 
f 

The change of piessure difference we already expressed in the 
m 

^ 3 42 X in C G S units 


^hen the pressure be expressed in millibars and the temperature 
degrees absolute, the change of pressure-difference per kilometre 
leight may be written as 




sre AP and AT are the horizontal changes per 100 Km m 
ssure and temperature respectively. The wind velocity W due 
this pressure difference AP can be found from the relation 


w = ^ T AP = K-AP 

2a)Sin<p P P 


U and V be the components of W from west to east and 
n south to north respectively, then the components of pressure 
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difference at any level as deduced from the wind observations aj 


and 


A.P 


AwP 


•U 


JL L 

K T 


— — V 
K T 


(i5«) 


Similarly the components of temperature difference can t 
expressed from equation (14) m the form 

V (I4«) 

and x T + A^p) 

PV34-2 /J 

Table VI (p. 287) is an example of the application of thes 
equations. Of the last four columns the first two give the separa 
tion in kilometres between the component isobars where th 
difference is i millibar, the second two between the componen 
isotherms where the difference is C When the dii action of th 
resultant isobars and isotherms for the various levels are calculate( 
we find the following directions 

Height in Km 01234 
Isobar from 270° 272° 271° 214° 263° 

Isotherm from — 15° 271° 210° 334° 


This appears to indicate the approach of a waimer current fron 
the south-west at a height over 3 Km. The pressure distributioi 
at 7 hr. on the 28th gave a depression over Iceland with a suifac( 
temperature of 50° F. The increase of temperature indicated a 
the 3000-m. level is apparently due therefore to the warm air fion 
this depression pushing its way across the colder northerly current 
This seems to be in agreement with Bjerknes^ theory**^ of the circu 
lation of air within a cyclone. 

The observations we have been considering hitherto refer to om 
station only, so that we have obtained only a very small section of th( 
isobars and isotherms for the different levels. If a number of obser- 
vations be made simultaneously at different stations over the BritisI 

Roy. Met. Soc , 46 , p. 119, 
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Computation of Pressure and Temperature Distribution from Pilot Balloon Ascent of zSth May, 1914 


WIND STRUCTURE 


2S7 




10 

H 

M 


001 


CO 

H 

tn 

00 

• 

1 

H 

H 

1 

+ 

1 



N 

00 

CO 

NO 

0 1 


H 

0 

0 


0 


H 

N 

w 


H j <1 


1 

+ 

+ 

+ 



0 

0 


ON 

0 \^ 


10 

0 

0 

0 



0 

c« 

ON 

9 ^ 


H 

H 



H 1 <J 


1 

1 

+ 

+ 



to 

VO 

ON 

to 

0 1 Ph 

*0 


00 

NO 

H 

0 % 

H 

xh 

N 

H 

H 

h| <1 

+ 

+ 

+ 

+ 

+ 



CO 

ON 

VO 

00 

h 



0 

Ov 

M 



0 

6 

M 

M 

<i 


+ 

1 

+ 

1 



ON 

00 

10 

0 



00 


ON 

cO 



0 

0 

0 

H 



1 

+ 

4 

+ 




0 

Ov 

M 


0 

00 



M 


0 

0 

0 

0 

0 



1 

1 

+ 

+ 


0 

cl 

LT) 

ON 


Ph 

vD 

d 

CO 

VO 

00 

/ 

0 

0 

0 

0 

0 


+ 

+ 

-h 

+ 

4 - 

1 1 =! 

0 

NO 

ON 

Th 

M 

^ § s 

0 

0 

0 

Tt- 

H 

wU 0 
(P 

+ 

1 

1 

4 - 

+ 


e S 
o a 


o vp 00 CO 

0 IH M 10 00 

1 + + + -f 


u B 


p«i 

> a 


, 

W 

00 

w 

CO 


ON 

00 

CO 

VO 


d 

Cl 

c^ 

N 

0 


Os 

0 

ON 

0 

H 



00 


53 ^ 


N CO t|- 



288 THE MECHANICAL PROPERTIES OF FLUIDS 


Isles, say, then a series of maps may be drawn showing the air flo^ 
at each level. These will afford an indication of the distiibution c 
pressure and temperature at the vai lous levels. In fig. 1 1 the piessm 
distribution at the surface at i8 hr. on yth September, 1922, is give 
in {a). The following four members of the series show approximate] 
the run of the isobars at the levels indicated as deduced fiom pile 
observations made at 17 hr., while the last of the senes depicts th 
pressure distribution at the surface at 7 hr. on the following morning 
The separation of the isobars is 2 millibars in eveiy case. At th 
suiface the isobars run from north-east to south-west, but higher u 
the direction changes towards a noith to south direction, Thi 
appears to indicate a mass of rather waimer air to wauls the wes 
01 south-west, especially about the 6ooo-Jt. level. The velocities 
however, are compaiatively small and therefore a break-up of th 
system is not to be expected. Instead, as the 7 hr. chart of th 
following morning shows, there has taken place a fuithei development 
and the direction of the isobars at the suiface has now become mud 
moie in accordance with the uppei air isobais of the picvious evening 
We must now consider the case of curved isobais. In th< 
expression foi the gradient wind determined ncai the beginning 0 
GUI suivey there were found to be two paits, one dependent upor 
the rotation of the earth, the other on the cuivatuic of the path 
Hitherto we have dealt only with the fiist part, but now we shal 
consider biiefly the efiect of the cuivatute ol the path upon the 
relation of the wind to the distiibution ol piessiire. In discussing 
the cii dilation of air in temperate latitudes, Shaw ai rives at the 
following conclusion ^ Thus out ol the kaleidoscopic leatmes ol 
the circulation of an in tcmpeiate latitudes two definite states soit 
themselves, each having its own stability. The fiisi rcpicsents air 
moving like a poition of a belt lound an axis thioiigh the earth’s 
centre. It is dependent upon the earth’s spin, and the gcostiophic 
component of the giadicnt is the important J nature; the cuivatuie ol 
the isobais is ol small importance. The second rcpicsents air lotat- 
ing round a point not very far away: it is dependent upon the local 
spin, and the curvature of the isobars with the corresponding cyclo- 
strop hie component of the giadicnt is the dominant consideration.” 

Up to the present we have been considering only one point in 
the path of the air, and the lines of flow of the air at that point we 
have regarded as coincident with the isobars m the upper air and 
making a definite angle with them near the surface owing to the 
Manual of Meteorology ^ Part IV, p. 236: 
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Fig II.— Map showing the Pressure Distribution and Wind Direction at 
the Surface at 18 hr on 7th September (a), at 7 hr on 8th September (/), 
and (6 to e) the appmximate Direction of the Isobais at looo ft , 3000 ft , 
6000 ft , and 10,000 ft , as deduced from Pilot Balloon Observations at 
17 hr. on 7th September, igjjjs. 


(d312) 


11 
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tuibulence in the atmosphere. When we come to consider a sue 
cession of states, however, we sec that the paths of the air are no 
necessarily coincident with the lines of flow or the latter with th< 
isobars. In the case of the first state mentioned above by Shaw 
the isobars are straight and the paths of the air are coincident witl 
the lines of flow; but when the two states are superposed and a seriei 
of maps drawn giving the pressure distribution at definite intervals 
it is seen that the paths of the air are no longer coincident with th( 
lines of flow or with the 
isobars. What then are the 
paths of air m a cyclone^^ / / //V / 

A partial solution of If / / / / \ \ \ \\\ 

the problem may be / ( / ^ \ 

reached after the follow- . / 1 /( f/T^^ ^ 

mg manner. It is a well- Ai: , l A I V V \ ^ 

known fact of experience \ I 

that one of the character- 
istics of a cyclone is that 
it travels across the map, 
and when the isobars are 

circular that the velocity — 

of translation is rapid. 

We shall here confine 

ourselves theiefore to the , m . f a r J 

tig 12 — Trajec tones of Air for a Normal Cyclone 

examination of a circular, {fwm Shawls Manual of McUo o^oity) 

rapidly moving storm, 

termed the “ normal ” cyclone or cartwheel depression. 

If two horizontal plane sections of a normal cyclone be taken, 
including between them a thin lamina or disc of rotating air, and 
if this disc travel unchanged in a horizontal direction, then to obtain 
the actual velocities of any point on the disc the velocity of trans- 
lation must be combined with the velocity of rotation. If the 
velocity of translation be V and the angular velocity then the centre 
of instantaneous rotation will be distant from the centre of the 
disc a distance V/«. This centre of instantaneous rotation will 


travel in a line parallel to the line of motion of the centre of the 
disc The actual paths of the air particles are traced out by points 
attached to a circle which rolls along the line of instantaneous 
centres and whose radius = V/n Fig. 12 represents these trajec- 
tories. The figure shows, in one position, the circle of radius 
its centre 0, and the instantaneous centre O'. The circle rolls on 
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line through O' perpendicular to 00 '. The path of a particle 
a cusp, a loop, or neither, according as the tracing point is on, 
lout, or within the circle. 

From this we see that in the normal cyclone there are two centres, 
one, O (fig. 12), the actual centre of the rotating disc which is 
led the tornado centre, the other, O', the centre of instantaneous 
tion termed the kinematic centre. They lie on a line perpendi- 
r to the path of the cyclone, and are distant from each other by 
length V/n. 

[n such a system as this the isobars will not coincide exactly 
L the lines of flow. For the present neglecting the variation in 
ude and in density, and also the curvature of the earth's surface, 
shall regard the cyclone as moving along a horizontal plane, 
hat case the system of isobars will be obtained by compounding 
stem of circular isobars embedded in a field of straight isobars, 
centre of the circular system will not coincide with either of 
centres already referred to, but will be at a distance from the 
matic centre = V/(2aj sm^ + n) and lie on the line joining the 
matic and tornado centres. This centre has been termed the 
mtc centre, and is the centre of the isobaric system as drawn 
map It is therefore quite easily identified, but one must bear 
Lind that it is not the only centre m a normal cyclone 
f we take the centie of the rotating disc as origin, with x and y 
towards the east and noith respectively, then for an eastward 
:ity of translation V, the pressure will dimmish uniformly towards 
north at the rate 2/1 Va> sin^, i.e, the field of pressure will be 
^sented by 

/ dp ^ \ zpYco sin^dy, 

J p\ ^ 0 

ep' = pressure at any point, and p'^ = pressure at any point 
le ;xi-axis; 

i.e. p' — ~ 2 pYo) sm^y • *(16) 

or the circular field with its centre at the origin we have 

dp == (2pvco sin^ -|- v^p cota/R)fl?r, 

JpQ Jo 

e p is the pressure at any point distant r from the origin, and 
e pressure at the origin. 
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If we neglect the curvature of the earth, then cota/R = v^j 
Also V = rn, 

f dp = pn I (aco 

J po ^0 


• Tl » ft • 

i.e. p — p^ = p- (20) sinp -{•n)r'^ = p- (2a> sin^ -I- ri) [x^ -f j®) (i' 


By combining the two equations (i6) and (17), we have for tl 
resultant field 


Po 


pn 


{zoo smp + n) (»® + y^) — zpYco sin^y., .(18) 


This represents a ciicular field of pressure round a point 

2C0 sin^V 


X 


o, y 


n{ 2 "> sm^ n)’ 


and Pq is the pressuic at the centic of this field and not at theorigi 
Now the distance of the kinematic centre from the tornac 
centre which was chosen as oiigin is equal to V/w Theiefore tl 
distance of the kinematic centic from the dynamic centre is 


V/« 


20) sinijJ ^ V 

20) smp + « n 


V/ (20) sin^ -f- n). 


Wc see, therefore, that this combination of a field of straight isobai 
with a circular system embedded m it is sufficient to give the fie! 
of picssure necessary to keep the disc lotating. 

In the normal cyclone it follows that the centie of low piessui 
being not the centre of the lines of flow, the wind possesses a defini 
counter-clockwise velocity at the centre of low pressure. When i 
actual example of a lapidly moving circular storm such as that 
loth-iith September, 1903, is examined, we find that the syste 
actually does possess such a wind, and consequently this diverge 
wind, which has often been regarded as accidental, is in reality 
perfect agreement with the pressure system. Another feature whh 
the normal cyclone possesses in common with an actual circul 
cyclone is the greater incurvature in the rear of the cyclone as cor 
pared with that in front. 

“ From these considerations,” says Shaw,* “ we are led to acce 
the conclusion to be drawn from the conditions of the normal cyclor 
• Manual of Meteorology, Pait IV, p. a 4 S 
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mely, that the wind calculated from the gradient by the full formula 
mg the curvature of the isobars, gives the true wind in the free air 
t at the point at which the gradient ts taken but at a point distant 
m It along a line at right angles to the path and on the left of it by 
3 amount Vl{zw sinf + «).” 

The calculated trajectories in the case of the normal cyclone 



Fig 13. — Trajectories of Air in Circular Storm, leth to i ith September, 1903 


vt already been referred to and given in fig. 12. A comparison 
these with the actual trajectories for the storm of loth-iith 
ptember, 1903 (fig. 13), shows at once the remarkable similarity 
tween the two sets, indicating still further that this actual cyclone 
1 the normal cyclone are very close akin the one to the other, 
le trajectories of the September cyclone are repioduced from 
e Life History of Surface Air Currents,^ 

Here we have considered in a very fragmentary way only one 
m of stable rotation, namely the circular. Even then no account 
s taken of the discontinuity of velocity which must occur at the 

* Life History of Surface Air Currents^ by W. N. Shaw and R. G. K. Lempfert, 
D., No. 174, London, 1906. 
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edge of the rotating disc in the normal cyclone, but it is possible 
show that this discontinuity can be accommodated by includii 
in the revolving column of air an outer region represented by tl 
law of the simple vortex with vr constant. The regions beyor 
what have hitherto been included in the revolving disc will all 
form part of the cyclone, therefore, and not simply belong to tl 
environment. 

For further treatment of this subject the reader is referred i 
treatises on dynamical meteorology, such as Shaw’s Manual < 
Meteorology y as in this brief study some of the intricacies only of tl 
problems of wind structure, rather than their solutions, have bee 
placed before him. 


Note I 


The equations of motion of air over the surface of the eart 
when the effect of eddy viscosity is taken into account aie, whe 
the steady state has been reached and the motion is horizonta 


200V sin(j) + /c- 


dhi 


o == -f- 2a)U sin^ — 2 coG sin^i + k- 


d^v 

dz^* 


(2) 


On eliminating u from the above we find that the equation fo 
V becomes 

, Aoj^ sin^ci 
+ ^ ^V = Oy 


or 


dz^ 

~ + 4B^z; — o, where ^ 

dz^ ^ K 


Now?; does not become infinite for infinite values of Zy and th 
solution of the equation is therefore 

V = sinB^+ cosB;^^ (3) 

On differentiating this value of v twice with respect to Zy anc 
substituting in (2), we get 

M = G + Age*”®^ cosB^ — sinBjs* (4) 

Now G = value of the gradient wind velocity, 
and therefore for great heights w == G, i.e. the gradient wind velocity 
and = 0. 
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The values of Ag, A4 are found by imposing suitable boundary 
iditions. 

Now at ^ == o these are 


'duldzl rdvld^l i ^ 

^ 1 — ^ and tana = 

_ U Jjsf=0 L ^ J^~0 


M. 


f 


ere a = angle between the observed wind and the gradient 
id. 

From these conditions 


. tana(i + tana)^^ - — tana(i — - tana)^ 

J\.n — vjr - JTx^ ‘ Cjr i 

tan^a + I tan^a + i 

The surface wind W = + ®^z=o 

- y/If+ (A^ + G)2 

G 

"" I + tan®a^ ~ + (i - tana)® 

= G-^ tar^ _ ^ — sma) 

seca 

)r W/G = (cosa — sma). 


Note II 


The theoiy of eddy motion also accounts for the observed fact 
t the magnitude of the gradient wind is reached at a level lower 
n that at which the gradient direction is attained 
The height at which the gradient direction is reached is found 
m equation (3) of Note I by putting v = o If Hi be the 
ght, then 

o = A2 smBHi A4 cosBITj, 


1 therefore tanBHi == 


A4 


a; 


Substitute the values of A4 and A2 already found, and we obtain 


tanBIIi = — 


tana 


= tan 


(-i)- 
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Since a is positive and less than the smallest value of Hi is 
got from 4 


BHi = ^ + a. 

4 


.(X) 


The height Hg, at which the value of gradient velocity is 
reached, is given by = G^, which, on substitution, 

becomes 




(i + tana) cosBHg — (i — tana) sinBHg 
tana 


..( 2 ) 


From this equation BHg can be found in terms of tana 
The following table, given by Taylor, shows the values of BH|, 
BHg, and Hi/Hg as a goes from o° to 45*^. 


a. 

BHi 

BHa 

IIi/IL 

0 

23s 

0 78 

30 

20 

270 

1*04 

2 6 

45 

3 15 

144 

2-2 


Now for Salisbury Plain Dobson found that the deviation a 
was, in a laige number of cases, zo^; also that ~ for this devia- 


800 metres 




tion was '' = 2 66. 

300 metres 

This IS in good agreement with the theoietical value 2*6 , 
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CHAPTER IX 

ubmarine Signalling and the Transmission 
of Sound through Water 

Although practically every other branch of science has had 
siderable technical application, that of acoustics has until the 
few years remained practically in the academic stage, and few 
n among scientific men gave seiious attention to it Bells, 
gs, whistles, sirens, and musical instruments have indeed been 
d from remote times both for enjoyment and foi signalling pui- 
es, but their development has mainly been on cmpiucal lines, 
li but little assistance from the physicist. 

The Great War has, however, bi ought about a sti iking change 
this as in many other directions, and acoustics is now becoming 
only an important branch of technology, but shows signs even 
developing into the engineering stage and giving us a new and 
^erful method of powei transmission, to judge by the pioneci 
k of M. Constantinesco, who has already developed it for the 
ration of lock drills and riveting machines, and shown how it 
f be applied to motors and other machines. Few blanches of 
mce now offer such possibilities to the inventor. 

Acoustic signalling is of especial impoitancc in connection with 
igation, as sound is the only foim of cneigy which can be tians- 
ted through water without great loss by absorption. The lela- 
dy high electrical conductivity of water renders it almost opaque 
light and to electromagnetic waves. 

The present article deals principally with acoustic signalling 
ler water, but certain allied problems, such as sound langing, 
>th sounding, and other applications to navigation, will also be 
ifly referied to. 

As is well known, sound consists of a vibratory disturbance of 
laterial medium, such as a gas, solid, or liquid, and its phenomena 



SUBMARINE SIGNALLING 


299 


e almost of a purely mechanical nature. When a bell or tuning 
)rk is struck it is thrown into vibration, and as any part moves 
)rward it compresses the medium in front of it and also gives it 
forward velocity. As the vibration reverses so that the move- 
lent is in the opposite direction, the mass or inertia of the medium 
jeps it moving forward, and a partial vacuum or rarefaction is 
‘oduced, until the vibration again reverses and forms a fresh 
mpression. These regions of compression and rarefaction there- 
re travel forward as a series of pulses or waves away from the 
urce in much the same way as ripples are formed on the surface 
a pond when a stone is dropped into it. In the case of the 
rface ripples, however, the leal motion of the water is partly up 
id down, or transverse to the direction of movement of the waves, 
lereas in the case of sound the motion of each particle of the 
edium is mainly forwards and backwards along the line of propa- 
tion of the sound. Sound vibrations are therefore spoken of as 
igitudinal or in the direction of transmission, which differentiates 
em from all other kinds of vibrations, such as those of ordinary 
Lves, light, or electromagnetic waves, which are said to be trans- 
rse. It at once follows from this that although many of the 
entific principles of optics can be and indeed have been success- 
ly applied to sound, there can be nothing in acoustics correspond- 
j to polarization in light. This point is made clcai at the outset, 
the phenomena of light are fairly generally known and are most 
mulating to acoustic development. 

Fundamental Scientific Principles 

In Older to understand the operation of modern acoustic trans- 
tting and receiving instruments properly, it will be well to start 
h a brief statement of certain scientific principles and definitions, 
ne of these are well known, but others requiie a few words of 
)lanation. 

Sounds are divided into musical notes and noises, and musical 
es are spoken of as differentiated by intensity, pitch, and timbre 
:juahty. A musical note is produced whenever the vibrations are 
1 legular character, so that each wave is similar to the previous 
. The intensity or loudness of the note depends on the strength 
implitude of the vibration, its pitch on the number of vibrations 
second or frequency, and its timbre or quality on the form 
die vibration. The purest musical note is given by uniform 
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vibrations of a simple harmonic character, and if the wave-form 
is saw-toothed or shows any other variation from the sine form, 
the note is more or less piercing in quality, due to the presence of 
overtones or higher harmonics besides the fundamental pure tone. 

Noises are differentiated from musical tones by having no 
regular character, and are made up of a number of vibrations of 
different intensity and pitch. Speech may be described as a noise 
from the point of view of acoustic transmission and reception, on 
account of the variable nature of the vibrations; and also the sound 
from machinery, ships, &c. This is a serious difficulty as regards 
the detection and recognition of such sounds, as nearly all trans- 
mitting and receiving devices are more or less selective ’’ in char- 
acter, i.e. they respond better to certain definite frequencies and 
are relatively insensitive to others. Everyone knows that telephones 
or gramophones reproduce certain sounds better than others, and 
acoustic signalling, like wireless transmission, is far moie effective 
with ‘‘ tuned devices, which are, however, very insensitive to 
other frequencies. 


Velocity of Propagation 

An accurate loiowledge of the velocity of propagation of sound 
is of great importance in connection with acoustic signalling, espe- 
cially as regards determination of range or position as in sound 
ranging. The velocity is very diffeient in different substances, as 
It depends on the elasticity and density of the maleiial, and thcre- 
foie on its composition, pressure, and temperatuic Wc are here 
concerned chiefly with the velocities in air and in sea water, although 
the acoustic properties of other substances require considciation 
when the transmitting and receiving devices aie being dealt with. 

For air at temperature f C. the velocity v = 1087 + 
per second. 

For sea water v = 4756 + 13*8/ — o*i 2 t^ ft per second, accoid- 
mg to the latest determination of Dr. A. B. Wood, for sea 
water having a salinity of 35 parts per thousand; the velocity being 
increased by about 37 ft. per second for each additional pait per 
thousand in salinity. This gives a velocity of 1123 ft- second 
in air, and 4984 ft. per second in normal sea water at a temperature 
of 20° C., so that the velocity in the sea is about four and a half 
tiiiies as great as in air. 
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Wave-length 

As above mentioned, acoustic waves from a vibrating source 
)nsist of a number of compressions and rarefactions following 
le another and all travelling with a velocity given above. The 
stance between one compression or one rarefaction and the next 
called the wave-length of the sound, and it is evident that if the 
equency of vibration is n cycles per second there will be a train 
n waves in a distance equal to the velocity, so that the wave- 

ngth ^ Fc)!’ example, if we take a frequency n of 500 the 

)rresponding wave-length in air and in sea water respectively 
20^^ C. will be: 

In air == 2 246 ft., and in sea water = q*q 68 ft. 

500 T > 500 ^ ^ 

The gi eater wave-length in water introduces somewhat serious 
fEculties as regards directional transmission and reception, as will 
)peai later 


Transmission of Sound through Various 
Substances 


As was fiist shown by Newton, the velocity of sound in any sub- 
ance can be calculated fiom a knowledge of its elasticity of volume 
id Its density. If k is the elasticity and p the density, it is easy to 


ove that the velocity of propagation of sound v 



It must 


‘ lemembered, however, that with the rapid vibrations of audible 
unds the heating and cooling resulting from compression and 
refaction have no time to die away, and we must therefore take 
e adiabatic elasticity instead of the constant temperature or iso- 
eimal elasticity in the above formula. For gases the isothermal 
isticity is equal to the pressure, or about 10^ dynes per square 
ntimetre in the case of ordinaiy atmospheric pressure, and the 
iabatic elasticity of air is 1*41 times this amount, while the density 
air p = 0*00129 g^* cubic centimetre, so that the velocity 

= \ ^ z=z 'i'ljOoo cm. per second, or about 1085 ft, per 

^ 0*00129 

cond, agreeing closely with the value obtained by direct experiment. 
The mathematical theory also enables us to calculate the amount 
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of acoustic powei transmitted by sinusoidal waves, and the phcno 
mena which lesult when the sound passes from one medium int< 
another — matters of considerable importance in connection wit] 
submarine signalling. It can be shown that the relation betweej 
the pressure P due to vibiation (i e. the alternating excess ovei th 
mean pressure), and the velocity Y of a moving particle^ at an 
point of the medium in the case of a plane wave of laige aiea com 
pared with the wave length, is given by the relation P = RV 
where R == V/cp. This lelation being analogous to Ohm's Law ij 
Electiicity, the quantity R has been called by Biillie the acousti 
resistance " ^ of the medium. The powei transmitted {%o) per uni 
area of the wave front is iP^a^Vn^^xi oi RV^^^x/s 

For a plane wave sinusoidal distuibance of frequency n peiiod 
per second, and writing co for znn^ we have = oja, wher 

a is the amplitude of the displacement, so that w == / 

== RojV^/z ergs pel square centimetre pei second 

For ordinary sea watei in which k = 2*2 X 10^® dynes pci squar 
centimetre, and p — 1*028, R = V/cp = 14 X lo"^, so that foi 
frequency of 500 — and a displacement of o i mm., the powe 
transmitted would be 7 watts per squaie ccntimctie 

When sound passes from one medium into anothci, it can b 
shown that unless the two media have the same acoustic icsistanc 
there will be a certain amount of reflection at the interface II 
IS the ratio of the acoustic lesistance of the second medium l 
that in the first, and the wave fronts aie paiallel to the intcifac 
which is large in compaiison with the wave length, 


-R, P/ - ^ 


y -f- 1 


V, = and Vi' = " iv, 

r + 1 r 1 r+ 1 


wheie Pi IS the pressuie and the 
P2 » V2 

Pi' V/ 


velocity in the oilgmal wave 
„ liansmittcd „ 

„ reflected „ 


If the second medium is highly resistant compared with th 
fiist, so that r is very large, Pg == 2P1, P^' = P^ , Vg == o, and V^' V] 
so that the pressuie at the interface is double that in the origins 
wave and the velocity, being equal to (Vi — Yf), is zero, since th 
movements in the direct and reflected waves aie equal and ii 

*H. Brilli^, Le Gime Civile 33id and 30th August, 2919; ** Modem Mann 
Problems m War and Peace’', nth Kelvin lecluto to Institution of Electiicj 
Engineers, by Dr. C V Drysdale. Jour. Inst Elect. Eng., 58 , No. 293, Jub 
I933>PP 591^3- 
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kposite directions. The wave is therefore totally reflected back in 
e first medium and there is no transmission. 

On the other hand, if the second medium has a very small 
oustic resistance compaied with the first, so that r is very small, 

P, .. o, P/ - Y, - 2V1, and V/ - V^. 

this case the total piessure (P^ + P^') at the interface is zero, 
d the velocity — V^') is 2V1, so that the velocity is doubled, 
It there is again no transmitted wave since Pg — o, and the wave 
totally reflected with a leveisal of the velocity V^. In the first 
se the surface is called a “ fixed end, and in the second a ‘‘ free ” 
id. 

If, finally, the two media have the same acoustic resistance, so 
at r == I, 

P, ^ P„ P/ = 0, V2 - V„ and V/ = o, 

d the wave passes on without any reflection This is the ideal 
ndition to be secured m transmitters and receivers 
When the two acoustic lesistances are not equal, it is easily shown 
at the ratio of the eneigy in the tiansmitted wave to that of the 
igmal wave, which we may call the cfliciency of transmission 

), IS , while that for the reflected wave is {- ^ | , Now 

{r+if' \r+i/ 

t watei we have seen that = 14 X 10^, and for air R2 == 40 
3e also table on p. 292), so that r = = 2 86 X io“^ and 

Ki 

= = oooii, so that only a little ovei 0*1 per cent of 

(r + i)2 

e eneigy is tiansmitted This at once illustrates the difiiculty m 
[ underwater listening, as the sound passing through the water must 
nerally pass into the air before falling on the drum of the ear. 

Again, the value oi R foi steel is about 395 X 10^, so that on 
issmg from water to steel r = 28 approximately, and the efficiency 
transmission is about 13 per cent, while from steel to air it is 
ily o 004 per cent. lienee for sound to pass from water thiough 
e side of a ship to the air inside, the efficiency would be only 
. per cent of 0*004 0*00052 per cent, were it not for the 

ct that the plates of a ship are sufficiently thin to act as diaphragm, 
id thus allow a greater transmission than if they were very thick. 
L any case, however, the loss of energy is extremely great, and this 
LS led to the practice of mounting inboard listening devices, either 
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directly on the sides of the ship or in tanks of water in contact with 
the hull, as will be described later. 

The following table of the acoustic properties of various media 
has been given by Bnlli^. 


! Medium 

Value of K 
(kg per 3q mm ) 

Value of p 
(CGS) 

Value of ~ 

(velocity metres 
per second) 

Value sj3f 

R == Vicp in 
CGS units. 

Steel 

2 X 10^ 

7-8 

5100 

395 10^ 

Cast iron 

O 95 X 10* 

7 0 

3680 

258 X 10* 

Brass . . 

o 65 X 10* 

84 

2780 

234 X 10* 

Bronze 

0 32 X 10* 

88 

1910 

168 X XO* 

Lead . . 

0 06 X 10* 

II 4 

725 

82 5 X 10* 

1 fTeak 

0‘i6 X 10* 

086 

4300 

37 X 10* 

j Wood -[ Fir 

0 09 X 10* 

045 

4470 

20 X 10* 

\ 1 Beech 

0 06 X 10* 

08 

2740 

22 X 10* 

1 Water . . 

2 X 10^ 

I 0 

1410 

14 X 10* 

Rubber . . -j 

Below I (vaiiable ac- 
cording to the nature 
of the rubber) 

\i (appioxi- 
j mately) 

j Below 100 

/ Below 

1 I X 10* 

Air . • 

I 40 X 10“ * 

0 0013 

328 

0 00^ X 10* 


It should be noticed that the values of R for pine or beech wooc 
are not greatly different fiom that for water, so that sound shoulc 
pass from water to wood or vice veisa without great lefleclion 

Pressure and Displacement Receivers 

From what has been said concerning the theory of acoustic 
transmission, it is evident that sound may be detected eithci by the 
variations of pressure m the medium or by the displacements the} 
produce, in the same way as the existence of an electiical suppl} 
may be detected by the electiical pressure or by the cun cm 
it produces. Acoustic receivers may thercfoie be classed as pies 
sure receivers, analogous to electrical voltmeteis, and displacemcn 
leceivers corresponding to ammeters; but this classification is no 
a rigidly scientific one, as a receiver cannot be operated by picssuic 
or by displacement alone. We have seen that the power per uni 
area of wave front is -IPmax so that unless the receiver makci 
use of both the pressure and velocity of displacement it reccivej 
no energy and can give no indication. A perfect pressure receive: 
would, in fact, constitute a fixed-end reflector, and a perfect dis 
placement receiver a free-end reflector, in both of which cases 
have seen no-^energy is transmitted. 
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The distinction between pressure and displacement receivers is, 
)wever, a useful one, just like that between a voltmeter and am- 
eter. A voltmeter is predominantly an electrical pressure-mea- 
iring device although it takes a small current, and an ammeter a 
irrent-measuring device although it requires a small P.D across 
5 coils. Similarly a pressure receiver is one in which the dia- 
iragm is comparatively iigid and yields very little to the vibiations, 
hile a displacement receivei is one with a very yielding diaphragm, 
he distinction is of importance directly we consider directional 
ceivers, as the piessuie in a uniform medium is the same in all 
rections while the displacements are in the line of propagation, 
► that a pressure receiver will give no difference of intensity on 
ling rotated into difFeient diicctions if it is so small that it does 
)t distoit the waves, whcieas a displacement receiver will give 
maximum when facing the source 

As regal ds sensitiveness, however, it is evident that the best 
suits should be obtained when the receiver absorbs the whole 
the eneigy which falls upon it, which will only be the case when 
given alternating pressuie on the diaphragm pioduces the same 
splaccment as it does m the medium, so that the eneigy is 
►mpletely tiansmittcd into the leccivmg device without reflection, 
his will only be the case if the diaphiagm is in icsonancc with 
e vibrations and the icceiving mechanism absoibs so much 
lergy as to give culical damping 

In the case of a piopcily designed rcccivei which is small 

compaiison with the wave length, it will draw off energy 
om a gi cater aica of the wave fiont than its own area, just as 
wiiclcss aeiial may absoib eneigy fiom a faiily large region 
ound it. 

The piactical const! uction of undei water receivei s and hydio- 
loncs will be dealt with latci , but it will be well at this point to 
ve some idea ol their essential features. The simplest form of 
[ch a leccivcr, which is analogous to the simple trumpet for air 
ccption, is what is called the Broca tube, which consists of a 
ngth of metal tube with a diaphragm over its lower end. When 
is is clipped into the water, the sound from the water is com- 
unicated through the diaphragm to the air inside the tube, and 
e observer listens at the fiee end This is moderately effective, 
It not veiy sensitive or convenient, as it makes no provision for 
nplifymg the sound, and it is not easy to listen through long bent 
bes, so that the observer must generally listen only a few feet 
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above the water. Modern hydrophones are therefore neaily all of 
an electrical character, containing microphones or magnetophones 
from which electrical connections are taken to ordinary telephone 
receivers at the listening point. 

Microphones are generally used, as they are more sensitive, and 
there are two types of microphone which coiiespond approximately 
to pressure or displacement receivers lespectively. 
The former is termed the solid back ’’ type, in which 
a number of carbon granules are enclosed between a 
metal or carbon plate forming or attached to a dia- 
phragm and a solid fixed block of carbon at the 
back. If piessure is applied to the diaphiagm it 
compresses the granules and in ci eases their con- 
ductivity, so that a greater curient passes fiom a 
battery through the microphone and the leceiveis 
and reproduces the sound through the piessuie 
variations. In the button ’’ type of microphone, 
on the other hand, the carbon gianules aic en- 
closed in a light metallic box or capsule coveicd 
by a small diaphragm, and the whole aiiangcmcnt 
is mounted on a largci diaphragm, so that ifs 
vibrations move the capsule as a whole and shake 
Fig I — Non-diiec. granules, with only such changes of pies- 

tional Hydrophone TCSuIt flOUl thc lUCrtia of tllC CapSllle 

In this case it is the motion oi displacement of thc 
diaphragm which produces the vaiiations of icsistancc in the 
microphone. 

The commonest type of simple hydrophone is diagrammati- 
cally shown in fig. i and illustrated in fig i8 It consists simply 
of a heavy circular metal case of disc form with a hollow space 
covered by a metal diaphragm to thc centre of which a button 
microphone is attached. It is fairly sensitive but has no duectional 
properties. 


I 

I 



Directional Transmission and Reception 

The problems of directional transmission and reception aie 
among the most important as regards acoustic transmission. As 
in the case of wireless telegraphy or telephony, acoustic transmis- 
sion suffers greatly from the difficulty that sound, like wireless waves, 
tends to ladiate more or less uniformly in all directions, with the 
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isult that its intensity rapidly diminishes according to the inverse 
]uaie law, and there is great difficulty as regards interference and 
^ant of secrecy. Again, as legards reception, it is of comparatively 
ttle value to have a sensitive receiver which will detect the existence 
f a source of sound at a great distance if it gives no indication of 


le direction or position of the source. On this account the ques- 
on of directional transmission and reception is of at least equal 
npoitance to that of power- 

il transmitters and sensitive I source ^ 

jceivers. This question of I /j 

irectional transmission and z / 1 


iception has received a large 
nount of attention. 

The Binaural Method 


<1 

al 

z| 

<, 



/ / 


f Directional Listening. 
- Our own ears form a 
51 y efficient directional le- 
aving system When a 
idden noise occuis wc 
LStmctively tui n to wai ds 
le source, and if we aic 
lindfolded we can gcnc- 
lly tell with considciable 
'cuiacy the dncction liom 
Inch a sound comes. This 
due to the fact that, as 
ir two eais aic on op- 
isitc sides of the head 
id about 6 in. apait, the 



und leaches one car a Fig 3 —Bmauial Listening wuh Ti uaipets 


tie soonei than the other. 


iless it aiises fiom a point in a plane perpendicular to the 
1C joining the ears, i.e. diiectly in front of, behind, or above our 


'ad. Our cais are exceedingly sensitive to this minute dilTer- 
ce of time, and as this interval depends upon the direction, 
tting larger the more the source is on either side, we learn to 
timate the direction fairly closely, provided our two ears are nearly 
ually sensitive. This is known as the binaural (two-ear) method 
estimating direction, and it has been developed both for air and 
bmarinc listening For example, if we take two trumpets fixed 
a horizontal bar (fig. 2 ), each of which is provided with a definite 
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length of rubber tubing to an ear piece, we can detect and locate 
an aeroplane with considerable accuracy from the noise of its 
engines, as the trumpets magnify the sound, and the sensitiveness 
to direction may be increased by increasing the distance between 
the trumpets. When a sound is heard, the obseiver swings the bar 
carrying the trumpets round in the diiection indicated, and as he 
does so the sound appears to cross over from one ear to the other 
behind his head. The position at which this occurs is called that 
of binauial balance, and when this balance is obtained the bai is 
at right angles to the diiection of the source. 

The same principle can obviously be applied to undei water 
listening with two receivers, but in this case it should be noted 
that, as the velocity of sound in water is about foui and a half times 
that in air, the distance between the receivers must be increased in 
that propoition to obtain the same difference of time, and theiefoie 
equal binaural discrimination As this involves the use of a some- 
what long bar, which is troublesome to turn under water, iccouise 
IS generally had to what is called a binaural compensatoi for dctei- 
mining the direction. 

Returning to our pair of trumpets in fig. 2, suppose that the 
source of sound is to the right of the median plane, and that the 
tubes from’ the trumpets, instead of being of equal length, arc of 
different lengths, so that the additional length of tube to the nght- 
hand trumpet is equal to the extra distance fiom the source to the 
left-hand tiumpet. In this case it is evident that the delay of the 
sound in reaching the left-hand tiumpet is balanced by the cxtia 
delay between the right-hand tiumpet and the ear, and that binaural 
balance will be obtained although the source is on one side oi: the 
median plane. It is therefore possible to obtain the diiection of 
a source with a fixed bar cariying the leceivers, piovided that airange- 
ments can be made for varying the length of the stethoscope or ear 
tubes, and such an arrangement is called a binauial compensatoi, 
the most simple form of which is shown in fig. 3. Here the two 
equal tubes fiom the trumpets are brought to the two ends of a 
long straight tube, which is, however, made of three sections, the 
middle one sliding in the two end portions. The middle tube is 
blocked at its centie, and is provided with two apertures from 
which two equal rubber tubes are taken to the ear pieces. When 
the centre section of tube is in its middle position the two lengths 
of air path from the trumpets to the ear pieces are the same, and 
binaural balance will therefore only be obtained when the source is 
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he median plane; but if the source is to the right of this plane, 
that the sound reaches the right-hand trumpet first, sliding the 
tre tube to the left increases the path from the right-hand 
Tipet and diminishes that from the left-hand one, so that balance 
be restored, and an index on the sliding tube will read off the 
action on a suitably engraved scale which can be divided from 

* 

relation zd^b sin0, or sinO = — , where b is the distance between 


trumpets, d the displacement of the central tube from its mid 
ition, and 0 the angle 
obliquity of the direc- 
1 of the source from 
median plane. 

In order to carry out 
ictional listening on 
se lines with the 
atest convenience, a 
'ular form of compen- 
)i has been designed 
he United States and 
de by the Automatic 
ephone Company 
4^ shows the ex- 
lal appeal ance ol this 
apensator, and fig. 

essential feature ol its consti action Two concentiic 

:iilar giooves aie cut m a fixed plate, and are covered by a 
te which conveits them practically into circular tubes This 
tc can be rotated above the fixed plate, and is piovidcd with 
) projections which close the grooves but connect the inner and 
er ones togcthei by two cross channels. The sound from the 
) trumpets, entering the two ends of the outer groove, travels 
ind this groove to the stop and then passes thiough the 
innels to the inner grooves, returning to its two ends, to which 
j ear pieces are connected. It is evident that as the upper 
te is turned the difference of path between the two systems 
altered by four times the distance through which the stop 
vels, and a pointer on the top plate indicates the direction on 
dial. 

This binaural principle is of such importance that it has been 
scribed at length, and many applications of it will be seen later, 
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but there are other methods of directional reception which may 
first be referred to. 

Sum -and -difference Method. — In the case of electrical 
receivers the binaural method may be replaced by what is called 
the sum- and- difference method. Suppose, in fig. 5, that our two 
trumpets on the bar are replaced by two similar ordinary microphone 
receivers Mj and Mj, and that these receiveis are connected to two 
telephone transformers Tj and Tg, the secondaries of which can be 



Sum-and'-Difference Method 
Fig. 5 


connected in series as shown. It is evident that if the source is in 
the median plane, so that the sound reaches both receivers simul- 
taneously, they should be similaily affected and produce equal 
electromotive forces in the transformer secondaries. If these 
secondaries are connected so as to assist one another, a loud sound 
should be heard, but if one of them is reversed by the switch s 
the two electromotive forces should be equal and opposite, and 
silence should result. But if this is the case, and the source moves 
to one or other side of the median plane, the sound will reach tlie 
two receivers at different times, and cancellation should no longer 
take place, so that the source should appear louder the greater the 
angle of reception from the median plane. By swinging the bar 
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til the sound vanishes, or at least becomes a minimum, the direc- 
n of the source is given just as in the binaural method, and in 
s position the sound will be a maximum when the transformers 
list one another. 

This sum-and~difference method has the advantage over the 
laural method that it does not depend on the binaural sensitive- 
5 s of the observer, which may be very poor, especially in the case 
pel sons with partial deafness in one ear; and on this account 
ne observeis prefer it On the other hand, it reintroduces the 
jectionable featuic of swinging the bar unless a compensatoi is 
roduced between two sets of icceivcis which intioduces undesir- 
le complication. But in any case this sum-and-difTeience method 
of great value m connection with electrical receivers, as it brings 
t a difficulty which has to be overcome before such receivers can 
used for binaural listening It will be noticed that for silence 
be obtained with the dificicnce connection the sound must affect 
th receivers equally, but this is very larcly the case with oidinary 
crophones, owing to diflcicnccs in the propeities of their dia- 
ragms. In fact, if two such iccciveis aic placed close togetlier 
as to receive the same sound, it is not uncommon to find very 
le difference between the sound hcaid with the siim-and-dineicnce 
inections, and m this case such leceivers arc quite useless for 
lauial listening, which depends upon perfect similarity of 1 espouse, 
replacing the oidmaiy metal oi caibon diaphragms by lubber 
mbranes, howevei, much greater equality can be secured, and the 
n-and-difference method can be used in the ICsSt loom to test 
s equality and to select peifcctly paiied receivers either for bmaiiial 
for sum-and-diffeiencc diiection finding 

Directional Receivers, — It has aheady been pointed out 
t although the picssure changes m an acoustic beam have no 
ection, the displacements take place in the direction of propaga- 
a, and that a displacement receiver should thercfoie have direc- 
lal properties. This principle has not actually been employed 
directional listening to any extent, but Mr. B. S. Smith has 
used a displacement receiver consisting of a small hollow sphere 
itaining a magnetophone transmitter, the whole arrangement 
ng of neutral buoyancy. Such a sphere vibrates as if it were 
t of the water, and consequently gives maximum effect on the 
gnetophone when its axis is in the direction of propagation and 
0 when it is perpendicular to it. 

The type of directional receiver which has been most employed 
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in practice, however, is of a balanced type, as shown in figs 6 and 7, 
It is similar to the non-diiectional hydrophone 
(fig, i), except that instead of a thick hollow metal 
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Fig 6 — Bi-directional 
Hydrophone 


Fig 7 — ^Polar Curves of Intensity for Bi-dircctional Hydrophone 



case it has simply a heavy brass ring with a cential diaphragm 
having a hollow boss at its centie m which the 
button microphone is fixed. Obviously if such an 
arrangement is placed so that its plane lies along 
the direction of piopagation, the pressuie falls upon 
both faces of the diaphragm equally and simul- 
taneously and no motion results, so that nothing 
can be heard in this position. When the hydro- 
phone is turned with one of its faces lowaids the 
source, however, the back face is screened by the 
ring, and the sound reaches it later and with less 
intensity, so that there is a resultant effect. On 
turning such a hydrophone round, therefore, the 
sound is a minimum when the edge points towards 
the source, and rises to a maximum when turned 
through a right angle, the intensity for various 
angles of turning being shown in the polar diagram 
fig. 7. A similar effect is given by the Morris- 
Sykes directional hydrophone (fig. 8), which has 
two similar diaphragms on its two faces connected 
by a rod at their centres, on which the microphone 
is mounted. As the variations in pressure tend to move the two 



Fig 8 — Morris-Sykes 
Hydrophone 
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phragms in opposite directions, no movement of the bar is 
)duced and no sound lieaid when the hydrophone is edge on. 
These forms of directional hydrophone are fairly effective, giving 
liily sharp minimum, but they do not entirely fill the requirements 
directionality, as it is evident that minimum is given when either 
;e of the disc points to the source, so that the source may be in 
ler of two diametrically opposite directions. For this reason they 
called bi-directional hydrophones; but it has been found possible 
get over this difficulty and to convert a bi-directional into a uni- 



Fig 9 — Uni-direcUonal Ilydioi lion ' and Polar Cun c of Intensity 


‘ctional hydiophonc, by simply mounting what is called a 
ifflc plate a few inches away fiom one face, as shown in fig. 9. 
s baffle plate may be made of layers of wood or metal 01 have 
ivity filled with shot in it, so that it tends to shield the sound 
n one face. Such a hydrophone gives the loudest sound when 
unbaffled face is turned towaids the source and the weakest 
ad when it is turned directly away from it, the intensity in 
ous directions being shown by the polar curve, so that there 
ow no ambiguity as to direction, and the device is then called 
ni-directional hydrophone. It does not, however, give such 
aite indications of direction as tlie sharp minima of the bi-direc- 
al form, and it is therefore better to couple a uni-directional 
a bi-directional hydrophone at right angles to one another on 
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the same veitical shaft. When maximum intensity is obseived on 
the former and a minimum on the latter, the diiection of the source 
is definitely given. 

Besides the foregoing methods of directional reception there are 
others, such as those of Professors Mason and Pierce, depending on 
the principle of acoustic integration first enunciated by Piofessor 
A. W. Porter, which leads to the use of large flat surfaces for iccep- 
tion, and the Walser gear in which the sound is brought to a focus 
by a lenticular device, as will be described below. 

As regards directional transmission, it may fiist be mentioned as 
a general principle of all radiation that transmission and icception 
are reciprocal problems, that good receivers make good transmitters, 
and that a directional receiver will make a directional tiansmitter 
with the same distribution of intensity in difterent directions. For 
example, if, instead of listening by means of two tiumpcls coupled 
by equal tubes to the ear, we bring the two tubes to a powciful 
source of sound so that the sound escapes in an exactly similai 
manner from the two trumpets, an observer in median plane will 
hear this sound very loudly, but as he moves to one oi othei side 
of this plane the sound will appear fainter. Similarly, by vibrating 
the diaphragm of a uni- directional hydrophone sound will be 
emitted chiefly in one direction, and by extension of this piinciplc 
a beam of sound may be sent in any direction we please 


PRACTICAL UNDERWATER TRANSMITTERS AND 
RECEIVERS 

We can now turn to the actual devices employed loi submaiine 
signalling, and they may be described under the headings (a) trans- 
mitters, (b) receivers, and (c) directional devices. 

Submarine Transmitters or SouRCii'S of Sound 

The simplest form of submarine tiansmitter is the submaiine 
bell which has been used as an aid to navigation for many years. 
Originally suggested by Mr. Henry Edmunds in 1878, it was not 
until 1898 that it was taken up seriously as a practical navigational 
device by Mr. A. J. Munday and Professor Elisha Gray, who 
formed the Giay Telephone Company in 1899, employed a 
bell struck under water with a submerged telephone leceiver. After 
Professor Gray’s death in 1901, the work was carried on by Mr 
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iday, who stalled the Submaiine Signal Company to take over 
)perations. Various forms of submarine bell were expenmented 
, but the form which was finally adopted is shown m fig. 10, 
consists of a bronze bell, weighing 220 Ib. and having a frequency 
— in water, which is struck by a hammer generally operated 
ompressed air. A twin hose pipe is used to supply the com- 
;ed air and to convey away the exhaust air from the appa- 


, and the strokes are legulated by 
ode valve ”, which consists of a 
[ diaphragm actuating the main 
apply to the hammei mechanism 
type of bell is generally used on 
ships, in which case it is simply 
overboard to a depth of 18 to 
but m the case ol lighthouses 
e electric supply is available an 
ically operated bell ol the same 
is employed, which is hung on 
)od stand about 25 ft. high and 
. spread, standing on the bottom 
ly convenient position up to a 
or so from the lighthouse. In 
:ase the hammer is operated by 
:ulai iron armatuic atti acted to 
ectiomagnets on a common yoke, 
ole faces being covered by coppci 
to prevent sticking by lesidual 
etization A foui-coic cable is 
led, two for supplying the 3J 
of operating cm rent, the othei 



Fig 10 — Submannc Signal Compnny’B 
licU Clccti ically operated type 


)emg connected to a telephone 

nitter in the mechanism case, which enables the operatoi to 
f the bell is working properly. The first of these electrically 
ted bells was laid down at Egg Rock, near Boston Harbour, 


d States, and a large number of pneumatically and electrically 
ed bells are now in service round the British and American 
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Electromagnetic Transmitters 

On account of the ease of the operation and control, electio- 
magnetic transmitters have been most popular, and they are now 
made up to large sizes transmitting hundreds of watts of acoustic 
power. They may be divided into two classes: {a) continuous, 
and (6) intermittent or impulse transmitters 

{a) Continuous Electromagnetic Transmitters. — In all 
these transmitters alternating current is employed, of frequency 
corresponding to the natural vibration frequency of the vibiating 
system, and this current may be used either to energize a laminated 
electromagnet which acts on the diaphragm, or to traverse a coil 
in a powerful steady magnetic field, thus developing an alternating 
force which can be applied to the diaphragm. These two types 
of transmitter may be called the “ soft-iron ” and the moving- 
coil ” types respectively. In the former type the frequency of the 
note is double that of the alternating current as the diaphragm is 
attracted equally when the current flows in either direction, but in 
the latter type the note frequency is the same as that of the current. 

The soft-iron type of continuous transmitter has been greatly 
developed by the Germans, and fig. ii shows one of the most gener- 
ally used types constructed by the Signalgesellschaft of Kiel. The 
diaphragm D is provided with a boss at its centre, to which is fixed 
a casting carrying a laminated E-shaped iron core C nearly in con- 
tact with a similar block of stampings C' above The exciting coil 
encircles the inner pole of these stampings, as in the familiar core 
type of transformer, and produces a powerful attractive force at 
each passage of the current in either direction, so that the fiequcncy 
of variation of the force is double that of the current The upper 
block of stampings is not rigidly fixed, but is coupled to the lower 
block through the agency of four vertical steel tubes T with steel 
rods inside them, the lengths of these rods and tubes being such 
that the natural frequency of their longitudinal vibiations is equal 
to that of the diaphragm. The diaphragm is bolted to a conical 
housing with glands for the introduction of the supply cables. A 
transmitter of this type, having a total weight of about 5 cwt. and 
a diaphragm about 18 in. diameter, gives an acoustic radiation of 
300 to 400 watts, the mechanical efficiency being about 50 per cent, 

A great objection to these moving iron transmitters is their 
inherently low power factor owing to their great inductance, which 
involves a large wattless exciting current. This can, of course, be 
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tified by using a large condenser 
iting coils, but this is not a very 
On this account the moving-coil 
cured, especially by the 
lericans, and its funda- 
ntal principle is diagram- ^ 

tically shown in fig. 12. ^ 

le coil of wile travel scd 
the alternating current is ^ 

ached directly to the dia- ^ 

ragm, and moves in the ^ 

nular field of a powerful 
DOt magnet ” excited by 
"ect current. This type 
s relatively little induc- 
ice, and therefore a high iig t; 
•wer-factor, but its con- 
ruction IS mechanically difficult, 


in parallel or series with the 
satisfactory expedient, 
type of liansmittcr has been 

D c. EVciTiWG Coil 
^ magnet 






A C MOVING COIL 


DIAPHRAGM 

-I’rmuple of Moving-coil Tiiimmittor 


as the coils of wiic do not 


rm a rigid mass and arc theieioic liable to cause gicat damping 
id loss of efficiency. 

This difficulty was VC17 neatly got ovci by Fessenden in the 


nited States, and the Fessenden 
ansmitter is piobably the moat 
Ecient and poweifiil of all clcctio- 
lagnetic tiansmitteis The prm- 
ple IS exactly the same as above, 
ut, instead of mounting the coil 
irectly on the diapluagm so as to 
love with it, Fessenden employs a 
xcd coil which induces currents in 
copper cylinder by transformer 
:tion, and this copper cylinder is 
ttached to the diaphragm. Fig, 13 
[lows a diagrammatic section of a 
'essenden transmitter in which the 
irect-currcnt electromagnet is bi-* 
olar and encircles the copper cylin*- 
ler which is attached to the dia- 



Flg* 13, — Diagram of I^esaenclon 
TmnBmittor 


hragm. The alternating current traverses a fixed coil wound on an 
aner iron core, the coil being wound in two halves in opposite direc- 
ions to correspond with the two poles of the magnet, and this coil 
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induces powerful currents in the copper cylinder which traverse the 
strong field of the magnet and impart longitudinal forces to it of the 
same frequency as that of the alternating current. The arrangemeni 
is therefore very rigid mechanically, and a high power-factor and 
efficiency are obtained at resonance, which is usually for a frequencj 
of 500 Transmitters of this type giving an acoustic radiation 
of 500 watts or more have been constructed, and are capable oj 
signalling under water to a distance of 3^*^ miles or theieabout 

Moise signals can be sen1 
by either of the above 
types of transmitter bj 
^ ^ ^ the aid of a suitable sig- 

LOAD'-'* f nailing key. 

i y/^y (^) Intermittent or 

Impulse Transmit - 
yy/^^^^/y/y/y^ ters. — Reference has al- 

^ . ready been made to the 

y ■ ' submarine bell, whicli 

y \-: ■ 1 was the fiist type ol 

'y . intermittent submaunc 

y \ ^ transmitter and whicli 

y _ / can be opeiated clectro- 

y^ _ Jo magnetically A more 

\y/^^ simple type of impulse 

i transmitter is the dia- 

Fig X4— Diaphragm Soimder phl'agm SOUnclei* of Ml 

B. S Smith, which has 
the advantage over the bell in that the sinking mechanism i£ 
totally enclosed and therefore does not work m water. Fig. 14 
shows a section of a sounder of this type, which is provided with 
an ordinary steel diaphragm with centre boss against which a cylin- 
drical hammer strikes. This hammer is withdiawn on passmp 
direct current through the exciting coil, against the foicc of a spiial 




Fig X4. — Diaphragm Soimder 


spring, and upon the sudden interruption ol the current the spiinj: 
causes the hammer to strike the diaphragm with a single sharp blow 
thereupon rebounding and leaving the diaphragm free to vibrate 
A very powerful impulse, though of brief duration, owing to the 
heavy damping of the water, is produced in this way. 

Similar powerful impulse transmitters have been constructed ir 
which the hammer is operated pneumatically by compressed air ai 
a frequency of about a hundred blows per second, and this type oj 
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ismittei can be used for signalling in the Morse code, by means 
a suitable pneumatic key, 

A simple tiansmitter has been specially designed by the 
hor for acoustic depth sounding, the object being to give a 
les of single impulses to the water without vibration. Here the 
Stic diaphragm is entirely done away with and its place taken 
a square laminated plate, which is attracted to an E-formed 
linated magnet on passing direct current round an exciting coil 

132 

ircling the centre pole. The atti active force is ~ dynes per 

OTT 

lare centimetre, where B is the magnetic field m gausses, so that 
B = 15,000, the loice is about 14 Kgm. pei square centimetie, 
1 a pole area oi 140 sq. cm. gives a total foice of about z tons, 
order to impart this foice to the water, the pole faces and plate 
grooved, and india-rubber sliips inseited which are compressed 
the attraction of the magnet On switching on this tiansmitter 
a loo-volt ciicuit the current uses compaiatively slowly, owing 
its great inductance, and the plate is giadiially drawn up, but on 
Idenly bi caking the ciirient the reaction of the lubbci strips 
)Ots the plate suddenly forward with an initial foice of about 
ons, and imparts a single sudden shock like an explosion to the 
ter The use of this transmittci will be explained in connection 
h acoustic depth sounding 

Submarine Sirens 

A number of forms of submaiinc siren, 111 which plates 01 cylin- 
s provided with holes thiough which jets of water pass when the 
tes 01 cylmdcis aic rotated, have been devised both in this country 
i in Germany, and arc extremely powciful By suitably bevelling 
! holes, the watci picssurc can, of course, be made to lolate the 
tes, but this is objectionable liom the signalling point of view, 
it involves a gradual lunning up to speed and a consequent 
iation m the frequency of the note On this account the plate 
cylinder is usually rotated independently at a constant speed by 
electric motor, and signalling is effected by switching on and 
the higli-pressure water supply. These sirens have not, how- 
ir, come greatly into use, as the electromagnetic transmitters are 
much more convenient, and they will therefore not be described 
detail. 

There are many other forms of acoustic transmitters, but the 
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above are most geneially useful for acoustic signalling or impuls 
transmission. For sound-ranging purposes small explosive charge 
are sometimes employed. 

Receivers or Hydrophones 
The G Tube 

The eailiest and most simple of all subaqueous acoustic leceiven 
as already mentioned was the Broca tube, consisting of a length of meta 

tube with a diaphragm sti etched ovej 
Its lower end The Americans have 
improved this form of tube, by le 
placing the diaphragm by a thick- 
walled rubber bulb oi teat, and have 
called It the C tube (fig 15) from 
Dr. Coolidge, its inventor It is 
fairly sensitive, but the amount oi 
energy communicated to the an 
within the bulb is veiy small by the 
principle of transmission given above, 
and It suflers from the inconvenience 
of requiring the obsciver to listen 
at the end of a somewhat shoit 
tube. 

The advantages, as legaids sen- 
sitiveness and convenience, of em- 
ploying miciophones were also 
appreciated by the Americans who 
enclosed microphones in hollow 
rubber bodies, and a combination 
of three such bodies was often floated 
on a triangular frame and employed 
for binauial listening Fig. 16 
shows a double C tube ariangement 
for binaural listening. As has al- 
ready been explained, binaural lis- 
tening on two receivers permits the direction of the source 
to be ascertained, but it is evident that the direction suffers 
from the same ambiguity as m the bi-directional hydrophone, as 
a source symmetrically situated on the other side of tlie line joining 
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two hydiophones would give the same difference of time of 
'■al. By using tihiLee hydrophones arranged at the corners of 
equilateral triangle, and 
urallmg on each pair m 
, this ambiguity disap- 
s. The necessity for 
ectly pairing the micro- <n — / “ ^ 

les by the sum-and-dif- 



ace method has been 
idy referred to. 



Magnetophones 


Although greatly inferior 
sensitiveness to micro- 
nes, magnetophones have 
e advantages for under- 
T listening, as they are 
from the vagaries of 
ular microphones and ^ ^ 

be more easily paired 
binaurallmg As their 
itiveness can be enhanced 
most any extent by the Q, ‘3 

ein valve amplifiers, Fig 16 — Double C Tube BmauralAmingctnenc 
h cannot be employed 

microphones owing to the grating or frying ” noise pro- 
d by the granules, they can be made equally eflective. 
lie Fessenden transmitter described on p. 305 can be used as a 
jrful magnetophone receiver by exciting its magnet and listening 
he coils, which are supplied with alternating current when 
mitting, and it is commonly used as a receiver in signalling, as 
of course, in tune with the note of all such transmitteis dliis 
) tuning, however, renders it unsuitable for general listening 
OSes. 

'ne of the most eflFective magnetophone devices for inboard 
ing IS the “ air-drive ’’ magnetophone of Mr. B. S. Smith 
[7). It consists of a massive lead casing (4) fixed to the side of 
lip, canying a thick india-rubber diaphragm (2) in contact with 
/ater. Close behind this diaphragm an ordinary Brown reed* 
telephone receiver (3) is mounted, so that the sound transmitted 

(D 312) 


(4 
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from the water to the air behind it causes the diaphragm and leed 
of the receiver to vibiate and induces curients in the receiver wind- 
ings This type of leceiver connected to a three- valve amplifiei 
and high-resistance telephones gives a fairly faithful reproduction of 
ordinaiy sounds; and if four of these receivers are mounted on the 
hull in positions fore and aft and port and starboard, the screening 
effect of the hull enables the direction of the source to be estimated 
from the relative intensities on the four receiveis — a foui-way 
change-over switch being interposed between the receivers and the 
amplifier. Ship noises aie greatly diminished by fixing the lead 



ring to the plates with a rubber seating, as the gicat meitia 
of the lead (4) prevents it from taking up the hull vibiations 
readily. 

Theie are many other forms of receivers, but the above are 
the principal ones which have been used for undei water acoustic 
reception. 

Practical Construction of Hydrophones 

A few illustrations may now be given of the actual foims of 
some of the most generally used hydrophones. Fig. 18 shows the 
simplest form of non- directional hydrophone, of which a diagiam 
was given in fig. i, in which a heavy hollow bronze casting is pro- 
vided with a diaphragm on one side, to the centre of which a small 
solid back microphone is attached. 

Fig. 19 is an illustration of the double- diaphiagm bi-directional 
hydrophone, diagrammatically shown in %. 8, and fig. 20 (see 
plate facing p. 316) shows a single- diaphragm bi-directional hydro- 
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>hone converted into a uni-directional instrument by the addition 
f a baffle plate, as m fig. 9. 

In order to be able to listen from a ship in motion and to reduce 
hip and water noises as much as possible, hydrophones, either of 
he rubber-block form or of one of the foregoing types, have been 
nclosed in fish-shaped bodies and towed through the water some 
iistance astern, and combinations of such bodies have been used 
or directional listening by bmauralling. The modern tendency, 



Fig 31 — Reception by Hydrophone m Tanka 


owever, has been m the direction ol inboard listening, by securing 
iicient acoustic insulation from the hull. 

The method of listening in tanks inside the hull, fiist intio- 
iced by the Submarine Signal Company, has been greatly 
lopted by the Germans. Fig. 21 shows the disposition of a pair 
these tanks with the hydrophones inside. This device avoids 
lc great loss by reflection on passing from water to air, as has 
jen referred to above. 

A remarkably interesting and effective form of directional in- 
)ard listening device, however, is that known as the Walser gear, 
wised by Lieutenant Walser of the French navy, in which the 
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sound IS brought to a focus, as in a camera obscura, and the diiec- 
tion determined by the position of this focus For this purpose a 
blister”, consisting of a steel dome A of spherical curvature and 
about 3 ft. 6 m. diameter, part of which is seen in fig 23, is fitted 
to the hull, and this steel dome is provided with a large number of 
apertures B into which thin steel diaphragms C are inserted. These 



diaphragms being on the spherical dome collect the sound and 
direct it to a focus at a distance of 5 or 6 ft A trumpet D, to which 
a stethoscope tube is attached, is mounted on an arm E turning on 
a vertical axis, so as to be able to follow the focus and point in the 
direction of the sound from whatever direction it comes. Two of 
these blisters are generally mounted somewhat forward on the two 
sides of the hull, and an observer seated between them applies the 
tubes from the two trumpets to his ears, so that he can follow the 
position of the source on either side, the direction being given on 
a scale when the maximum intensity is obtained. 
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Directional Devices 
Sound Ranging 

One of the most important acoustic applications in the War 
ras that of sound ranging for the detection of the position both of 
uns and of submarine explosions, the importance of which is 
bvious. There are two chief methods of location, which may be 
escribed as ‘‘multiple-station’’ and “wireless-acoustic” sound 
inging respectively, but the former, although less convenient, was 
le only one employed in the War, as it needs no co-opeiation on 
le part of the sending station. 

Multiple -station Ranging . — The multiple-station method 



sound ranging depends on the principle that sound waves are 
at out as spheres witli centre at the source of sound. If three 
more receivers are therefore set up on a circle with centre at 
5 source, the sound will arrive at all of them simultaneously, so 
It if the signals are all coincident the source must be at the centre 
the circle passing through the receivers. If, however, the source 
in any other position the signals will be received at different times, 
d if the differences of the times of reception are measured the 
sition of the source can be located by calculation, or graphically. 
A simple diagram (fig. 23) will make this method clear. Let 
JCD be four receivers in any accurately known positions and 
DC the position of an explosion to be located. If we draw a circle 
h P as centie through the receiver A, it is evident that when the 
md arrives at A it still has the distances to travel before arriving 
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at B j and cC and dD before arriving at C and D respectively, so that the 
times of arrival at B, C, and D are U = — , 5^2 = — ^ and == — 

V V V 

behind that at A. Consequently if we can measure the time inter- 
vals ^2> and 3 ^ 3 , and multiply them by the velocity, we get the 
perpendicular distances of the station B, C, and D from the circle 
passing through the source, and if we draw circles round B, C, and 
D with radii to scale representing these distances, the centre of a 
circle tangential to these circles will be the position of the source P. 

The method of determining these time differences almost entirely 
employed during the War was by means of a multiple-stringed 
Einthoven galvanometer, four of these strings being connected to 
four microphones or hydrophones, while a fifth was connected to 
an electric clock or tuning fork, so as to give an accurate time scale. 
The image of the strings was focused on a continuous band of 
bromide paper, which was drawn through the camera and a deve- 
loping and fixing bath by means of a motor, so that it emeiged fiom 
the apparatus ready for washing and drying, though the times could 
be read off instantly it appeared. To facilitate the reading off of 
the time intervals, a wheel with thick and thin spokes was kept 
revolving in front of the source of light by means of a '' phonic 
motor ” in sychromsm with a tuning fork, so that a number of lines 
were marked across the paper at intervals of hundiedths and tenths 
of a second. 

Fig, 24 IS a reproduction of a sound-ranging recoid so obtained, 
on which the times of reception at four receivers are marked, and 
fig 25 a view of the Einthoven camera outfit employed The re- 
ceivers used in this case were simple microphones, mounted on 
diaphragms bolted on watertight cases mounted on tripods lowered 
on the sea bottom and accurately suiveyed, the microphones being 
connected by cables to the obseivmg station 

On account of the importance of sound ranging as a means of 
locating the position of a ship in a fog, efforts have been made to 
improve it still further, and to eliminate the photographic apparatus. 
The greatest achievements in this direction have been made by 
Dr. A. B. Wood and Mr. J. M. Ford at the Admiralty Experimental 
Station, who have devised what they call a phonic chronometer '' 
for indicating the time intervals directly on dials to an accuracy 
within one-thousandth of a second. The principle of the instru- 
ment is very simple, and can readily be understood by reference 
to fig. 26. A phonic motor with vertical spindle revolves with a 
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sist in this case of diaphragms with single-point contacts which aj 
thrown off on arrival of the shock, and remain broken until th( 
are restored by electromagnets. Each of these contacts is connecte 
to the electromagnet windings of the dials as shown, and it will I 
seen that as each contact is broken it breaks one of the circuits ] 
either one or two of the dial mechanisms, and starts the pointe 
revolving until the breaking of another contact breaks the secor 
winding and allows the small wheel to fly away from the revolvir 
wheel and against a brake which immediately stops it. After tl 
shock is received at all four hydrophones, therefore, the three dia 
indicate the time intervals between the ai rival at the first liydic 
phone and that at the other three directly in thousandths of 
second, each thousandth representing a distance of about 5 ft , froj 
which the graphical diagram shown in fig 23 can be constiucte 
and the position of the source indicated on a chart 

In order to obtain this position as readily as possible the wriU 
has devised what he calls a sound-ranging locator (fig 28, sc 
plate facing p. 326). It consists of a long steel bar pivote 
at one end on a ball-bearing, the centie of which can be fixe 
on the chart exactly over the position of one of the hydiophonc 
Three thin steel bands are attached to the other end of this bar k 
means of keys, like the strings of a violin, and pass thiough 
slot in a sliding piece to graduated rods sliding through simiL 
ball-bearing swivels, which are fixed on the chait m positior 
corresponding to those of the other three hydrophones. Tl 
graduations on the sliding bars are maiked in times to the sea. 
of the chart, so that by sliding them to the readings coirespondin 
to the time differences indicated on the chronometer, each stn 
IS lengthened by the amounts 6B, cCy and dD in the diagram fig. 2; 
and when the slotted slider on the mam bar is pushed down an 
the bar turned until all the strips aie tight, the point from whic 
they radiate indicates the position of the source on the chait withoi 
any calculation, and a marking point just under the edge of th 
slider can be depressed to prick the position. In order to secui 
accuracy, each of the strips is provided with a small tension md 
cator which shows when the strip is strained to a definite tensioi 
Two strips only are shown in fig. 28, but any number ma 
be employed according to the number of receivers. 

A device on a similar principle has been put forward by Mi 
H. Dadourian in the United States.* 

^Physical Review^ August, 1919, 
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[n using the multiple-station method of sound ranging for 
iting navigation in foggy weather, a ship desirous of being 
rmed of its position calls up the nearest’ sound-ranging station, 
:h instructs it to drop a depth chaige As soon as the record 
^ceived on the Emthoven camera or phonic chronometer, the 
tion of the ship is worked out or marked by the locator and 
lessed to the ship. 

iVireless- Acoustic Sound Ranging. — A method of sound 
[ing which promises to be of much gieatei value foi navigation, 
which has not yet been fully developed as it was of little value in 
time, IS the wirelessacoustic method proposed by Professor Joly. 
he original experiment of Collodon and Sturm m 1826, the 
city of sound m watei was determined by striking an under- 
u bell and igniting a charge oi gunpowder simultaneously 
mowing the distance from the souice and observing the inteival 
ime between the flash and the sound of the bell the velocity 
determined, as light travels piactically instantaneously over any 
naiy distance Convcisely, if the time intcival and the velocity 
known, the distance ot the souice can he at once dctci mined, as 
lie familiar method oi ascei laming the dislancc of a liglilning 
L by noting the time between the flash and the thundei clap The 
intagc of employing an undci watei method is that sound is tians- 
ed moic cflectivcly thioiigh watei, and that iheic aie no watei 
cuts compaiablc with winds to aflect the velocity appieciably 
Jnfoitunatcly a flash of light is of no value in a fog, but wireless 
2s are little affected by it, and travel with the same speed as 
, so that if a wireless flash and an underwater explosion are 
lated simultaneously at a lighthouse or other known position, 
the ship is provided with a wireless equipment and a directional 
ophone, the distance of the station can be at once determined 
he ship by noting the interval between the two impulses. As 
velocity of sound m sea water is neaily a mile a second, the 
ince can be determined within a quarter of a mile by a simple 
-watch, and the direction of the source found by either the 
:tional hydrophone or directional wireless, without any com- 
ication with the station. If the lighthouse or lightship simply 
s out wireless impulses simultaneously with the strokes of the 
narine bell at convenient inteivals, all ships in the vicinity can 
e their positions fiom time to time without delay or mutual 
fercnce, and if they aie within the range of two such stations 
can do so without any directional apparatus. 

(narji) 


12 # 
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The lecent developments in duectional wireless have lendered 
the application of sound ranging to navigation of less impoitance, 
but even now wireless direction finding is not always reliable, 
especially at sunrise and sunset; and there is also liability to error 
on steel ships owing to their distorting effect on the wireless waves. 
As hydrophones become increasingly employed on ships for listen- 
ing to submarine bells, &c , the ability to obtain accurate ranges by 
wireless acoustic signals will doubtless prove of great value 

Leader Gear 

Although not stiictly speaking an acoustic device, some mention 
should be made of the leader gear or pilot cables as an aid to navi- 
gation of harbours and channels in foggy weather For this pur- 
pose it is necessary to be able to follow some well-defined tiack with 
a latitude of only a few yards, so that sound langing is inadequate 
But if a submarine cable carrying alternating current of sonic 
frequency, say 500 , is laid along the desired track, and the ship 

is provided with search coils with amplifier and telephones, the 
alternating magnetic field pioduced by the cable induces alternating 
electromotive forces in the coils, and thus gives a sound in the tele- 
phones when the ship is sufficiently near the cable By using two 
inclined coils on the two sides of an non or steel ship it is found 
that the sound is loudest when the telephones aic connected to 
the coil which is neaiei to the cable, so that the ship can be stccied 
along it, and keep a fairly definite distance to one side of it, so that 
vessels passing in opposite diiections will not collide This device, 
which was first put forward by Mr C A. Stephenson of Edinburgh 
in 1893, was levived duiing the war by Captain J Manson, and 
is now coming into use both in this country and in the United 
States. An i8-mile cable has been laid by the Admualty from 
Portsmouth Harbour down Spithead and out to sea. 

Acoustic Depth Sounding 

Another purely acoustic device which promises to be of con- 
siderable value to navigation is that of depth sounding by acoustic 
echoes fiom the bottom. If a ship produces an explosion neai 
the surface, the sound travels down to the bottom and is reflected 
back as an echo, and for each second of interval between the ex- 
plosion and the echo the depth will be half the velocity of sound 
or 2500 ft., say 400 fathoms. Various experimenters, notably 
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i. Marti in Fiance, Herr Behm in Geimany, and Officeis of the 
anerican Navy, have devised apparatus whcieby the time between 
ring a detonator or other small charge under the ship and the 
sception of its echo fiom the bottom can be recorded on a high- 
peed chronograph, and veiy accurate results have been obtained. 



The method of Behm, called the Echolot ” or echo-sounding 
evice, now being developed by the Behm Echolot Co , Kiel, has 
ttained a high degiee of perfection, and is claimed to give mdi- 
ations m a ship at full speed, and even in rough weather, to an 
[^curacy of within a foot. The transmitter consists of a lube 
Trough which a cartridge is impelled by air picssurc into a holder 
xed on the hull a little above the water line. The caitridge is 
red out of the holder on pressing the firing-key, and is shot towards 
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the Impulse Receiver, while a time fuse in the cartridge is airangcd 
to explode a detonator just before the cartiidge reaches the micio- 
phone. Both the Impulse and Echo Receivers are microphones, 
but the latter is scieened from the direct eflect of the detonator 
by being fitted on the opposite side of the ship. 

The explosion of the detonator causes a sudden drop in the 
current through the impulse receiver and weakens the cuiicnt 
passing round an electromagnet, and causes it to release an im- 
pulse spring ” which suddenly starts a pivoted disc in lotation 
with a uniform velocity until the weakening of the cuiient thiough 
the brake magnet, due to the echo i caching the echo microphone, 
stops the disc. The angular motion of the disc is iheieforc pio- 
portional to the interval between pressing the firing-key and 
return of the echo, and a light minor on the disc spindle causes a 
spot of light to revolve round a translucent scale divided in depths, 
and to stop at the depth indicated It is claimed that this timing 
device is capable of indicating shoit inteival of time to an acciiiacy 
of one-ten-thousandth of a second, coriespondmg to only 3 in m 
depth Three keys are provided on the indicator, one for restoiing 
the indicator to zeio, one for filing the chaige and obtaining the 
depth, and the third for checking the indicatoi against a standaid 
time interval A number of detonator charges can be stoicd in 
the transmitter magazine, and filed as requned The whole appai- 
atus can be operated by a few dry cells, as the lamp is lit only at 
the moment of restoration, indication, or checking, and the colour 
of the light IS varied at each opciation to eliminate iisk of mistake 
It is stated that a lock with an upper suifacc of only 2 sq, mctics 
in area is sufficient to give a correct indication 

The Batish Admiialty have icccntly developed a very simple 
and accurate echo sounding gear. 

Echo Detection of Ships and Obstacles 

By means of leader gear, sound langing, and echo sounding 
navigation in fogs may be made much safci and more regular, but 
there still lemains the gieat danger of collision in the open sea 
between ships, and especially with wrecks, rocks, and icebergs. 
As far as ships are concerned the difficulty is to some extent met 
already by signalling with sirens, but the curious blanketing and 
reflecting or lefi acting effect of fogs is a source of considerable 
confusion and danger. Undci water signalling does away with this 
difficulty almost entirely, and as hydrophone equipments become 
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lore common the iisk of collision between moving ships will rapidly 
iminish. 

With a good directional hydrophone equipment an ordinary 
eamship can easily be detected and its direction determined up 
> a range of some miles merely by the noise of its engines. But 
i the case of wrecks, locks, and icebergs, which emit no sound, 
le danger is still very great, and nothing but an echo method will 
tied them. Unfortunately this is a difficult matter, as a ship or 
nail rock at a moderate distance is a very small target for an echo, 

) that the echo is of very small intensity, and it may quite easily 
j masked by bottom echoes However, Fessenden, by the use of 
s powerful electromagnetic transmitter, succeeded as early as 
)i6 in obtaining echoes from distant obstacles, and by employing 
rectional transmitting and leceiving devices, which concentrate the 
und in the desired direction, the strength of the echo can be 
creased, disturbances reduced, and the diiection and approximate 
nge of the obstacle determined. As eaily as 1912, just after the 
^tamc disastei, a pioposal to employ echo detection for avoiding 
Tiilar dangers was put loiwaid by Mr. Lewis Richardson, and it 
ay be hoped that this method will ultimately eliminate the last 
the serious dangers of navigation 

Acousiic I'ransmission of Powlr 

Beloie concluding this article, reference ought to be made to the 
)nderful achievements of M Constantmesco, as showing the possi- 
[ities of what may be called acoustic engineering. For the pur- 
ses of underwater signalling the power transmitted, although large 
comparison with what we have heretofore contemplated in con- 
ction with sound, raiely exceeds a hundred watts; and it has been 
t for M Constantmesco boldly to envisage the possibility of 
insmitting large amounts of power by alternating pressures in 
Lter of sufficiently high frequency to be described as sound waves. 
>r many yeais it has been customary to illustrate the phenomena 
alternating electric cui rents by hydraulic analogies, and the 
esent writer has even written a book in which such analogies 
ve been used as a means of giving a complete theory of the subject; 
t the obvious possibility of using such alternating piessures in 
ter for practical purposes was entirely missed until M. Con- 
intinesco conceived it, and immediately the idea occurred it was 
ident that the whole of the theory was ready to hand from the 
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electrical analogies. In a surprisingly short time, therefore, M. 
Constantmesco has been able to devise generators, motois, and 
transformers capable of dealing w^ith large amounts of power trans- 
mitted by hydraulic pipes in the form of acoustic waves of a frequency 
of about 50 The generator is, of course, simply a high- 
pressure reciprocating valveless pump, and the motor can be of 
similar construction, but by having three pistons with cranks at 
120°, three-phase acoustic power can be generated and employed m 
the motors. The first commercial application of M Constantmesco ’s 
devices has been to reciprocating rock drills and riveters, for which 
this method is especially suitable, as the reciprocating motion is 
obtained simply from a cylinder and pistol without any valves 
whatever, and the power is transmitted by a special form ol flexible 
hydraulic hose pipe comparable with an electric cable It is not 
too much to say that M. Constantmesco ’s ideas have opened up an 
entirely new field of engineering, and their development may have 
far-reaching effects. 

For a discussion of the theory of hydraulic wave transmission 
of power, see Chapter VI. 

Although this article is necessarily very incomplete, it will at 
least have served its purpose of showing the great importance of 
underwater acoustics, and there can be no doubt that a new depait- 
ment of scientific engineering has been opened up which has vast 
possibilities 

Developments in Echo Depth -sounding Gear. 

Since the first appearance of this volume, the chief advance in 
underwater acoustic devices has been m the improvement of echo 
depth-sounding devices which have proved their gicat value for 
navigation and appeal likely m time to become a standard feature 
of ship equipment Three dificrent types of such gear are now manu- 
factured in this country: the Admiralty type by Messrs H. Hughes 
& Sons; the Langevin piczo-electric type by the Marconi Sounding 
Device Company, and the Fathometer gear, which has been de- 
veloped from the original Fessenden apparatus by the Submarine 
Signal Company. All these devices have now been made to give 
both a visual indication of the depth on a dial and a continuous 
record on a chart. 

The basis of all methods of acoustic depth sounding is the re- 
cording of the time taken for a signal to travel from the ship to the 
bottom of the sea and leturn, but they differ in the type of the signal 
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ad method of indication, and may be divided into impulse ot 
some methods and high frequency or “ supersonic methods 
a the formei class to which the Behm “ Echolot ” (see p. 331 ), 
le original Admiralty sonic gear, and the Fathometer belong, the 
gnal is in the form of a single powerful impulse provided lay an 
splosive cartridge or an electromagnetic or pneumatic hammer 
riking a diaphragm; while in the latter a short tram of high- 
equency vibrations is emitted from a quartz piczo-clectiic oscillator, 
steel rod which vibrates at a high frequency when struck by a 
ammer, or by a magnetostriction oscillator which is the magnetic 
iialogue of the quartz oscillator 

The single impulse or sonic transmitter is practically non- 
irectional, i.e the disturbance tiavcls equally m all directions under 
le ship. This has the advantage of making the indications practi- 
illy independent of any rolling of the ship, but it has many dis- 
Ivantages Firstly, it is liable to give such a severe shock to the 
iceiver at the moment the impulse is sent out that it does not 
icover in time to lespond to an echo fiom a very shallow bottom, 
icondly, the greater part of the energy is wasted, thiidly, the echo 
lust be very strong to be heard above the noises caused by the ship’s 
lachinery and motion through the water, and loiuthly, it may not 
Lve true depths if the bottom is shelving steeply, as llu fust eelio 
received from the object vEich is nearc^sl to the ship With the 
igh-frcqucncy melhod the sound can be concenti ateel within a 
Dnc of any desired angle, so that the receiver can be faiily close to 
le transmitter without sustaining any severe initial shock, and the 
reiver can be sharply tuned to the transmitted ficquency, so that 
is nearly deaf to any othei disturbances If the ship could be kept 
a a perfectly even keel, the narrower the beam the better, as it 
ould be equivalent to a vertical sounding line, but on account of 
)lling it is desirable that it should have an angle of something like 
alf the maximum angle of roll. For a circular transmitter the 

‘mianglc of the beam 6 is given by the relation sin 6 = i whei c A 

the wave length of the sound and d the diameter of the tians- 
utter, so that we can obtain any beam angle we please by varying 
le diameter and frequency 

As regards receivers, a granular microphone is the most suitable 
»r the single impulse or some system, and it must be mounted at 
>me distance from the transmitter and preferably on the other side 
the keel, so as to be shielded as much as possible from the initial 
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shock. This separation is however objectionable, as it seriously 
reduces the accuiacy of sounding in very shallow water, wheie it is 
frequently most important. The device, of course, indicates the dis- 
tance from the transmitter to the bottom and back to the receiver, 
and this varies very little when the depth undci the keel is small 
compared with their separation. With the high-frequency system, 
however, the transmitter and receiver can be close together, so that 
this difSculty does not arise; and as both the quaitz and magneto- 
striction transmitters will also serve as receiveis, it is even possible 
to dispense with a separate receiver, as is done m the Marconi gear 
The essential function of the indicator is, of couise, the measure- 
ment of the time interval between the impulse and echo As the 
average velocity of propagation of sound in sea water is about 4900 
ft. per second, and the sound has to travel the double distance to 
the bottom and back, each second of interval corresponds to a depth 
of 2450 ft. or about 400 fathoms; and if soundings arc leqiiired within 
an accuracy of one foot, the time must be measured within an ac- 
curacy of four ten thousandths of a second The most simple and 
reliable method of effecting this is by the contact method employed 
in the Admiralty sonic gear, in which the receiving earphones are 
shunted by two brushes, which press on a revolving img which has 
a small gap in it, so that the phones are short-ciicuited for all but an 
interval of one or two thousandths of a second in each 1 evolution 
The transmitter is actuated at a certain moment m each 1 evolution, 
and the two brushes are carried on an arm which can be turned by 
the observer until the short circuit is icmovcd simultaneously with 
the arrival of the echo. The depth is then indicated by the position 
of the arm on a scale which can be divided in feet 01 fathoms Diicct 
visual indication is, of course, piefcrablc, and is scciued in the 
Fathometer gear by a revolving disc mounted close behind a giound- 
glass scale The disc has a narrow slot in it, behind which is a small 
neon lamp, and the echo when sufficiently amplified, causes this 
lamp to flash and show a momentary red streak on the scale at each 
revolution. In the Marconi gear the amplified echo is received by an 
oscilloscope or high-frequency galvanometer the beam fiom which 
falls on an oscillating mirror and shows a luminous streak on a giound- 
glass scale. When the echo is received the momentary kick of the 
galvanometer shows as a kink in this luminous streak at the corre- 
sponding depth on the scale. Messrs. Hughes have produced a 
direct-reading pointer indicator for the high ficquency Admiralty 
gear, which operates on the phase indicator principle. A revolving 
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lolenoid is fed with direct current and therefore produces a rotating 
nagnetic field, and a soft iron needle is momentarily magnetised by 
he current from the echo receiver, so that it sets itself along the 
ixis of the solenoid at that moment. 

Any of these devices enable the depth to be observed at intervals 
)f every few seconds even when the ship is running at full speed, 
A^hich is an enormous advantage over the old lead line, which required 
he ship to be running dead slow Merely for ensuring safety m navi- 
gating shallow waters this is sufficient, but a great gain is secured by 
naking the apparatus record the depths continuously on a chart 
vhich gives a profile of the bottom along its course, as this enables 
L ship to locate its position with considerable precision if the con- 
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Fir 30 — I* kclronmgnctic Hammer Transmitter 
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our of the bottom is accurately Imown. During the last few years 
ecorders have come into general use, and have been found very 
atisfactory The motor which actuates the tiansmitter contacts 
tnd the receiver mechanism is also employed to move a stylus uni- 
ormly across a band of paper which has been previously soaked in a 
ensitive solution (usually starch and potassium iodide, as in the 
arly Bam printing telegraph), and the amplified and rectified echo 
auses It to make a mark on the.paper at the moment it is received 
The paper band is moved slowly forward at a constant rate by the 
ame motor, or it can be driven from an electrical log so as to move 
)roportionately to the distance covered by the ship, and, as the 
tylus makes a mark for each echo, a practically continuous line is 
Irawn on the paper showing the variation of depth either with time 
ir distance. By simple contact devices the stylus can also be made 
0 mark the paper at each five or ten feet or fathoms of depth, and 
t regular intervals of time or distance, so that the record is complete, 
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and can be reproduced directly in a hydrographic atlas. Fig. 31 
shows such a record of a 15 minutes’ run, with a shallow water 
magnetostriction set. 

After the above general description, the only features of the 
various gears which require special consideration are the tians- 



Fig 33 — Pneumatic Hammci Tiansmittci 


mitters. For the impulse or sonic transmitters the types employed 
in the shallow water Admiralty gear and the Fathometer gear are 
very similar, and the former is shown m fig. 30. A ring of iron stamp- 
ings, with internally projecting poles, is excited by coils on the poles, 
and the hammer consists of a tapered block of stampings, which is 
drawn into the gap between the poles and compresses a spiral spring 
W'^hich drives the hammer down against a diaphragm when the 
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rent is broken. For the deep water Admiralty gear, which has 
m used for depths of over 2000 fathoms, the hamnaer is operated 
2umatically with an electromagnetic release (fig. 32). 

The Marconi high-frequency quartz transmitter, which also 
ves as the receiver, shown in figs. 33 (p. 338) and 34, has a thin 
er of quartz crystals H cemented between two steel discs F and G, 



1 If? 34 — Marcom Quaitz Tianamitltr 


e lower of which is usually m contact with the water while the upper 
highly insulated and connected to a high-voltage oscillator which 
ves a frecpiency of about 37,500 periods per second, producing 
ives about 4 cm long m the water, and a somewhat sharp beam 
L oidci to provide for the removal and replacement of the oscil- 
tor without diy-docking the ship, the housing is sometimes pro- 
ded with a second resonant steel plate shown at the bottom of C 
Inch is clamped by a central flange and transmits the oscillations 
the water.* 

Cdr. J. A. Slee, C.B.E., R.N., Journal Institution Electrical Engineers^ Dec. 1931. 
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Quartz oscillators, although highly efficient, are somewhat 
costly and require special technique in construction, and hence 
efforts have been made to obtain a high-frequency impulse ivithout 
employing crystals. One simple method, which is fairly effective, is 
to employ the ordinary himmer of the single-impulse transmitter, 
but to substitute a steel rod clamped at its centre like the lower 
plate in the Marconi transmitter for the diaphragm. This lod 
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Fig 35 — Magnetostriction Scroll-type Oscillator 


vibrates with its resonance frequency and emits a short train of 
damped oscillations each time it is struck 

But within the last few years a great advance has been made by 
employing the principle of magnetostriction, i.c. the dcfoirnation 
which takes place in magnetic materials when they are magnetized. 
This effect is most marked in pure nickel, and m certain nickel and 
cobalt steel alloys, and it enables oscillators of any frequency to be 
constructed very cheaply and by ordmaiy workshop methods It 
lends itself to very various forms of oscillator, but the two which 
have been found most convenient for echo sounding work are the 
‘‘ scroll and ‘‘ ring ” types shown in figs. 35 and 36. In the former, 
a strip of nickel is simply wound up like a scroll of paper, and is 
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rovided with a simple toroidal winding like a gramme ring armature, 
i^hen this winding is supplied with alternating current the scroll 
tpands and contracts axially, so that a disc cemented to one end 
irves as the emitting surface. The axial length of the scroll is made 
ich that Its mechanical lesonance frequency is that required 

0 .'y, f) pAvr ' 
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I'lg 36 — Mdgnelostiiction Ring Oscillator 

isually about 1 5,000 periods per second), and the winding is fed with 
ternatmg current at a low voltage either from a valve oscillator or 
condenser discharging through an inductance, in either case at the 
^sonant frequency In the disc type the oscillator is made up of a 
amber of ring stampings with holes round its inner and outer 
sriphery These stampings are cemented together into a solid 
ock with an insulating cement, and a toroidal winding is wound 
irough the holes. When supplied with alternating current the 
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ring expands and contracts radially, and it is operated at its resonance 
frequency. As the sound is emitted m all directions in a plane 
parallel to the ends of the ring, it is surrounded by a sound reflector 
made of two thin metal cones with india-rubber mousse ” between 



(a) 




Fig 37 — ^Magnetostriction Oscillatoia and Reflectors 


them, as shown in fig 37, and the beam angle can be varied by choos 
mg the diameter of this reflector The transmitters will serve equalb 
well as receivers, but it is found preferable to mount two of then 
close together, one acting as transmitter and the other as receivei 
These magnetostriction transmitters and the associated recorder 
were designed by Drs. A. B Wood and F. D. Smith and Mr. J. A 
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3eachy ,* of the Admiralty Research Laboratory, after a research 
magnetostriction by Dr. E P Harrison, and have been incor- 
ited with great success in the latest forms of Admiralty depth- 
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Fig 38 — Magnetostriction Geneial Arrangement 

inding gear. As they only require very small power for shallow 
)ths without high-voltagc oscillators, it has been possible to instal 
m with recorders in small motor-boats for the hydrographic survey 
shallow rivers and estuaries, which has enormously increased the 
ilily and rapidity of such surveys On the other hand, they have 

* Journal JmUlution of Electrical Engtneen, Vol 76, No 461, May, 193 s, P SSo 



344 the mechanical PROPERTIES OF FLUIDS 

proved equally efficient for moderate depths and deep water geai, 
and soundings have been taken successfully m depths of 2000 
fathoms with the transmitters and receivers m water-filled tanks in 
contact with the hull, and transmitting and receiving through the 
ship^s plates. Fig 38 is a diagram of the motor-boat outfit with 
chemical recorder 

Figs. 39, 40 and 41 show external views of the Marconi, Fatho- 
meter, and Admiralty indicating and recording sets (Plates facing 
PP- 34^. 346). 

Probably over two thousand naval and mercantile vessels have 
by now been equipped with echo depth-soundmg gear of one 01 
other of the above types, and the leports on them show their great 
value, accuracy and reliability For moderate depths down to 200 
or 300 fathoms, an accuracy of a foot is obtainable, while the mag- 
netostriction motor-boat gear actually records depths to an accuiacy 
of three inches even when the boat is almost touching bottom The 
deep water set on the Discovery II was so satisfactoiy in Antarctic 
waters that line sounding was discontinued, and such sets have been 
of great service in cable-laying ships by enabling them to lay then 
cables on the least irregular bottoms The importance of contmiious 
and recorded soundings for mercantile ships by facilitating their 
entry to harbours and locating their positions at sea has alicady been 
referred to, and its value will increase as more and moie iccords 
along the main trade routes become available Lastly, a lemaikable 
application of such gear has been found for fishing, and many tiawkis 
are now being equipped with it, as it has been found that the quantity 
and quality of catches depends greatly on the depth, and echo sound- 
mg gear enables the ship to follow a contour line of the depth de- 
sired. Echo depth-sounding has proved the most useful application 
of underwater acoustics and seems likely to be universally adopted 

The writer is indebted to the three firms above mentioned for 
particulars and illustrations in this section, and to the Journal of the 
Institution of Electrical Engineers for figs. 34, 35, 36, 37, and 38. 






CHAPTER X 

The Reaction of the Air to Artillery 
Projectiles 

Introduction 

All calculations of the motion of a projectile through the air are 
cted to one object — to determine the position and velocity of the 
lectile at any given time after projection in any prescribed manner, 
general the reaction of the air to a rotating projectile is very com- 
ated, the complication is considerably reduced, however, if the 
jectile can be made to travel with its axis of symmetry coincident 
1 the direction of the motion of its centre of gravity. It is a 
ter of experience that by giving the projectile a suitable spin it 
be made to travel approximately in this manner for considerable 
ances; in such circumstances the reaction of the air is reduced to 
ngle force, called the drag, which acts along the axis of the pro- 
ile and tends to retard its motion.* When this drag is known for 
rojectile of given size and shape the problem enunciated above 
)mes one of particle dynamics, and its solution for that pro- 
Je can be effected, at all events, numerically. The first and major 
of this chapter is devoted to the consideration of this drag. 

When the angle of elevation of the gun is considerable the cur- 
ire oi the trajectory inci eases too rapidly for these simple condi- 
s to hold. The motion then becomes complicated and the prob- 
becomes one of rigid dynamics in three dimensions; the trajectory 
twisted curve instead of a plane one, and the well-known pheno- 
Lon of drift appears Similar complications arise when the pro- 
ile is not projected with its axis coincident with the direction of 
ion, or when the spin is insufficient to maintain this coincidence 

A couple of small magmlude due to slan friction also exists, it acts about the 
and tends to reduce the spin; its effect is generally negligible with modern 
‘ctiles. 
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In the second part of this chapter the component forces and couples 
of the reaction of the air in these circumstances are briefly con- 
sidered. 


THE DRAG 

Early Experiments: the Ballistic Pendulum 

Most early writers on ballistics^ assumed that the resistance of the 
air (the drag) to the motion of projectiles was inconsiderable The 
first experimenter to attempt the determination of the air drag on 
projectiles moving at a considerable speed was Robins, who, m 1742, 
carried out experiments with his ballistic pendulum He found that 
the lesistance encountered was abnormally gi eater foi velocities 
greater than about 1100 ft. per second than for lesser velocities 
Following Robins, many experiments were performed with the 
ballistic pendulum, notably at Woolwich (by Hutton, 1775-88) and 
Metz (by Didion, 1839-^0), to determine the drag as a function of 
the velocity of the projectile f 

The method employed by Robins was, briefly, as follows: 

A gun was placed at a known distance from a heavy ballistic 
pendulum; the charge was caiefully weighed and the projectile was 
fired horizontally at the pendulum. The latter received the pro- 
jectile in a suitable block of wood, and the angle through which it 
swung was recorded Knowing the weights of the projectile and 
pendulum and the free period of oscillation of the latter, the velocity 
of the projectile at the moment of hitting could be calculated The 
expeiimcnt was repeated with the same charge, the distance between 
the pendulum and gun being varied from round to round. There 
resulted a senes ol values of velocity at known distances from the 
gun, the retardation of the piojectile and hence the resistance of the 
air at these distances could be deduced 

By performing similai sets of expeiiments with various weights 
of charge, the drag could be determined as a function of the velocity 
of the projectile. 

The unceitainty of realizing the same muzzle velocity in each 
set of experiments with constant charge vitiated the reliability of the 
results. Hutton overcame this difficulty by hanging the gun hori- 

* The study of the flight of piojectiles 

f For a full account of these expei iments see Robins, New Principles of Gunnery y 
1761; Hutton, Tracts, 1812, especially Tract XXXIV; Didion, Lois de la resistance 
de Vatr (Paris, 1857). 
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itally from a suitable support, so that the gun itself became the 
D of another pendulum From the angle through which this 
tern swung on firing, the muzzle velocity of the projectile could 
calculated. For each round fired he thus obtained two values 
the velocity — one at the muzzle, the other at a known distance 
m the muzzle 

Let and be these values, and let x be the distance between 
a and pendulum. Then, if m be the mass of the projectile, the 


s of energy in traversing the distance x is 



the mean value of the drag we therefore have 


R = 



Dvided that the distance x is sufficiently small, this value may be 
.en as the actual value of the drag for the velocity v = + ^2) 

By varying the charge and the distance between the gun and 
ndulum Hutton determined the drag numerically as a function of 
5 velocity 

From the time of Hutton to the present day, experiments con- 
cted on the Continent and in Ameuca to measure the lesistance 
the air have been based on this piinciple, namely, to determine 
? velocity at two points on an approximately horizontal trajectory 
known distance apart A large number of instruments for mea- 
ling the velocity of a projectile at a given point have been invented 
iring this time; the reader is ref ei red to Balisttca Experimental 
Aplicada^ by Col Negrotto of the Spanish aimy (Madrid, 1920), 
r an up-to-date and exhaustive account of them. It should be 
ited here that few of these chronogiaphs were invented especially 
r the determination of the resistance of the air; there are, of course, 
any important uses for such instruments in gunnery. 

Since 1865 experiments on the resistance of the air conducted 
England have been based on a different principle. The method 
IS first proposed by the Rev. F. Bashforth, B.D., sometime Pro- 
3Sor of Mathematics at the Artillery College, Woolwich; it consists 
measuring the times at which a projectile passes a number of 
uidistant points along an approximately horizontal trajectory, 
hese times are then smoothed and differenced, and the velocity and 
tardation of the projectile at a number of corresponding points are 
Iculated by the method of finite differences. This method is 
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evidently more economical m expenditure of ammunition than that 
of foreign experimenters. 

The Bashforth Chronograph 

In 1865 Bashforth invented his now-famous electric chronograph,*^ 
by means of which he succeeded in measuring small intervals of time 
with an accuracy previously unattained in ballistic instiuracnts. 

The cluonograph consists essentially of two electro-magnets, 
to the keepcis oi which two sciibeis aic attached by linkwoik; these 
scrihcis tiace continuous spiial lines on paper fixed on a revolving 
cylindei The two spiuils aic genciated by a mechanical movement 
ot the liamcwoik supporting the electro-magnets in a direction 
paiallcl to the axis of the cylmdci The movement of each keeper 
IS conti oiled by a suitable spring, and any small movement of either 
IS identified on the iccoid by a kmk on the corresponding spiral 
tiacc. 

One of the electio-magnets is connected with a clock and the 
cuiient IS bioken momentarily every second; one of the spiral traces 
thus constitutes a lime record. The othei electro-magnet is con- 
nected in sciics with screens placed at equal distances along the 
tiajectory of the projectile. At the moment the latter passes a screen 
the curicnl is biokcn lor a shoit inteival of time and a kink is made 
in the coi responding spual tiacc. The mechanism by which the 
cuuent IS bioken is as follows. 

A boaul us suppoitcd in a hoiizontal position with its length at 
light angles to the diiection of motion ol the piojcctilc Tiansverse 
grooves aie cut in the board at equal distances, somewhat less than 
the diameter ol the projectile. Haul spiing-wiic staples are fixed 
in the board so that each piong piojccts upwards fiom a groove 

On the near edge of the board a number of copper straps are 
fixed; each strap has two oval-shaped holes which are placed at the 
near ends of adjacent grooves. The prongs of the staples are bent 
down into the grooves and project through the oval-shaped holes; 
the arrangement is such that the butts of the staples and the copper 
straps alternate, so that a current may pass continuously through the 
atapka imd straps. 

The prongs terminate in hooks from which are suspended small 

* For a full account of Bashforth^s experiments consult his Reused Accomt oj 
the Exp^fhnentt made with the Basftforth Chronograph (Cambridge University Press, 
| 890 )> 
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equal weights by means of fine cotton; the weights rest against a 
second horizontal board supported some distance below the first, 
and aie sufficiently heavy to maintain the prongs in contact with the 
bottom edges of the holes in the stiaps. 

When the projectile passes it will break at least one of the cottons; 
the corresponding prong will spring from the bottom to the top of 
Its hole in the copper strap and so break the current momentarily. 
This mechanism constitutes a screen 

The record, when removed from the cylinder and laid flat, con- 
sists of two paiallel straight lines with kinks in them; in the upper 
line the kinks correspond to the passage of the piojcctile thiough 
successive screens; in the lower the kinks indicate seconds of time. 
With a suitable measuring appaiatus it is possible to read off the time 
intervals between the screens to four decimal places of a second. 

Bashforth continued his experiments until 1880, and pioduced 
a table giving values of the air drag for velocities up to 2780 ft per 
second. Contempoiary experiments were also conducted m Europe 
by Mayewski (Russia), Krupp (Germany), and ITojel (Holland), giving 
results in substantial agreement with those of Bashforth 

Later Experiments 

In the early years of the piesent century a Luge amount of work 
was done in England, Fiance, and Germany to obtain accuiate infor- 
mation concerning the air diag In 1906 the Oulnance Board used 
a method similai to that of Bashfoith, but having a moic accuiatc 
timing and recording device; the drag for velocities up to 4000 ft 
per second was determined. In 1912 O von Ebcrhaid, at Kiupp’s,’*' 
made a large number of experiments with projectiles of various shapes 
and sizes. It is thought that these foim the most exhaustive set of 
expel iments yet undertaken; the results, which aic ficqucntly used 
in this chapter, aie certainly the most complete yet published openly. 

In this method the velocity at two points on the trajectory was 
measured by means of a spark chionograph; the distance between 
the points varied from 50 m. for small projectiles to 3 Km, for those 
of large calibre The method of deducing the resistance was similar 
to that used by liutton, and results for velocities up to 1300 m. 
per second were obtained. 

Cf O von Eberhard, ArlillensUsche Monatshejte^ 69 (Beilin, 1913). 
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Krupp’s 1912 Experiments 

The velocity at a given point is measured, in this method, by 
[ring the projectile through two screens; one screen is placed a 
measured distance (a few metres) in front of the point, and the other 
he same distance behind it The spark chronograph measures the 
ime taken by the projectile to traverse the distance between the 
creens; the average velocity between them is deduced and is taken 
D be the actual velocity at the point. The distance being short 
0 appreciable error arises from this assumption. 

Each screen consists of a square wooden frame across which fine 
oppci wire IS stretched backwards and forwards continuously in 



Fig 3 — The Spark Clironograph used in Krupp’s 1Q13 Experiments 


ich a way that a projectile passing through is ceitam to break the 
ire. In the experiments four screens are used; one pair serves 
> measure the velocity at the beginning of the measuied range, the 
ther, the velocity at the end of it. 

The spark chronograph is shown diagrammatically in fig 2 A 
letal drum A is rotated at high speed by means of a suitable motor, 
le speed being recorded by means of a Frahm tachymeter; readings 
\ within one revolution per second can be taken with this instru- 
lent. It is essential that the speed of the drum be constant during 
le flight of the projectile over the range, and this instrument serves 
le additional purpose of indicating the most suitable moment to 
e the gun. The surface of the drum is silvered and is coated with 
►ot except at one edge where a circumferential scale is fixed. 

There are four induction coils, I; their primary circuits, which 
)ntain batteiies, are connected respectively to the four screens; 
le terminal of each secondary circuit is connected to the spindle of 
le drum, the other terminals being connected to sharp platinum 
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points, P. A break in one of the primary circuits will cause a spa 
to pass across the small gap between the corresponding point and tl 
drum; the spark is enhanced by a condenser in parallel with tl 
secondary circuit. The mark on the drum made by the spark 
like a bright pin-point and is surrounded by a sort of halo; it is thi 
easily identified. 

The positions of the marks are read by means of a micioscoj 
mounted on the frame supporting the drum; this microscoj 
can be tiaversed parallel to the axis of the drum. To take a leadir 
the drum is rotated by hand until the mark made by a spark is i 
the field of the micioscope; it is then clamped. The mark is the 
brought to the zero line of the eyepiece by means of a fine adjustmen 
The microscope is then traversed to the edge of the dium and tl 
reading is taken from the circumferential scale The positions ( 
the marks made by the other sparks arc similarly measured Tl 
time intervals between the pairs of spaiks are then deduced wit 
the aid of the tachymeter leading 

The chronograph is cahbiated by bi caking all the prmiat 
circuits simultaneously and recoiding the i dative positions of tf 
marks made by the spaiks. 

With this instrument such a small time interval as 0*0017 
can be measured with a probable erroi of 7 5 x 10“^ sec., or 04 
per cent. 

Expeiiments prior to the war thus fell into two types — the Hutto 
type, in which the velocity of a projectile was mcasuicd at two point 
a Icnown distance apait, and the Bashfoith type, m which the times c 
passing a number of equidistant points along the tiajectoiy wer 
recorded. 

With regard to the fiist type, unavoidable errois in the mcasuic 
ment of the velocity would vitiate the icsults if the distance bet wee 
the points were too short; on the other hand the appioximale metho 
of deducing the resistance as a function of the velocity cannot giv 
satisfactory results unless the distance is short. It would thus appe^ 
to be a difficult matter to choose suitable distances, and laws of rc 
sistance based on methods of this type must be somewhat uncertair 

With regard to the second type, it is evident that, provided th 
time readings are sufficiently smooth to ensure that differences c 
finite order vanish, the resistance and velocity at correspondin 
points can be deduced to a known degree of accuracy. Wher 
however, the observed times require appreciable alteration to mat 
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smooth, considerable uncertainty attaches to the results deduced. 
'0 both types there is the objection that no account is taken of 
ble yaw ^ of the projectile. It is well known that all shells have 
yaw on leaving the muzzle of the gun, and it cannot be hoped 
It is always damped out sufficiently before reaching the points 
dch observations are made. At high velocities very considerable 
nay develop, and, in particular, such obstacles as screens may 
to increase it. In any case the yaw does not remain constant 
g the flight of the projectile, hence, unless it is at all times 
jible, the resulting law of resistance cannot be consistent, 
i any method which depends on observations of a projectile in 
it IS therefore necessary to make some provision for observing 
m as well as the velocity (or time) at points on the trajectory, 
i yaw IS small throughout the flight reliable results would be 
led; in cases of considerable yaw a method would have to be 
td of correcting for it in the analysis of the records before any 
ce could be placed on the deduced values of the resistance 

Cranz’s Ballistic Kinematograph 

method in which provision is made for observing the yaw, at 
qualitatively, was devised by C Cianz, |' who earned out cx- 
ents which wcic contemporary with those of Eberhard, it was, 
/er, applicable only to rifle bullets and to similar projectiles of 
»mall calibre 

series of shadow photographs of the bullet was taken by means 
Ballistic Kmematograph at each end of a 20~m range. The 
ty at each end could be deduced from the positions of the 
5 S 1 VC images on the kmematograph film and the observed speed 
ich the film moved through the camera The occurrence of 
ciable yaw could be detected at once from the photographs, 
le reliability of the records for the purpose of the experiments 
thus be estimated. 

The Solenoid Method 

ice the War technique has developed considerably in the 
rement of high velocity. A very successful method, developed 
Frank Smith, of measuring time intervals in experiments of 

he yaw is the angle between the axis of the shell and the diiection of motion 
jntre of gravity 

It lull account of Cianz’s experiments see ArtillensUsche Monatshefte^ 69 
1913). 

12 ) 


13 



354 the mechanical PROPERTIES OF FLUIDS 

the Bashforth type, consists in firing an axially-magnetized piojectilc 
through the centres of a series of equidistant solenoids which are 
connected in a senes with a sensitive galvanometer. The current 
induced in each solenoid reaches a maximum as the projectile 
approaches, falls rapidly to a minimum as the projectile passes 
through, and finally returns to its original value as the projectile 
emerges. The “ signature of the galvanometer is recorded photo- 
graphically on a rapidly moving film on which is also recorded the 
oscillations of a tuning-fork of known frequency. 

Experiments with High-velocity Air Stream 

During the war experiments were undertaken m a new direction. 
Instead of making observations on a projectile in flight, the thrust 
on a stationary projectile in a current of air moving at high velocity 
was directly measured.* The method has subsequently undergone 
considerable development in France and Ameiica,f and at the 
National Physical Laboratory "j: 

The projectile (or a scale model) is supported by means of a 
thin steel spindle fixed to the centre of the base in prolongation of 
Its axis; this spindle is attached at its othei end to a mechanism 
designed to measure the thrust on the projectile. Compressed air 
issues from a reservoir through a suitable orifice, thus generating a 
high-velocity stream; the projectile is placed in the centie of the 
stream. The determination of the most suitable size and shape of 
the orifice was a matter of considerable difficulty, aftci a large number 
of trials an orifice was obtained which ensured a steady stream in the 
vicinity of the projectile. 

The temperature and velocity of the air in the stream are com- 
puted on the classical theory from the state of the air in the leseivoir 
before the orifice is opened. When the velocity is greater than that 
of sound m air a check on the computed value can be obtained by 
photographing the head wave caused by the projectile (see p, 357) 
and measuring its slope. 

The possibilities of such an experimental method are innumerable. 
Apart from the direct determination of resistance of air at all angles 
of yaw, its sphere of usefulness extends to the elucidation of many 
problems connected with the general reaction of the air on projectiles. 

* Experiments of various kinds on piojcctiles had previously been earned out 
m wind channels, but the velocity of the air stream was at most 30 m, per second. 

t See “ The Experimental Deteimination of the Forces on a Piojectile by 
G. F Hull, Army Ordnance ^ Washington, May-Junc, 1931, 

f See the Annual Reports of the Diiectoi, N.P.L. for 1933 and succeeding years. 
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Considerable progress has been made in experimental ballistics 
nee the war. The time, the yaw, and the orientation of the axis of 
le projectile at a series of points along a horizontal trajectory can 
e observed with considerable accuracy; results from such experi- 
lents co-ordinated with those of experiments with the high-velocity 
r stream, have placed our knowledge of the reaction of the air on 
projectile upon a very sound foundation. 

The Drag at Zero Yaw 

The resistance of the air to a projectile of given shape, moving 
ith Its axis of figure coincident with its direction of motion, depends 

1 the following arguments: 

the velocity, of the projectile; 
the calibre (1 e, diameter), rf, 

the characteristic properties of the air, chiefly the density, the 
the elasticity, and the viscosity 

Dimensional considerations lead us to the form 

R = pdVf{vja, vdjv) . . (i) 

r the resistance R of the air to projectiles of given shape, where p 
the density of the air, a is the velocity of sound in air, an index 
the elasticity, and v is the kinematic viscosity The function 
;/a, vd/v) in this expression is called the drag coefficient Since 
V has the dimensions of a foice it follows from equation (i) that 

2 drag coefficient has no physical dimensions, its arguments must 
irefore be so chosen that they shall have no dimensions; vja and 
jv both satisfy this condition, and are the simplest arguments in 
ms of which the function can be expressed. 

The Drag at Low Velocities 

For velocities below the critical velocity it is well known that 
f(vla, vd/v) = hvjvd 

ere A is a constant, the terms in vja being negligible. This leads 
the expression 

R = Apdvv 

viscous drag. 

For velocities higher than the critical velocity we have a change 
physical conditions, the air behind the projectile breaks up into 
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eddies and the linear law of viscous drag no longer holds.* In su 
circumstances the resistance is found experimentally to be appro: 
mately proportional to the square of the velocity. 

For incompressible fluids an expression of the form 

Avjvd + B 

for the drag coefficient will usually fit experimental data for bod 
completely immersed, A and B being constants depending on t 
shape of the body When v is very small the fiist teim is large coi 
pared with the second, and the linear law for viscous drag rcappca 
when, on the other hand, v is large the first term becomes sm 
compared with the second, and we have an approximate quadra 
law. 

An expression of the same form will also hold for the resistar 
of air to a projectile, provided the velocity is not sufficiently high 
cause compression of appreciable amplitude. No uppei limit 
velocity can be fixed for this law, since the amplitude of the compn 
Sion will depend on the shape of the head of the projectile as well 
on the velocity; thus, for Krupp noimal shells, which have a mo 
or-less pomted head, the diag cocflicient changes extremely slov 
with V even at a veloeity of 215 m per second, showing that the i 
proximate quadratic law holds for these piojectiles at this veloci 
whereas with cylindrical projectiles (flat heads) the duig coefficK 
changes rapidly at this velocity (see fig. 5) 

There is little experimental evidence of the behaviour of 1 
drag with variations of d for projectiles at these velocities T 
results of wind-channel expeiiments confirm the ioim given abc 
for the drag coefficient for velocities up to 30 m. pci second, a 
it has generally been found that the drag cocflicient is greater 
projectiles of small calibre than for those of laigc calibie of the sa 
shape. 

The Drag at High Velocities 

For velocities greater than the velocity of sound the physi 
conditions are again changed. 

At the nose of the projectile the air undergoes condensati 
The air being an elastic fluid, a condensation formed at any pr 
in it is transmitted in all directions with a velocity which is, in gene 
the velocity of sound. If, then, the projectile is tiavelling wit! 
velocity less than that of sound, the condensation of the air at 

♦ See Chapter lO, p, 103, 





REACTION OF AIR TO ARTILLERY PROJECTILES 357 


ose will be transmitted, as soon as it is formed, away from the nose 
i all directions If, on the other hand, the projectile is moving faster 
lan sound is propagated, the condensation of the air at the nose cannot 
e transmitted away from the nose in all directions; it can be trans- 
litted away laterally, but not forwards. The result is that the nose 
always in contact with a cushion of compressed air. Greatly 
Lcreased pressure is thus experienced by the proj'ectile when travelling 
ith a velocity greater than that of sound. 

Photographs of bullets moving with such velocities reveal the 
dstence of two wave fronts, somewhat conical in shape, one at the 
sad and the other at the base. In fig. 3 a photograph taken by Cranz 
his ballistic laboratory is reproduced. 

The wave front at the head can be accounted for by Huyghens’ 
dnciple; it is in fact the envelope of spherical waves which originate 
the head of the projectile at successive instants of time. If the 
nplitude of the condensation, when first formed, were small the 
ave fiont would be a cone of semi-angle 13, such that 

sinQ = ajv, . . ,(2) 

^hen V is less than a the spherical waves have no envelope, and, 
couise, no wave fiont is formed. 

In the actual slate of affairs the amplitude of the condensation 
the nose is not small, but finite. The velocity at which it is 
opagated is theiefore greater than the normal velocity of sound. 
t pomts on the wave front near the nose we should therefore expect 
e angle Q to be greater than at more distant points where the 
aplitude has become considerably reduced The form of the 
tual wave fiont at the nose is therefore a blunted cone, and the 
Ltter the head of the projectile the more is the wave front 
unted. 

The foimation of the waves behind the projectile cannot be 
counted for in such a satisfactoiy manner. Loid Rayleigh* has 
own that the only kind of wave of finite amplitude which can be 
aintained is one of condensation; his argument refers to motion in 
le dimension only, but we see no reason for modifying the result 
len applied to motion in three dimensions. We therefore conclude 
at the wave at the base of the projectile is, like the head wave, one 
condensation. An examination of the photographs of bullets in 
yht veiifies this conclusion. 

* Aenal Plane Waves of Finite Amplitude ”, Sctenttfic PaperSi Vol. V. 
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'The source of disturbance causing this wave might be identifi 
with the relatively high state of condensation of the air flowing ii 
the rarefied region at the base 

The angle Q of the straight part of the wave appears genera 
to be less than that of the head wave; the difference 
angle is probably the geometrical consequence of placing t 
source of light close to the bullet; we have, in fact, a p( 
spective view of the waves. When the source of light 
very close to the bullet the consequent difference in angle m 
be consideiable. 

The tendency of the angle to diminish towards the apex of t 
wave is probably due to two effects. In the first place theie m 
be some variation in temperature of the air in the immediate neig 
bourhood. Close to the base the air may be cooler than at poii 
more distant; the wave may theiefore be propagated with less veloc 
in the vicinity of the base than at more distant points. In the seco 
place it seems certain that the air behind the projectile will have 
velocity gradient from the axis outwards Near the axis the air v 
be moving faster than at more distant points 

Of these two effects the fiist will tend to diminish a, wh 
the second will cause an mcicasc in v m equation (2); 1 
values of Q will therefore be less near the apex of the wave 

The change of sign of Q immediately behind the base is piobal 
due to change in direction of the air’s motion m the immediate neig 
bourhood Lord Rayleigh has proved,*^ furthei, that such waves 
condensation cannot be maintained in the absence of dissipati 
forces. It IS therefoie evident that some tcim involving the viscosi 
such as vdjv, must be included in the diag coefficient. 

The Scale Effect 

There is some expciimcntal evidence of the dependence of the di 
coefficient on and hence on some such teim as vdjv. For examf 
Cranzf quotes the following figures for the lesistancc pci squaie cer 
metre of cross section deduced from Krupp’s 1912 experiments: 

{a) For cylindrical shell (flat hcadvs). 


Calibie (cm.) 

0 

!1 

Soo 

600 

700 

800 m./scc. 

6‘S 

I -40 

»-S 8 

3 -8 o 

5-15 

C‘6o Kgm./c] 

10*0 

1*29 

2-20 

3-30 

470 

6 ' 3 o „ 


• Loc. cit. 1 Lehrhtich der BalhsUk^ VoL I (Berlin, 19^5). 
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(b) For ogival * shell, 3 calibres radius. 


Calibre (cm ) 

for V = 550 

650 

750 

850 m 

/sec. 

6 

I -00 

I 30 

1-58 

I 94 Kgm /cm^. 

10 

0 98 

I'25 

1-SZ 

1 85 

)> 

28 

0 62 

0 81 

1 01 

I 


30 

— 

— 

0*90 

I 06 



In the absence of a term involving d, such as vdjv, from the The 
coefficient the numbeis in each vertical column would be equal, drag 
discrepancies are, no doubt, partly due to differences in the yaw of 
the projectiles, but they cannot be wholly accounted for in this way. 

These results indicate that the drag per unit cross section (i.e 
4R/7rrf^) for projectiles of small calibre is largci than that for those of 
large calibre. Didion noticed this so-called scale effect as early 
as 1856! and deduced a relation between and d, but later he 
abandoned it as it would not hold for all velocities encountered m 
gunnery This effect has not been confirmed in recent experiments 
and further evidence is needed before definite conclusions can be 
drawn. 


Dependence of the Drag on Density 

The assumption that R varies as p, other factois being constant, 
has considerable theoretical support, but up to tlu present the range 
of vaiiation of p in experiments has been cxtiemely small; we cannot 
therefore claim piactical veiifi cation for this assumption When 
more work has been done with the high-velocity an stream more light 
may be thrown on this question, as considerable variations of air 
density are easily obtained in this method. 


The Function f{v/ a, vdfv) 

At the present time no satisfactory mathematical expression for 
the drag coefficient has been derived from theoretical considerations 
We are therefore forced to accept values of the function deiivcd from 
experiment alone In ballistic calculations it has generally been 
assumed that the term vdjv could be neglected, that is to say, that 
the drag coefficient is independent of the calibre; the function 
f{vla, vdjv) has, in consequence, been determined as a function of 
vja only. 

* Sec p. 360. f Lot$ 40 la r6sistanc0 de Vmr (Pans, 1857), 
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Shape of Projectile 

In our discussion we have so far considered the air resistance 
to projectiles of the same shape. Our next step is to consider the 
changes that occur in the resistance when the shape is altered 
All modern projectiles have a cylindrical body and a morc-or-less 
pointed head. The head is usually ogival, that is to say, it is generated 
by the rotation of an arc of a circle about the axis of the projectile. 
The shape of the head is identified by the length of the radius (m 
calibres) of this arc. Thus in fig. 4 a head of 3-calibres radius is 

depicted 

When the point is 
rounded the radius of 
0 26dl the rounding is also 

stated m calibres The* 
dotted head in fig 4 
would be described as a 
3 -calibres radius head 
_ . with a o 26-calibre 

loiinded point 

In fig 5 the diag co- 
efficients of a 15-C m. 
piojectile witli llat-hcad 
and pointed heads of 
vaiious lengths arc 
plotted against the latio, velocity of shell to velocity ol sound. The 
curves are deduced from British and loieign experimental data 
The values of the drag co-efficient given in these curves may he 
used with any scIf-consistent system of units, foi example, if the 
fundamental units used aic the metic, kilogiamme and second, these 
values of the drag coefficient when used in ecpiation (i) will give 
the drag in metre-kilogramme-second units of foice (i unit - 100,000 
dynes) Again, if the ft .-lb. and second be used, these values of the 
drag coefficient used in equation (i) will give the drag in poimdals. 
This property arises, of course, from the fact that /{v/a) has no 
physical dimensions. 

The shape of the head, provided it is more-or-lcss pointed, 
does not appear greatly to influence the resistance at lower velocities. 
At velocities greater than about 350 m. per second, however, the 
effect of the length of the head is appreciable. At velocities greater 
than about 750 m. per second it appears that the shape of the point 


-d — 


Fig 4 — ^Shape of Head 
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is more important than that of the rest of the head Thus the resis- 
tance IS less, at these velocities, for a sharp-pointed 3 -calibres radius 
[lead than for a 5*5 calibres radius head with a blunted point. For 
'he same shape of point the resistance is less, at velocities greater 
han about 350 m per second, for a long head (e.g. 5-5 calibres 
adius) than for a short one (e g. 2-calibres radius), 

07 



v/a. 

Fig 5 — The Drag Coefficients for is-cm Projectile with Various Shapes of Head, 
plotted as a Function oi Velocity 


Experiments and trials lead to the conclusion that at high velocities 
long head with a sharp point encounters considerably less resistance 
lan a short head. For example an 8-calibres radius head experiences 
ily about half the resistance of one of a-cahbres 1 adius. Little 
Ivantage appears to be gained, however, by lengthening the head 
iyond 8-calibres ogival radius; thus 10- and 12-calibres radius 
2 ads are only slightly more effective than those of 8-calibres radius 
reducing the air resistance, 

(d312) 13# 
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The Base 


The importance of the shape of the rear part of a body moving 
in a resisting medium has been realized for many years; the torpedo, 
the racing automobile, and the fusilage of an aeroplane are examples 
of “ stream-lining ” familiar to all. The suggestion has frequently 
been made that artillery projectiles should have a tapeied (so-called 
‘‘ stream-line base with a view to reducing the air resistance. 

Experiments with rifle bullets have shown, however, that the 
stability is so seriously affected that any possible advantage gained 
by a pointed base is entirely eclipsed by the effects of a lapidly 
developing yaw. 

In recent times a compromise has been effected in a shape known 
as the boat-tail w^hich is illustiated m fig. 6. The base is tapered 

for a short distance and is then cut off’ 
squaie. The stability of the piojectile 
IS not appreciably affected by this modi- 
fication of the base. Bullets ot this 
shape were tried in Fiance as fai back 
as 1898, but they were found to have no gieat advantage over the 
flat base. It has, however, been shown recently that, although such 
a base has no particular advantage at high velocities, it has appreci- 
able superiority over the flat base at velocities below about 450 rn 
per second. In the trials mentioned above, the French expeu- 
mimted at high velocity over short ranges and so failed to discovci 
the merits of this shape. 

Some extremely interesting and suggestive results aic iccordcd 
by G. P. AVilhelm * of comparative experiments with bullets having 
the boat-tail and the flat base. The following table gives a summary 
of these lesults: 



Fig 6 — Boat-tail Projectile 


Muzzle Velocity, 1500 Feet per Second 


Angle of 

Range (Yards), 

Range (Yards), 

Departure. 

Flat Base 

Boat-tail 

0® 20' 

200 

220 

0° 40' 

360 

410 

1 ° 0' 

500 

580 

1° 20' 

630 

720 

1° 40' 

740 



• In “ Long Range Small Arms Firing”, Part VII, Army Or<?wa«e«, Washington, 
March-Apnl, 1922. 
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Muzzle Velocity, 2600 Feet per Second 


Angle of 

Range (Yards), 

Range (Yards), 

Departure 

Flat Base 

Boat-tail. 

0 20 

570 

600 

0° 40' 

930 

990 

1° 0' 

1050 

1200 

S° 0' 

2250 

2700 

10° 0' 

2900 

3600 

15“ 0' 

3250 

4200 

20° 0' 

3500 

4650 


It is clearly seen that for velo- ^ 
cities lower than 1500 ft. per ^ 
second the boat-tail bullet con- 
siderably out-ranges the flat-base ^ 
xillet. On the high-angle trajec- ^ 
ories with a muzzle velocity of 
i6oo ft per second the velocity 
)f the bullet is, during the greater ^ 
}art of Its flight, less than 1500 ft. 

)er second, 111 fact it is generally 
inly a few bundled feet per 
econd; on the low-angle trajec- 
oiies, on the other hand, the 
velocity IS less than 1500 ft. per 
econd only in the final stages of 
he flight. The appreciable gam 
ri range by the boat-tail bullet 
ired with high muzzle velocity 
t high angles, and the small or 
egligible gam at low angles, thus 
oniirms the hypothesis that the 
hape of the base is of greater 
nportance at low than at high 
elocities 


/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 



0 01 - — 

05 0 6 0 8 10 v/a 

Fig 7 — The Drag CoclTicicnl dcctuced from 
High-speed Air-slrtam I'xpcriments 

Curve A — Foi 5-cal -rad head and flat base 
CtDve B — Same head as A, boat-tail base, taper, 
‘5° Curve C — Same head as A, boat-tail b isc, 
tapei, 7^* Cuive D — Same head as A, boat-tail 
base, taper, 9“ Dotted Curve — ^^Phe diag co- 
cflicicnt given m fig s (flat base). 


The results of expeiiments with 

le high-speed air stream are interesting m this connection. In 
g. 7 some of the results of experiments conducted by the Ord- 
ance Department of America are reproduced, 


* From Experimental Determination of Forces on a Projectile by G. F 
ull, Army Ordnance^ Washington, May-June, 1921. 



364 THE MECHANICAL PROPERTIES OF FLUIDS 

These curves tend to show that foi velocities below 350 m. per 
second the drag is greatly influenced by the shape of the base; on 
the other hand, as we have already seen, provided it is more or less 
pointed, the actual shape of the head has very little influence on 
the drag at these lower velocities 

From these results we may fairly conclude that the greater part 
of the air resistance to pointed projectiles at these velocities is due 
to the drag (suction) at the base, and that this drag is appreciably 
reduced by boat-tailing 

The divergence of curve A in fig, 7 from the dotted curve is not 
clearly understood It is possible that the assumptions made in 
deducing the velocity of the air stream aie not altogethei sound and 
lead to values which are too high, it is also possible that the lod sup- 
porting the model (p. 354) may materially affect the air flow at the 
base-^and so modify the drag 

We have seen that at high velocities the drag is gieatly affected 
by the shape of the head, whereas no appicciablc effect is produced 
by modifying the base. The probable explanation of this is not fai 
to seek. At velocities greater than 750 m per second (the so-called 
“ cavitation ” velocity of air) the vacuum at the base must be of high 
order, and, as the velocity of the projectile increases, it must tend 
asymptotically to a perfect vacuum. We should therclore expect 
that the component of the air resistance due to the base is tolerably 
constant at these high velocities, wheieas the total icsistance is 
rapidly increasing with velocity The component due to the base, 
with increasing velocity, soon becomes a small part of the total 
resistance, and theiefore any possible modification of it, due to shape 
of base, can have little influence on the whole 

Our observations on the effect of shape of pointed piojectiles 
may now be conveniently summarized At velocities less than about 
350 m. per second the drag at the base contributes the gi eater part 
of the air resistance, so that the shape of the base is of greater im- 
portance. At velocities between about 350 m. and 750 m. per second 
we have an intermediate stage in which the shape of the head gradu- 
ally gains ascendancy. At velocities greater than about 750 m, per 
second the greater part of the resistance is due to the head, and the 
shape of the latter is of greater importance than the shape of the base. 

Before leaving the subject of shape we must refer to some extremely 
interesting experiments designed to determine the pressure distribu- 
tion on the head of a piojectile moving with high velocity. 
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The Pressure Distribution on the Head of a Projectile 

The pressure at any point of a body moving through a fluid 
consists of two components — the static pressure y which is the pressure 
)f the fluid when the body is at rest, and the dynamic pressurcy which 
s due to the motion. The sum of these two at any point is the total 
iressure at that point and is essentially positive; the dynamic pressure 
nay be either positive or negative. 

A series of experiments was carried out by Bairstow, Fowler and 
'laitree to determine the dynamic pressure at various points on the 
lead of a shell moving with high velocity.*^ The fundamental idea 
►f the experiments is the use of a seivice time-fuze f as a manometer 
0 determine the pressure under which the powder is burning 

Projectiles were fitted with hollow caps which entiiely enclosed 
he fuze, each cap had a number of holes drilled in it at the same 
listance from the nose, the pressure on the fuze was thus practically 
qual to that at the holes. 

The projectiles were fired along the same trajectory at various 
aze settings and times to burst w^eie observed, a relation between 
Lize setting and time was thus obtained, whence was deduced a 
elation between rate of burning and time 

Since rate of burning is a function of the pressure on the fuze, by 
omparison with laboiatory experiments it is possible to convert 
iis relation to one of pressute and time Knowing the velocity of 
le piojectile at various times of flight on the trajectory, it is thus 
ossible to deduce the pressure in terms of the velocity 
By repeating the expeiiment with other caps of the same size 
ad shape with holes at other distances from the nose, the pressure 
istribution over the head is obtained at a number of velocities. 

The results of the experiments are lep reduced in fig 8 The 
rdinates are values of plpv^y as this quantity has no physical dimen- 
ons the values given may be used with any self-consistent system of 
nits. The abscissae are distances from the nose of the projectile 
observations were made at four positions on the head, indicated by 

* For a full account of these experiments see “ The pressure distiibution on the 
»ad of a shell moving at high velocities 'Proc Roy Soc, A, 97 , 1920 
t A service time-fuze contains a train of gunpowder, which is ignited by a 
‘tonatoi pellet on the shock of discharge fiom the gun The ‘ setting * of the 
ze can be varied so that a length of powdei tram depending on the setting is burnt 
‘fore the magazine of the fuze is ignited and the shell exploded The setting is 
>ecified by a number which defines the length of composition burnt on an arbitral y 
ale The time of burning is taken as equal to the time interval between the firing 
the gun and the bursting of the shell,*^ — Loc. cit. 
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Contin lous curves ( ) are drawn through points marked 

according to the values of via to which they refer, obtained 
from firing trnls, and, for the nose of the shell, liom cal- 
culation 

Dotte 1 curves ( «) are extrapolations of the continuous 

cuives, which are needed for integiating up the pleasure on 
the head 

Dash and dot curve ( — • — ) is drawn through points 
marked X, determined by wind channel experiments, at a 
velocity of 40 ft -sec , 01 value of {vja) of o 0 f 

(Reproduced from Ptoc Roy* Soc A, 97, 1920 ) 




INCHES 

Fig. S. — Distribution of Pressure on the C-cal.-rad Head of a i 3-in Shell 


the points A, B, C, and D. The value oipjpv^ at the nose was calcu- 
lated from Rayleigh’s formula ^ in each case. 
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deduced from the foimulse given m his Sciendfic Papers^ Voh V» p. 610. 
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These curves reveal most emphatically the necessity of a sharp 
Doint at the nose of the projectile. Compared with the pressure 
^countered at the nose the pressures at other points of the head are 
juite small. 

The authors integiated numerically the observed pressures over 
he head in each case, and derived values of the drag coefficient for 



the dynamic lesistance on the head. From these results we have 
computed the actual dynamic lesistance on the head; it is plotted 
against velocity in fig 9. 

The total drag on projectiles of this shape is also shown (ap- 
proximately) in the figure. By subtracting the head resistance from 
the total resistance we have derived an approximate curve of the 
drag at the base The horizontal dotted line indicates the drag due 
to a complete vacuum at the base in this case, and the dotted exten- 
sions of the curves represent a tentative extrapolation of the results 
of the experiments. 
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The Effect of Yaw on the Drag 

Before approaching the complicated reaction of the air to a yawing 
projectile it will be convenient to consider, briefly, the eiffect of yaw 
on the drag; we now define the latter as the force exerted on the 
projectile in the opposite direction to the relative motion of the an 
and the centre of gravity of the projectile. 

If S be the angle of yaw the drag coefficient will now take the foim 

/(c/a, vdlv, S), 

and, in this notation, the drag previously considered takes the form ^ 

f{vja, vdfv, o) 

The manner m which the drag coefficient varies with yaw at vciy 
low velocities has been determined experimentally m wind channels 
The results of such experiments on a 3-in piojcctilc with a 
2-calibres- radius head and o 15-calibic rounded point arc given in 
fig 10 ;t the ordinates aie values of the ratio 

/(c/a, vdjv, 8) //(c/a, vd/v, o) 

The velocity at which the experiments were conducted was 40 it 
pel second {via — 0 04). 

We have seen that the drag on a body moving in air is appioxi- 
mately piopoitional to the square of the velocity, 'J piovidcd that llic 
shape IS such that the condensation in Iront is ol small amplitude, 
for example, this quadiatic law holds loi pointed projectiles lor values 
of vja not greater than 0*65 when the yaw is zcio 

We might leasonably expect the quadratic law to hold loi yawing 
pointed projectiles within the same limit ot velocity, provided that 
the yaw is such that the air is encounlcicd point fust, for the con- 
densation would be of the same order as when the yaw is zci o Within 
this limit for yaw, with values of vja less than 0*65, we should thciclbic 
expect that the rztiof{v/a, vdjv^ h)jf{vla^ vdjv, o) is independent of v 

^ Approximately. Except m the case of lesulls quoted from lur-stieam experi- 
ments we cannot be certain that the values of the drag cocflkient hilheito used are 
for zero yaw All we can aflnim is that they aie the values foi very small 01 zcio 
yaw. 

t This cuive IS derived fiom one given in “ The Aeiodynamics of a Spinning 
Shell ”, by Fowlei, Gallop, Lock, and Richmond, Phil. Trans, A, 691 , 1920. 

J Except, of course, for such low velocities that the diag is due to viscosity 
alone. 
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and therefore a function of 8 only. The limit of 8 for the projectile 
under consideration appears to be about 45°. 

Experiments with the high-velocity air stream tend to verify the 
independence of velocity of this ratio within the limits mentioned, 



0 15° 30” 45° 60“ 75” 9o“ Yaw 

Fig 10 —The Ratio /(«/a, vdjv, S)lfivla, vdjv, o) plotted against the 
yaw 6 for via = o 04 

but at present the number of lesults available is insufficient to justify 
our drawing definite conclusions. 

The dotted curve in fig. lo gives, approximately, the ratio between 
the total plane areas encountered by the projectile with yaws 8 and 
zero. The former is, of course, equal to the area of the shadow cast 
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by the projectile, in a paiallel beam of light inclined at angle 8 with 
the axis, upon a plane normal to the beam; the latter is simply the 
cross-sectional area of the projectile. The two curves in the figure 
are coincident for small angles of yaw, but rapidly diverge as the yaw 
increases; both curves appear to have a maximum at about the same 
value of the yaw. 

We have at present no knowledge of the effect of yaw on the drag 
at higher velocities; when more work has been done with the high- 
velocity air stream it is hoped that our knowledge in this direction 
will have been considerably extended 


The Drag Coefficient; Concluding Remarks 

In our consideration of the drag coefficient we have limited the 
number of arguments of the function to three only, namely vja^ vdjv, 
and S. There appear to be two other possible arguments, namely 
y, the ratio of the specific heats, and ajd^ where a is the cflfcctive 
diameter of the molecules of the air. 

Variations of y are so small in practice that no evidence of its 
effect is available. Expressions deduced from thermodynamic 
theory, by various authors, for the drag in one-dimensional motion 
may give an indication of the manner in which it occurs ^ 

There is at present no evidence of the necessity of the aigiimcnt 
ojd. If further experimental results show that the argument vdju 
does not adequately account for the scale ’’ effect (e g. with vaiymg 
v), It will of course be necessary to include some other argument 
involving d, such as ajd 

Finally, in the case of a projectile moving in air, as distinct from 
one which is stationary in an air stream of constant velocity, there is 
the question of retardation. It is just possible that some such argu- 
ment as rdfv^^ r being the retardation of the projectile, may be re- 
quired to co-ordinate the results of air-stream experiments with 
those of experiments on a projectile moving in air, but it is difficult 
to see how the retardation can ever have an appreciable effect on the 
drag, except, perhaps, when the velocity is in the neighbourhood of 
the velocity of sound in air. 

* See for example the footnote on p. 346; also Vieille, Comptes Rendtis^ 130 
(1900), and Okinghaus, Monatsh,ftlr Mathem , «. Phys.^ 15 (1904). 
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REACTION TO A YAWING, SPINNING 
PROJECTILE 

The most complete specification in existence of the system of 
)rces acting on a projectile is that given by Fowler, Gallop, Lock, 
id Richmond in “ The Aerodynamics of a Spinning Shell Phil, 
'runs A, 591 (ipao). In this paper the authors describe expeiiments 
inducted to deteimine numerically the principal reactions, other 
lan the drag, to which a spinning shell is subjected 

The experiments are confined to the study of the angular oscil- 
Llions of the axis of the shell relative to the direction of motion of 
le centre of gravity. The projectile is fired horizontally through a 
iries of cardboard targets fixed, veitically, along the range at 30 ft. 
ad 60 ft, intervals Initial disturbances at the muzzle give rise to 
scillations of the projectile of sufficient amplitude for measurement; 
le details of the oscillations aie obtained by measuring the shape of 
le holes made in the caids If, on passing thiough a caid, the shell 
; yawing, the resulting hole will be elongated, the length of the 
)nger axis of the hole determines the yaw; the orientation of this 
xis determines the azimuth of the plane containing the axis of the 
hell and the direction of motion; these two angles determine the 
irection of the shelPs axis completely 

The range containing the cards is so short, and the velocity so 
igh, that the efiect of giavity is negligible If, then, we ignore 
amping forces, the angular motions of the axis of a top and the 
xis of a shell are identical, provided that (i) the top and shell have the 
ame axial spin and axial moment of inertia; (2) the tians verse moment 
f inertia of the top about its point of support is equal to the trans- 
erse moment of inertia of the shell about its centre of gravity; (3) 
he moment of gravity about the point of the top is equal to the 
fioment of the force system on the shell about its centie of gravity, 
lie foimal solutions of the two problems are then identical. 

From the periods of the oscillations of the axis of the top we can 
leduce the moment of the disturbing couple, and vice versa; similarly 
he moment of the force system on the shell can be deduced. The 
lamping forces can then be determined from the nature of the decay 
>f the oscillations. 

The reactions are described by the authors as follows: 
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The Principal Reactions 

When the shell, regarded for the moment as without axial spin, 
has a yaw 8, and the axis of the shell OA and the direction of motion 
OP remain in the same relative positions, the force system can by 
symmetry be represented, as shown in fig. ii, by the following com- 
ponents, specified according to aerodynamical usage: 

(1) The drag R acting through the centre of gravity O, in the 
direction PO. 

(2) A component L, at right angles to R, called the cross-wind 
forcBy which acts through O in the plane of yaw POA, and is positive 
when it tends to move 0 in the direction from P to A 

(3) A moment M about O, which acts 
in the plane of yaw, and is positive when it 
tends to increase the yaw. 

The following foims aie assumed for 
L and M: 

L = pv^d!^ smS fiiv/a, 8). 

M = pvW sm8 8). 

> L 

These equations are of the most natural 
forms to make and of no physical 
dimensions. The form chosen is suggested 
by the aerodynamical treatment of the force 
system on an aeroplane Since L and M, by symmetry, vanish 
with 8, the factor smS is explicitly included in these expiessions 
in order that and may have non-zero limits as 8 — >• o. 


p 

A 


A 



Fig ii. 


The Damping Reactions 

The yawing moment due to yawing — In practice the diicction oi 
the axis of the shell, relative to the direction of motion, changes faiily 
rapidly. By analogy with the treatment of the motion of an aero- 
plane, we assume, tentatively, that the components of the force 
system R, L, and M are unaltered by the angulai velocity of the axis, 
but that the effect of the angular motion of the latter can be repre- 
sented by the insertion of an additional component, namely, a couple 
H, called the yawing moment due to yawing, which satisfies the equation 

H = pvwd%{vja,...). 
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here w is the resultant angular velocity of the axis of the shell, 
'he form is chosen to make /„ of no physical dimensions and is the 
nly one suitable for the purpose. 

The couple is assumed to act in such a way as directly to diminish 
) (see fig. It is suggested by, and is analogous to, the more 
nportant of the “ rotary derivatives ” in the theory of the motion 
f an aeroplane. 

The coefficient may be expected to vary considerably with 
jay and it may depend appreciably on other arguments such as 
')dlv and S 

The effect of the axial spin , — The spin N gives rise to certain 
dditional components of the complete force system. 

p 

A 


A 



There will be a couple I which tends to destioy N, and, when 
the shell is yawing, a sideways force, which need not act thiough the 
centre of gravity, analogous to that producing swerve on a golf or 
tennis ball. This force must, by symmetry, vanish with the yaw; 
it is assumed to act normal to the plane of yaw (any component it 
may have in the plane of yaw is inevitably included m either R or L). 
The complete effects of the spin N can therefore be represented by 
the addition to the force system of the couples I and J and the force 
K, acting as shown in fig. iz. 

To procure the correct dimensions we may assume that these 
reactions have the forms 

I = pvNd% 

J = pvNd^ smS/j. 

K = pvm^ sinS/«. 




0 5 10 J 5 2 0 ^Jo, 

Fig 13 o),f^(vfa, o) and the Drag Coefficient plotted against vja (From PM Tram A. 591, 1920 ) 
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The coefficients depend effectively on a number of 

lables which we can make no attempt to specify in the present 
te of our knowledge. 


It will be seen that this specification is equivalent to a complete 
item of three forces and three couples referred to three axes at 
,ht angles. Owing to the complex nature of the reactions the 
thors considered it essential to construct the specified system 

Vertical 



Fig 14 — ^Examples of Path of Nose of S 
(From Phtl Trans 


Vertical 



11 relative to the Centre of Gravity 
,, 691 , 1920) 


Stead of attempting to analyse a complete system of three forces 
id three couples and to assign each component to its proper causes. 

The experiments were designed to determine L * and M and to 
ve an indication of the magnitude of the chief damping couple 
. It was not possible to determine I, J, and K; all three are 
resumably small compared with PI and very small compared with 

and M; no certain evidence that they exist was given by the 
cperiments. 

The results of the experiments are exhibited in fig 13, which is 
^produced from the paper. The units in which the coefficients are 
^pressed are suitable for use with any self-consistent system. The 

* Values of L were deduced from values of M for shell of the same external 
lape, with centres of gravity at different positions along the axis of figure. 



376 THE MECHANICAL PROPERTIES OF FLUIDS 


curve of the drag coefficient is also given; in comparing this with 
/l and jfj^ it must be remembered that the latter should be multiplied 
by sinS. The shape of the curve for /l is rather unexpected; the 
curves for appear to exhibit the same tendencies as that for the 
drag coefficient. 

The values of /„ deduced fiom the experiments were rough; they 
varied from about 1*4 to 5*0. It was impossible to deduce any 
details concerning the variations of /h with velocity, but the right 
order of magnitude is represented by these limits In comparing 
/h with it must be remembered that the former is multiplied by 
wd, whereas the latter is multiplied by the much larger quantity v. 

The general features of the motion of the axis of the shell and of 
the damping are shown in the examples, reproduced from the paper 
cited, in fig. 14. 
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Definition, 6. 

Molecular viscosity, 39 
Surface energy, 19-29 
Surface tension, 19-29 
Liquids, gases, and solids, classification, 
1-2 

Lubrication, 128-59 
Bearings, 133-58 
Bibliography, 158-9 
Inclined planes, 13 1-3. 

Viscous, 129-31 

Lubricating oils, compressibility, 219 
Viscosity, 118-9. 

Matter, states of, 1-2 
Mercury, viscosity, 118 
Mineral oils, viscosity, nS 
Mohr’s balance, 12 
Molecular viscosity of liquids, 39. 
Motion, equations for incompressible 
fluids, 36 

Motion and heat transmission, 180-90 
Motion of fluids, mathematics of, 56- 
loi. See also Stream-lme Motion^ 


Laminar Motion, Vortex Motion, 
Wave Motion 

Naval architecture, model experiments, 
209-11 

Nitrogen, Amagat’s experiment with, 
44 

Oils, compressibility, 219. 

Viscosity, 118-9 
Olive oil, compressibility, 219 
Osmosis and osmotic pressure, 50-4. 
Ostwald’s viscometei, 39 

Parallel planes, viscous flow between, 

119-25 

Permeability, 50 

Petroleum, compressibility, 219. 

Pipes, critical velocities, 168-72. 
Elasticity, 223-6 
Flow resistance, 198-203. 

Flow stoppage, 226-7 
Friction, 221-3 
Opening valves, 228-9 
Pitot tube, 59 
Poiseuille’s equation, 37-8 
Power transmission, acoustic, 333-4 
Prandtl’s analogy, 239-42 
Pressure, 56 

Electrical measuiement, 17. 

Viscosity, 1 17-9 
Projectiles, air density, 359 
Ballistic pendulum, 346-8 
Base shape, 362-4 
Bashforth chronograph, 348 
Boat-tail bullet, 362-4 
Cranz’s ballistic kmematogi aph, 353 
Drag coefficient, 359, 370 
Kiupp’s 1912 experiments, 351-3 
Piessure distribution on, 365-7. 
Reaction of an on, 345-76 
Scale effect, 358-9 
Shape, 360-4 
Spark chronograph, 350-3 
Spinning, 371-6 
Yawing, 371-6 

Pylmometei, desciiption of, 9-10 

Rape oil, viscosity, 119 
Rayleigh’s equation for capillary tubes, 
27 

Redwood’s viscometer, 116 
Resistance and compressibility, 212 
Resistance of square plates, 21 1-2. 
Resistance of submeiged bodies, 206- 
9 

Resistance of wires and cylinders, 
214-7 

Rigidity and deformation, 3-4 
Rubber, acoustic properties, 304. 

Scale effects, 21 1-3 
Shearing of a cube, 4-5. 
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tiips, lesibtance of, 209-11. 
irens, undei water, 319. 
km fiiction, 203-6 

oap film stress deteimmations, 237-52 
Contour mapping, 244-7. 

PrandtPs analogy, 240 

Sheai stress in twisted bar, 240. 

Toique on twisted bar, 241. 

Twisting of bais, 237-9. 

Warping of sections, 238 
olid, scientific definition of, 5 
olids, liquids, and gases, classification, 
1-2 

olids and fluids, mtei action of, 195 
olutions and solvents, 50-4 
ound, nature of, 299. 
ound ranging, 33S~33 
Depth sounding, 330-2 
Leader geai, 330 
Multiple station system, 325-9 
Wiieless acoustic method, 328-30 
ound leceivers, 304-6 
ound transmission, 301-4, 316-8 
ound velocity, 300 
Wave-length, 301 
ources and sinks, 75-81 
pecific gravities, air displacement, 9. 
perm oil, compressibility, 219 
Viscosity, 1 18 
pheie in viscous fluid, 33 
quaie plates, resistance of, 21 1-2 
tate, equations of, 41-9 
teel, acoustic propeities, 304 
tethoscope, action, 306-9 
tokes’ foimula, 41 
tone’s viscometer, 114-6 
tream function, definition of, 80 
tream-lme forms, typical, 216-7 
tream-line motion, 57-85, 160-90 
Application to naval aichitecture, 91 
Axial symmetry, 75-81 
Bernoulli’s equation, 57-9. 
Circulation, 61 
Continuity equation, 60-1 . 

Critical velocity, 165-72 
Equations, 83-5 

Hele Shaw’s expeiiments, 162-5 
Iirotational, 62, 65-71. 

Stability, 1 6 1-2 
Steadiness, 63-5 
Tracing stream -lines, 81-3. 

Tubes, 162 

Turbulent flow, 161-90 
Two-dimensional, 60-2 
Velocity potential, 71-4 
Vortex rings, 75 
Vorticity, 61-2 
ream -tube, definition of, 57 
ress determinations from soap films 
See Soap Film 
ruts, stream-line, 216-7 
ibmanne signalling, 298-334 


Submeiged bodies, resistance of, 206- 

9 * 

Sum-and-difference method of sound 
reception, 310-1. 

Surface tension, 19-29. 

Tempeiature effects, 3, 20-2, 39, 44 
Thermodynamics of compression, 15-8. 
Timber, acoustic propeities, 304 
Torsion, examination by soap films, 

237-54 

Trotter oil, viscosity, 119 
Tubes, converging, 17 1-2 
Stream-line motion in, 162 
Viscosity in, 109-12 
Turbulent and stream-lme flow, 160-90 
Two-dimensional motion, 60-2 

Valves, sudden closing of, 219-21, 226 
Sudden opening, 228-9 
Van der Waals’ equation, 46, 48 
Velocity, critical, 165-72 
Measurement, 172-80 
Venturi meter, 172-5 
Viscometeis, 35-9 

Capillary tubes, 112-6. 

Cup-and-ball, 125-8 
Redwood, 116 
Secondary, 116-7 
Stone’s, 114-6 
Viscosity, 31-41, 102-28 
Bibliogiaphy, 158-9 
Bounding surfaces, 107-8 
Coefficients of, 32, 103-4, 117-9 
Equations, 97-9 
Laminar motion, 103 
Lubrication, 102-59 
Measuiement, 34-6 
Paiallel planes, 119-25 
Pleasure vaiiation, 117-9 
Relative motion, 123-5 
Relative velocities, 105-7 
Solids, effect of, 33 
Temperature effects, 39 
Tubes, flow-in, 109-12 
Two-dimensional cases, 99-101 
Velocity giadient, 32 
Voitex motion, 85-9 
Isolated vortices, 87-9 
Persistence, 85-7 
Rings, 75, 85-9 

Water, acoustic properties, 304 
Compiessibility, 218-9. 

Density, 9 
Viscosity, 1 18 
Water-hammer, 219-23. 

Wave motion, 89-97. 

Canal waves, 89-91 . 

Deep-water waves, 91-4. 

Group velocities, 94-7. 
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Superposed liquids, 93-4 
Transmission of energy, 229-36. 
Wind structure — 

Altitude and velocity, 276-81, 284-9. 
Anemometer records, 263-4. 
Anti«cyclone, 260-1, 

Clouds, cumulo nimbus, 282 
Cyclone, 260-1, 286-94 
Eddy theory, 272-7. 

Egnell’s law, 284 
Geostrophic component, 262. 


Giadient wind, 260-1, 

Rain, cause of, 282 
Stiatospheie, 281 
Strophic balance, 262 
Surface winds, 266-71. 
Troposphere, 281. 

Wind variation, 263-6. 

Wires, heat dissipation fiom, 183 
Wires and cylinders, resistance of, 
214-7. 
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